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Abstract

An association scheme on triples (AST) is a three-dimensional analogue
of a classical association scheme. Since much of the algebraic and combi-
natorial properties of ASTs remain unknown, it is natural to determine
the structure constants of ASTs that are constructed similarly to clas-
sical counterparts. Similar to how a transitive group action produces
a Schurian classical association scheme, a 2-transitive group action pro-
duces an AST. The parameters of several such ASTs are known; however,
the intersection numbers of the ASTs from the finite unitary group re-
mained undetermined. In this paper, the parameters of the AST from
the finite unitary group are obtained through explicit descriptions of the
AST’s relations and certain equations on the underlying field. In partic-
ular, we observe that an adjacency hypermatrix of this AST generates a
one-dimensional ternary algebra.

1 Introduction

A classical association scheme on a set Ω is a partition of Ω × Ω satisfying certain
regularity properties [4]. By providing a single framework with which to study several
discrete structures, classical association schemes have proven useful in the study of
combinatorial objects such as graphs, codes, and designs.
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Introduced in [9] as a higher-dimensional analogue of a classical association
scheme, an association scheme on triples (AST) on a set Ω is a partition of Ω×Ω×Ω
satisfying certain symmetry requirements. In that paper, the authors demonstrated
several relationships between ASTs and known combinatorial structures, including
classical association schemes, 2-designs, and two-graphs. Despite being introduced
in 1990 and the various avenues open to exploration, the area is still in its nascency,
with only a few papers published since its conception. Several such papers appeared
recently, including [1], [2], [3], and [5].

Still, little is known about the algebraic or combinatorial structure of ASTs. To
this end, it is natural to consider the structural parameters of families of ASTs that
admit well-understood automorphism groups. One such approach was taken in [5],
where ASTs under consideration were invariant under some transitive cyclic sub-
group. In this paper, we instead continue an approach initiated in [9], and furthered
in [3]. Similar to how classical association schemes arise from transitive group ac-
tions, [9] shows that ASTs arise naturally from 2-transitive group actions. As there
are few major families of 2-transitive groups (as listed in [6]), and since this situation
mirrors the familiar classical case, it is a natural goal to determine the structural
constants of these ASTs. The parameters of several families of such ASTs were ob-
tained in [3]. Moreover, among the ASTs from the broadest classes of 2-transitive
groups, only the parameters of the ASTs from the Suzuki, Ree, and projective uni-
tary groups remain undetermined. We continue the work in [3] by leveraging the
matrix representation of the unitary groups to describe explicitly the relations and
intersection numbers of the ASTs these groups produce. In order to afford conve-
nient descriptions of the AST parameters, we differ slightly from the approach to
the computations that was taken in [3]. The initial approach is similar, leveraging a
convenient basis for the unitary space and the projective transformations. However,
our method diverges when we phrase the necessary and sufficient conditions for an
intersection number to be nonzero in terms of certain inclusions in the fixed field.
This yields the intersection numbers described in Theorem 3.2, as will be detailed
later in Section 3. In particular, we find that a one-dimensional ternary subalgebra
is generated by a particular adjacency hypermatrix.

Theorem 3.2. Let q be a prime power, U(3, q2) be the unitary group of 3×3 matrices

over GF (q2), PC be the set of isotropic lines in the 3-dimensional vector space over

GF (q2), and X be the AST from the 2-transitive action of U(3, q2) on PC. Then the

intersection numbers of X are as listed in Table 1.

2 Preliminaries

2.1 Association Schemes on Triples

Following [9], we define an association scheme on triples as follows.

Definition 2.1. Let Ω be a finite non-empty set with at least 3 elements. An
association scheme on triples (AST) on Ω is a partition {R0, R1, R2, R3, . . . , Rm} of
Ω× Ω× Ω such that m ≥ 4 and the following conditions hold:
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i. For any i ∈ {0, 1, 2, 3, . . . ,m}, there exists a non-negative integer ni such that
for any distinct elements x and y in Ω,

ni = |{ω ∈ Ω : (x, y, ω) ∈ Ri}| .

ii. For any i, j, k, ℓ ∈ {0, 1, 2, 3, . . . ,m}, there exists a non-negative integer pℓijk
such that for any (x, y, z) ∈ Rℓ,

pℓijk = |{ω ∈ Ω : (ω, y, z) ∈ Ri, (x, ω, z) ∈ Rj, (x, y, ω) ∈ Rk}| .

iii. For any i ∈ {0, 1, 2, 3, . . . ,m} and any permutation σ of the set {1, 2, 3}, there
exists j ∈ {0, 1, 2, 3, . . . ,m} such that

Rj =
{

(xσ(1), xσ(2), xσ(3)) : (x1, x2, x3) ∈ Ri

}

.

iv. The trivial (ternary) relations R0, R1, R2, and R3 are the following:

R0 = {(x, x, x) : x ∈ Ω} ,

R1 = {(y, x, x) : x, y ∈ Ω, x 6= y} ,

R2 = {(x, y, x) : x, y ∈ Ω, x 6= y} ,

R3 = {(x, x, y) : x, y ∈ Ω, x 6= y} .

The integer ni is called the third valency (or simply valency) of the ternary relation
Ri. The integer pℓijk is called the intersection number with respect to the relations
Ri, Rj , Rk and Rℓ. For ease of discussion, define the set

Γℓ
ijk(x, y, z) := {w ∈ Ω : (w, y, z) ∈ Ri, (x, w, z) ∈ Rj, (x, y, w) ∈ Rk} ,

for any indices i, j, k, ℓ ∈ {0, . . . ,m} and any (x, y, z) ∈ Rℓ. By construction, pℓijk =
∣

∣Γℓ
ijk(x, y, z)

∣

∣. Moreover, throughout this article, we use the term ‘relation’ to mean
‘ternary relation’ unless otherwise stated.

The following remark provides some readily computed parameters.

Remark 2.1 (Proposition 2.7, [9]). Suppose X = {R0, R1, R2, R3, . . . , Rm} is an
arbitrary AST on a set Ω for some m ≥ 4. The following hold:

• n0 = n3 = 0.

• n1 = n2 = 1.

• p0000 = 1.

• p0123 = |Ω| − 1.

• p1011=p2202=p3330=1.

• p1132=p2321=p3213=1.

• p1ijk = p2ijk = p3ijk = 0,
where i, j, k ≥ 4 .

• pℓ3ℓ1 = pℓℓ32 = pℓ21ℓ = 1,
where ℓ ≥ 4.

Since several other intersection numbers are readily determined, the following
intersection numbers are the ones of interest.

• p11jk, p
2
i2k, p

3
ij3, where i, j, k ≥ 4, and

• pℓijk, where i, j, k, ℓ ≥ 4.
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1 p1144 = p2424 = p3443 = q − 1
2 p114i = p11i4 = p242i = p2i24 = p34i3 = p3i43 = 0

3 p11ji =

{

q2 − 1 if Rj = ([u], [v], [biu+ v + ciw])
U(3,q2),

0 otherwise.

4 p2j2i =

{

q2 − 1 if Rj = ([u], [v], [b−1
i u+ v + (b−1

i ci)w])
U(3,q2),

0 otherwise.

5 p3ji3 =

{

q2 − 1 if Ri = ([u], [v], [b−1
j u+ v + (b−1

j cj)w])
U(3,q2),

0 otherwise.

For items 6–8, fix ([u], [v], [au+ v]) ∈ R4.
6 p4444 = q − 2
7 p4i44 = p44j4 = p444k = p4ij4 = p4i4k = p44jk = 0

8 p4ijk =

{

q + 1 if bj(b+ a)−1 ∈ F×
0 and bib(b+ a)a−1 ∈ F×

0 , where ([u], [v], [bu+ v + cw]) ∈ Rk,

0 otherwise.

For items 9–13, fix ([u], [v], [bℓu+ v + cℓw]) ∈ Rℓ.
9 pℓi44 = pℓ4j4 = pℓ44k = pℓ444 = 0

10 pℓ4jk =

{

1 if bj(b+ bℓ + ccℓ)
−1 ∈ F×

0 and bℓc = bcℓ, where ([u], [v], [bu+ v + cw]) ∈ Rk,

0 otherwise.

11 pℓi4k =

{

1 if bibb
−1
ℓ (b+ bℓ + ccℓ) ∈ F×

0 and c = cℓ, where ([u], [v], [bu+ v + cw]) ∈ Rk,

0 otherwise.

12 pℓij4 =

{

1 if bi(g + bℓ)gb
−1
ℓ ∈ F×

0 and bj(g + bℓ)
−1 ∈ F×

0 , where ([u], [v], [gu+ v]) ∈ R4,

0 otherwise.

13 pℓijk =
∣

∣

{

([u], [v], [bu+ v + cw]) ∈ Rk : bibb
−1
ℓ (b+ bℓ + ccℓ), bj(b+ bℓ + ccℓ)

−1 ∈ F×
0

}∣

∣

Table 1: Intersection numbers pℓijk of the AST from U(3, q2), where 5 ≤
i, j, k, ℓ ≤ q + 4.

2.2 Algebra of Hypermatrices

To interpret the intersection numbers of an AST algebraically, we view ASTs as
hypermatrix ternary algebras [9]. Let X = {Ri}

m
i=0 be an AST on a set Ω. For each

i ∈ {0, . . . ,m}, we define an |Ω| × |Ω| × |Ω| cubic hypermatrix Ai whose entries are
indexed by Ω. The (x, y, z)-entry of Ai is

(Ai)xyz =

{

1, if (x, y, z) ∈ Ri, and

0, if (x, y, z) /∈ Ri.

The linear space SpanC({Ai}
m
i=0) of the adjacency hypermatrices is a complex vector

space under scalar multiplication and entry-wise addition. To equip the span with
a ternary algebra structure, define for each A,B,C ∈ SpanC({Ai}

m
i=0) the product

ABC given by

(ABC)xyz =
∑

w∈Ω

(A)wyz(B)xwz(C)xyw.

The theorem below shows that the intersection numbers of X are the structure
constants of a ternary algebra.

Theorem 2.1 (Theorem 1.4 and Corollary 2.8, [9]). Let X = {Ri}
m
i=0 be an AST with

corresponding adjacency hypermatrices {Ai}
m
i=0. Then SpanC({Ai}

m
i=0) is a ternary

algebra satisfying AiAjAk =
m
∑

ℓ=0

pℓijkAℓ, for any i, j, k ∈ {0, 1, . . . ,m}. Moreover,

SpanC({Ai}
m
i=4) is a ternary subalgebra of SpanC({Ai}

m
i=0).
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In particular, Theorem 2.1 suggests that the most interesting intersection num-
bers are pℓijk for i, j, k, ℓ ≥ 4.

2.3 ASTs from 2-Transitive Groups

Let G be a group acting on a set Ω. We say that G is 2-transitive on Ω if for any
a, b, c, d ∈ Ω with a 6= b and c 6= d, there exists g ∈ G such that ag = c and bg = d.
We write aG and Ga for the orbit and the stabilizer of an element a ∈ Ω, respectively.

We state and outline a proof of the following theorem from [9], thereby including
details on the valencies and intersection numbers.

Theorem 2.2 (Theorem 4.1, [9]). Let G be a group acting 2-transitively on a set Ω,
and let Ω3 denote Ω× Ω× Ω. Define the action

Ω3 ×G −→ Ω3

((a, b, c), g) 7−→ (ag, bg, cg)

of G on Ω3. The set of orbits of this action on Ω3 is an AST on Ω.

Outline of the proof. Suppose {R0, R1, R2, R3, . . . , Rm} is the set of distinct orbits
of the action of G on Ω3. Since Conditions (iii) and (iv) of Definition 2.1 follow
directly from the two-transitivity of G, we may assume that R0, R1, R2, and R3 are
the trivial relations described in Definition 2.1. To verify Condition (i) of Definition
2.1, take any a 6= b and c 6= d. Choose g ∈ G such that (ag, bg) = (c, d). We then
obtain the bijection

{r ∈ Ω : (a, b, r) ∈ Ri} −→ {s ∈ Ω : (c, d, s) ∈ Ri}

r 7−→ rg.

To verify condition (ii) of Definition 2.1, let i, j, k, ℓ ∈ {0, 1, . . . ,m}. Let (a, b, c)
and (x, y, z) be in Rℓ. There exists g ∈ G such that (x, y, z)g = (a, b, c). The map
w 7→ wg from Γℓ

ijk(x, y, z) into Γℓ
ijk(a, b, c) is a bijection.

Remark 2.2 (Remark 2.10 [3], Lemma 4.2 [9]). Let G be a 2-transitive group acting
on a set Ω, and X be the AST from G as constructed in Theorem 2.2. The verifica-
tion of Condition (ii) of Definition 2.1 in the above proof shows that the nontrivial
relations of X are in correspondence with the orbits of any two-point stabilizer. In
fact, it also shows that the valencies are the sizes of these orbits.

2.4 AST from the Unitary Group

Let q be a prime power, F = GF (q2), and c = cq for each c ∈ F . For any subfield
K of F , let K× denote the multiplicative group of units of K. Further, let F0 =
{r ∈ GF (q2) : rq = r} be the order q subfield of F , and let V = F × F × F be the
usual 3-dimensional vector space over F . Define B : V × V −→ F by

B(x, y) = x1y2 + x2y1 + x3y3,
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for each x = (x1, x2, x3), y = (y1, y2, y3) ∈ V . Since B is linear in the first variable
and B(x, y) = B(y, x) for any x, y ∈ V , the mapping B is a Hermitian form on V
[8]. In fact, B is non-degenerate; i.e. if x ∈ V satisfies B(x, y) = 0 for all y ∈ V ,
then x = 0.

Let U(3, q2) be the group of all linear automorphisms σ : V → V such that

B(σ(x), σ(y)) = B(x, y).

Then U(3, q2) is called the unitary group of V . Letting Z(U(3, q2)) denote the center

of U(3, q2), the quotient group PGU(3, q2) = U(3,q2)
Z(U(3,q2))

is called the projective unitary
group.

Let x ∈ V be a nonzero vector and let [x] be the one-dimensional subspace of V
spanned by x. If B(x, x) = 0, then we say that x is an isotropic vector and that [x] is
an isotropic line. The set PC of all isotropic lines is called the projective Hermitian

quadratic cone. A subspace W of V is totally isotropic if every nonzero vector in W
is isotropic. The dimension of a maximal totally isotropic subspace is called the Witt

index of V . It can be shown that V has a Witt index of 1, and that V has a basis of
vectors u, v, w ∈ V satisfying B(u, v) = 1 = B(w,w) and B(u, u) = 0 = B(v, v). We
fix and utilize such a basis {u, v, w} throughout the article.

3 Parameters of the AST from the Unitary Group

The group U(3, q2) acts 2-transitively on PC via σ[x] = [σ(x)] for σ ∈ U(3, q2) [8].
It can be shown that the kernel of this action is Z(U(3, q2)), so that PGU(3, q2)
acts faithfully and 2-transitively on PC. Let PC3 = PC × PC × PC and define the
following action

PC3 × U(3, q2) −→ PC3

(([x], [y], [z]), σ) 7−→ ([σ(x)], [σ(y)], [σ(z)])

of U(3, q2) on PC3. By Theorem 2.2, the set X of orbits of this action forms an
association scheme on triples (AST) on PC. We compute the intersection numbers
of this AST in this section. Through these computations, we recover the number of
relations and the valencies of this AST, initially obtained in [3].

Theorem 3.1 (Table 1, [3]). Let X be the AST from the 2-transitive action of

U(3, q2). Then the number of relations of X is q + 5.

For our purposes, we require explicit forms for the nontrivial relations of this
AST. To accomplish this, first define the sets

Ω0 :=
{

[au+ v] ∈ PC : a ∈ F×, a+ a = 0
}

,

and
Ω′ :=

{

[bu+ v + cw] ∈ PC : b, c ∈ F, b+ b+ cc = 0 6= b+ b
}

.

It follows that PC is the disjoint union of the sets {[u], [v]}, Ω0, and Ω′.
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By Remark 2.2, there is a correspondence between the nontrivial orbits of U(3, q2)
on PC3 and the orbits of U(3, q2)[u],[v] on PC \ {[u], [v]}. Since it can be verified that
U(3, q2)[u],[v] acts transitively on Ω0, it remains to consider the orbits of U(3, q2) on
Ω′. These are described in the proof of Proposition 3.1, affording us a workable
description of the nontrivial relations.

Proposition 3.1. The group U(3, q2)[u],[v] acts on Ω′, and this action has q orbits.

Proof. To obtain the number of orbits of U(3, q2)[u],[v] on Ω′, we begin by determining
|Ω′|. Since the trace map T : F → F0 given by T (x) = x + x is an additive
epimorphism, we have

|KerT | =
|F |

|F0|
=

q2

q
= q. (1)

Moreover,
F \KerT = {b ∈ F× : b+ b 6= 0}.

Since the norm map N : F× → F×
0 with N(r) = rr is a multiplicative group

epimorphism, we deduce that |KerN | = q + 1. For every b ∈ F \ KerT , the set of
all elements c ∈ F such that b+ b+ cc = 0 forms a coset of KerN . Hence, there are
exactly q + 1 such elements c ∈ F satisfying b+ b+ cc = 0.

Thus,
|Ω′| = |F \KerT |(q + 1) = (q2 − q)(q + 1) = q(q2 − 1).

Proceeding, observe that for any [bu + v + cw], [b1u + v + c1w] ∈ Ω′, we have
[bu + v + cw] ∈ [b1u + v + c1w]

U(3,q2)[u],[v] if and only if (F×
0 )b = (F×

0 )b1. It follows
that any orbit contains exactly

|F×
0 |(q + 1) = (q − 1)(q + 1) = q2 − 1 (2)

isotropic lines. Therefore,
|Ω′|

q2 − 1
=

q(q2 − 1)

q2 − 1
= q

is the number of orbits of U(3, q2)[u],[v] on Ω′.

The proof of Proposition 3.1 implies that the orbits of U(3, q2)[u],[v] on Ω′ corre-
spond to the cosets of F×

0 in F×. To enumerate the relations in X, let {b5, . . . , bq+4}
be a complete set of coset representatives for F×/F×

0 . Further, fix for each i ∈
{5, . . . , q + 4} an element ci ∈ F such that bi + bi + cici = 0. Lastly, fix a nonzero
a ∈ F such that a+ a = 0. The AST X has two kinds of nontrivial relations. There
is one of the first type, namely

R4 = ([u], [v], [au+ v])U(3,q2). (3)

The remaining q relations of X are

Ri = ([u], [v], [biu+ v + ciw])
U(3,q2), (4)

where i ∈ {5, . . . , q + 4}. The valencies of the nontrivial relations are then obtained
as the following consequence of Equations (1) and (2).
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Corollary 3.1 (Table 1, [3]). Let X be the AST from the 2-transitive action of

U(3, q2). Then the nontrivial valencies are n4 = q − 1 and ni = q2 − 1 for i ≥ 5.

We may sharpen the description of the relations of the AST from U(3, q2) when
the underlying field has even characteristic.

Remark 3.1. Let q be a power of 2, X be the AST from the action of U(3, q2), and
F be the field of cardinality q2. Fix a primitive element α of F and let T : F → F0 be
given by T (x) = x+x. Since F×

0 ⊆ KerT , we may choose a = αq+1 and bi = α(q+1)+i

for i ∈ {4, . . . , q + 4} in Equations (3) and (4).

We proceed with the intersection numbers of the AST from U(3, q2).

Theorem 3.2. Let q be a prime power, U(3, q2) be the unitary group of 3×3 matrices

over GF (q2), PC be the set of isotropic lines in the 3-dimensional vector space over

GF (q2), and X be the AST from the 2-transitive action of U(3, q2) on PC. For

5 ≤ i, j, k, ℓ ≤ q + 4, the intersection number pℓijk of X is as listed in Table 1.

Proof. We only show that line 8 of Table 1 holds; the other lines of Table 1 can be
shown by applying a similar approach. Let ([u], [v], [au + v]) ∈ R4. Observe that
p4ijk 6= 0 if and only if

Γ4
ijk([u], [v], [au+ v]) 6= ∅.

This is equivalent to the existence of [ζ] = [bu+ v+ cw] in ([bku+ v+ ckw])
U(3,q2)[u],[v]

satisfying the following conditions.

C1. There exist σ ∈ U(3, q2) and r, s, t ∈ F× such that

σ(u, v, biu+ v + ciw) = (r(bu+ v + cw), sv, t(au+ v)).

C2. There exist τ ∈ U(3, q2) and r1, s1, t1 ∈ F× such that

τ(u, v, bju+ v + cjw) = (r1u, s1(bu+ v + cw), t1(au+ v)).

Since τ ∈ GL(3, q2) is in U(3, q2) if and only if B(τ(x), τ(y)) = B(x, y) for x, y ∈
{u, v, w}, Condition C2 is equivalent to

0 = s1r1 − 1 = s1 − t1 = ccs1 + bjr1 + bs1 − at1, (5)

for some r1, s1, t1 ∈ F×. In turn, this is equivalent to

bj(b+ a)−1 ∈ F×
0 . (6)

Indeed, Equation (5) implies bj(b+ a)−1 ∈ F×
0 . Conversely, if bj(b+ a)−1 ∈ F×

0 , then
we may choose s1 ∈ F× such that bj = s1s1(b+ a). Equation (5) is then satisfied by
taking t1 = s1 and r1 = s1

−1.
Similarly, Condition C1 holds if and only if

bib(b+ a)a−1 ∈ F×
0 . (7)



J.M.P. BALMACEDA ET AL. /AUSTRALAS. J. COMBIN. 96 (1) (2026), 142–152 150

It remains to show that if p4ijk 6= 0, then there are exactly q + 1 elements [ζ] in

the orbit ([bku + v + ckw])
U(3,q2)[u],[v] such that Equations (6) and (7) are true. To

see this, fix [ζ] = [bu + v + cw] ∈ Γ4
ijk([u], [v], [au + v]). Recall that the elements of

([bku + v + ckw])
U(3,q2)[u],[v] are [du + v + ew], where d ∈ bF×

0 , and e ∈ F× satisfies
d+ d+ ee = 0. For each of the q+1 elements e ∈ F× satisfying ee = cc, the element
[bu + v + ew] satisfies Equations (6) and (7). This accounts for q + 1 elements
of Γ4

ijk([u], [v], [au + v]). To complete the proof, we show that [du + v + ew] /∈
Γ4
ijk([u], [v], [au+v]) if b 6= d. Indeed, let d = by for some 1 6= y ∈ F×

0 . If [du+v+ew] ∈

Γ4
ijk([u], [v], [au+v]), then Equation (7) yields bid(d+a)a−1 ∈ F×

0 . Since bib(b+a)a−1

is also in F×
0 , we obtain

y−1(b+ a)(a+ by)−1 = bib(b+ a)a−1(bid(d+ a)a−1)−1 = z, (8)

for some z ∈ F×
0 . Since y 6= 1, Equation (8) implies yz 6= 1. Consequently, Equation

(8) yields a

b
= 1−y2z

zy−1
= a

b
= −a

b
. This implies b+ b = 0, which is impossible.

As a consequence of Theorem 3.2, we obtain a minimal ternary subalgebra gen-
erated by the hypermatrix A4 of the AST from U(3, q2).

Corollary 3.2. Let X = {R0, R1, R2, R3, . . . , Rq+4} be the AST from the 2-transitive
action of U(3, q2) on PC, where the relations are as given in Equations (3) and (4).
If {A0, A1, A2, A3, . . . , Aq+4} is the set of corresponding adjacency hypermatrices of

X, then Span {A4} is a ternary subalgebra of Span {A4, . . . , Aq+4}.

Proof. By lines 6 and 9 in Table 1, we have

A4A4A4 =

q+4
∑

ℓ=4

pℓ444Aℓ = p4444A4 +

q+4
∑

ℓ=5

pℓ444Aℓ = (q − 2)A4.

When the characteristic of the underlying field is 2, several intersection numbers
vanish.

Corollary 3.3. Let q be a power of 2 and X be the AST from the 2-transitive action

of U(3, q2) on PC. If the relations of X are as given in Equations (3) and (4), then

pℓkℓk = pℓℓkk = pℓkkℓ = pℓℓℓℓ = 0,

whenever k, ℓ ∈ {5, . . . ,m} are distinct. Moreover, if 5 ≤ i ≤ q + 4 then Span {Ai}
cannot be a nontrivial subalgebra of Span {A4, . . . , Aq+4}.

Proof. We only show that pℓkℓk = 0 if k, ℓ ∈ {5, . . . ,m} are distinct. Assume on
the contrary that pℓkℓk 6= 0. Choose any ([u], [v], [bu + v + cw]) ∈ Rℓ and suppose
([u], [v], [hu+ v + ew]) ∈ Rk satisfies the conditions of Equation 13 of Table 1. As a
consequence, we have

hhb−1b ∈ F0.
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It follows that h2 ∈ F0. Since h+ h+ ee = 0, we obtain

h+ ee = −h, and

h = −h− ee.

Multiplying the corresponding sides of the above equations yields h2+hee = h
2
+hee.

Since h2 = h
2
, it follows that h = h. That is, h ∈ F×

0 . Since charF = 2 and k ≥ 5,
we obtain a contradiction.
The final statement holds since piiii = 0 for 5 ≤ i ≤ q + 4.

We conclude this paper by computing the nonzero intersection numbers of the
ASTs from the unitary groups U(3, 22) and U(3, 32). This is accomplished via GAP
4.14.0 [7], and the structure constants are tabulated in Tables 2 and 3. The number
of relations of the AST from U(3, 22) is 7 while that of the AST from U(3, 32) is 8.

p0000 = 1 p0123 = 8 p1011 = 1 p1132 = 1
p1144 = 1 p1156 = 3 p1165 = 3 p2202 = 1
p2321 = 1 p2424 = 1 p2526 = 3 p2625 = 3
p3213 = 1 p3330 = 1 p3443 = 1 p3563 = 3
p3653 = 3 p4214 = 1 p4341 = 1 p4432 = 1
p4555 = 3 p4666 = 3 p5215 = 1 p5351 = 1
p5466 = 1 p5532 = 1 p5556 = 1 p5565 = 1
p5646 = 1 p5655 = 1 p5664 = 1 p6216 = 1
p6361 = 1 p6455 = 1 p6545 = 1 p6554 = 1
p6566 = 1 p6632 = 1 p6656 = 1 p6665 = 1

Table 2: Nonzero intersection numbers of the AST from U(3, 22).

p0000 = 1 p0123 = 27 p1011 = 1 p1132 = 1 p1144 = 2 p1155 = 8
p1167 = 8 p1176 = 8 p2202 = 1 p2321 = 1 p2424 = 2 p2525 = 8
p2627 = 8 p2726 = 8 p3213 = 1 p3330 = 1 p3443 = 2 p3553 = 8
p3673 = 8 p3763 = 8 p4214 = 1 p4341 = 1 p4432 = 1 p4444 = 1
p4566 = 4 p4577 = 4 p4656 = 4 p4665 = 4 p4757 = 4 p4775 = 4
p5215 = 1 p5351 = 1 p5466 = 1 p5477 = 1 p5532 = 1 p5555 = 1
p5567 = 3 p5576 = 3 p5646 = 1 p5657 = 3 p5664 = 1 p5675 = 3
p5747 = 1 p5756 = 3 p5765 = 3 p5774 = 1 p6216 = 1 p6361 = 1
p6457 = 1 p6475 = 1 p6547 = 1 p6556 = 3 p6565 = 3 p6574 = 1
p6632 = 1 p6655 = 3 p6667 = 2 p6676 = 2 p6745 = 1 p6754 = 1
p6766 = 2 p6777 = 4 p7217 = 1 p7371 = 1 p7456 = 1 p7465 = 1
p7546 = 1 p7557 = 3 p7564 = 1 p7575 = 3 p7645 = 1 p7654 = 1
p7666 = 4 p7677 = 2 p7732 = 1 p7755 = 3 p7767 = 2 p7776 = 2

Table 3: Nonzero intersection numbers of the AST from U(3, 32).
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