
AUSTRALASIAN JOURNAL OF COMBINATORICS
Volume 96(1) (2026), Pages 49–80

On ascent sequences avoiding 021 and

a pattern of length four

Toufik Mansour

Department of Mathematics

University of Haifa

3498838 Haifa, Israel

tmansour@univ.haifa.ac.il

Mark Shattuck

Department of Mathematics

University of Tennessee

37996 Knoxville, TN, U.S.A.

mark.shattuck2@gmail.com

Abstract

Ascent sequences of length n avoiding the pattern 021 are enumerated
by the n-th Catalan number Cn = 1

n+1

(
2n
n

)
. In this paper, we extend this

result and enumerate ascent sequences avoiding {021, τ}, where τ is a
pattern of length four. We in turn identify all of the corresponding Wilf-
equivalence classes and find generating function formulas corresponding
to each class. In a few cases, we make use of an auxiliary statistic and
the kernel method to ascertain the generating function. In several cases,
our work of enumeration is shortened by establishing the equivalence
of {021, τ}- and {021, τ ′}-avoiders of a given length through an explicit
bijection. As a consequence of our results, new combinatorial interpreta-
tions are obtained in terms of ascent sequences for several of the entries
in the OEIS.

1 Introduction

Given a sequence w = w1 · · ·wn, let asc(w) denote the number of ascents of w, i.e.,
the number of indices 1 ≤ i ≤ n − 1 such that wi < wi+1. An ascent sequence

a1 · · · an is a word on the alphabet of non-negative integers such that a1 = 0 and
ai ≤ asc(a1 · · · ai−1) + 1 for 1 < i ≤ n. For example, the sequence 0101243503 is an
ascent sequence, whereas 0100125 is not since 5 exceeds asc(010012)+1 = 4. Ascent
sequences were introduced in [5], where their generating function was determined
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and they were shown to be equinumerous with (2+2)-free posets of the same size,
and have subsequently been studied with connections being made to several other
discrete structures. See, e.g., [11, 12, 21] as well as [20, Section 3.2.2] for further
information. Various extensions of the ascent sequence structure have also been
recently considered; see, for example, [4, 9, 13].

By a (classical) pattern, we mean a sequence of non-negative integers, where
repetitions are allowed, that contains all of the letters in {0, 1, . . . , ℓ} for some ℓ ≥ 0.
Let π = π1π2 · · · πn be an arbitrary sequence of non-negative integers and let τ =
τ1τ2 · · · τm be a pattern. Then it is said that π contains τ (in the classical sense) if
there exists a subsequence of π that is order isomorphic to τ . More precisely, there
exist indices i1, . . . , im where 1 ≤ i1 < · · · < im ≤ n such that πij x πik if and only
if τj x τk for all j, k ∈ [m] = {1, . . . ,m} and x ∈ {<,>,=}. If no such subsequence
occurs, then π is said to avoid τ . For example, the ascent sequence 01013102412 has
three occurrences of the pattern 100, namely, the subsequences 100, 311 and 322,
but is seen to avoid the pattern 1230. Let An be the set of all ascent sequences of
length n and let An(α1, . . . , αr) denote the subset of An whose members avoid each
of the patterns α1, . . . , αr.

The pattern avoidance problem on ascent sequences was first considered by Dun-
can and Steingŕımsson [14], who established several results involving a single pattern
of length up to four; see also [10, 25, 31] for further related results. The problem of
avoiding two patterns of length three was later addressed by Baxter and Pudwell [3],
which was extended to triples of length three patterns in [6, 7]. Further results in
this direction include those of Callan et al. [8], who found all pattern pairs (α, β) of
length four such that |An(α, β)| = Cn for n ≥ 1, and of Mansour and Shattuck [26],
who found all pairs of length three and four such that |An(α, β)| = F2n−1, where Fm

denotes the m-th Fibonacci number.

Let Bn = An(021) for n ≥ 0. The class Bn provides a natural setting in which
to investigate the effect of additional pattern restrictions on ascent sequences. Note
that an ascent sequence belongs to Bn if and only if the subsequence consisting of
its positive letters is nondecreasing. Indeed, Bn is a Catalan structure, as was shown
originally in [14], with Chen et al. [10] later defining a bijection between Bn and 132-
avoiding permutations that preserves some natural statistics. The study of further
restrictions within 132-avoiding permutations or other structures has produced a rich
collection of enumerative results for various restricted subclasses; see, for example,
[15–17,22–24,27,29].

These prior studies show that imposing additional avoidance conditions on a
Catalan or related structure often leads to interesting enumerative phenomena and
connections with classical sequences and generating functions. Motivated by similar
questions, Mansour and Yıldırım [28] considered the analogous problem for inversion
sequences, determining the enumeration of inversion sequences avoiding 021 and
another pattern of length four. This suggests studying the corresponding pattern-
avoidance problem on Bn, where the additional ascent-sequence structure provides
another natural Catalan setting. In this paper, we determine the generating functions
as well as the Wilf-equivalence classes for all patterns of length four on Bn.
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Given a pattern τ , let Bn(τ) = An(021, τ) for n ≥ 1, with B0(τ) consisting of
the single empty ascent sequence of length zero (which will often be denoted by
ε). Let bn(τ) = |Bn(τ)| for n ≥ 0 and B(τ) = ∪n≥0Bn(τ). Define the generating
function fτ = fτ (x) by fτ =

∑
n≥0 bn(τ)x

n; that is, fτ enumerates all members of
B(τ) according to length. Here, we seek an explicit formula for fτ for each τ of
length four whose avoidance by members of Bn is nontrivial.

The organization of this paper is as follows. In the next section, we find fτ in
all cases where τ is of length four and whose Wilf-equivalence class is nontrivial.
In several instances, we define bijections between Bn(τ) and Bn(τ

′) to complete the
proof of the result, once the generating function is determined in one of the cases. In
the final section, we find fτ for the remaining τ wherein the corresponding Wilf class
is trivial. Taken together with the results from the second section, one then has an
explicit formula for fτ in all cases where τ is of length four. The generating function
corresponding to each nontrivial Wilf-equivalence class is given below in Table 1,
along with the first several terms in its Taylor series expansion.

{0010, 0100, 0110, 0123}
(1−x)(1−4x+4x2+x

3)

(1−2x)3

1 + x + 2x2
+ 5x3

+ 13x4
+ 34x5

+ 88x6
+ 224x7

+ 560x8
+ 1376x9

+ 3328x10
+ 7936x11

+ · · ·

{0011, 0112} 1−4x+5x2
−x

3

(1−x)(1−2x)2

1 + x + 2x2
+ 5x3

+ 13x4
+ 33x5

+ 81x6
+ 193x7

+ 449x8
+ 1025x9

+ 2305x10
+ 5121x11

+ · · ·

{0012, 0102} 1−4x+6x2
−3x3+x

4

(1−x)3(1−2x)

1 + x + 2x2
+ 5x3

+ 13x4
+ 32x5

+ 74x6
+ 163x7

+ 347x8
+ 722x9

+ 1480x10
+ 3005x11

+ · · ·

{0101, 0120, 0122} 1−2x

1−3x+x
2

1 + x + 2x2
+ 5x3

+ 13x4
+ 34x5

+ 89x6
+ 233x7

+ 610x8
+ 1597x9

+ 4181x10
+ 10946x11

+ · · ·

{1000, 1100}
(1−x)(1−8x+24x2

−31x3+13x4+2x5+2x6)

(1−2x)5

1 + x + 2x2
+ 5x3

+ 14x4
+ 41x5

+ 122x6
+ 362x7

+ 1060x8
+ 3048x9

+ 8592x10
+ 23744x11

+ · · ·

{1001, 1011, 1101}
1−3x+3x2

−

√

(1−3x+x
2)2−4x3(1−x)

2x2

1 + x + 2x2
+ 5x3

+ 14x4
+ 41x5

+ 123x6
+ 376x7

+ 1168x8
+ 3678x9

+ 11716x10
+ 37688x11

+ · · ·

{1010, 1120}
(1−x)(1−5x+7x2

−x
3)

(1−2x)2(1−3x+x
2)

1 + x + 2x2
+ 5x3

+ 14x4
+ 41x5

+ 121x6
+ 354x7

+ 1021x8
+ 2901x9

+ 8130x10
+ 22513x11

+ · · ·

{1020, 1022} 1−9x+32x2
−56x3+49x4

−19x5+x
6

(1−x)(1−2x)3(1−3x+x
2)

1 + x + 2x2
+ 5x3

+ 14x4
+ 41x5

+ 120x6
+ 344x7

+ 961x8
+ 2620x9

+ 6996x10
+ 18369x11

+ · · ·

{1200, 1220, 1230} 1−7x+17x2
−16x3+5x4

−x
5

(1−2x)(1−3x+x
2)2

1 + x + 2x2
+ 5x3

+ 14x4
+ 41x5

+ 122x6
+ 364x7

+ 1082x8
+ 3195x9

+ 9362x10
+ 27219x11

+ · · ·

Table 1: The nontrivial Wilf-equivalence classes for patterns of length four on Bn,
along with the corresponding generating functions.

2 Nontrivial Wilf classes for patterns of length four

In this section, we establish the generating function formulas given in Table 1 above.
Our work is shortened somewhat in this regard by making the following preliminary
observations. First, the generating function given for the fourth entry corresponding
to the Wilf class containing the patterns 0101, 0120 and 0122 is already known and
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occurs as part of a larger result. See [26, Proposition 3.3], which gives each pair
(α, β) where |α| = 3 and |β| = 4 such that |An(α, β)| = F2n−1 for all n ≥ 1.

Furthermore, the third entry in Table 1 corresponding to the patterns 0012 and
0102 may be reasoned as follows. By [14, Lemma 2.4], since both 0012 and 0102
are contained in the larger pattern 01012, members of An avoiding either pattern
actually correspond to set partitions, represented sequentially on the non-negative
integers as restricted growth functions. Let Pn denote the set of all partitions of [n]
and Pn(α1, . . . , αr) the subset of Pn whose members when represented sequentially
avoid each of the patterns α1, . . . , αr. Then we have that the members of Bn(0012)
and Bn(0102) are synonymous with those in Pn(0012, 0121) and Pn(0102, 0121), re-
spectively, because avoiding 021 is the same as avoiding 0121 for set partitions due to
the restricted growth condition. Combining Theorem 4.9, Example 4.16 and Propo-
sition 4.23 from [19], the latter two pattern pairs are seen to be equivalent on Pn for
all n with the generating function formula as stated.

We now turn our attention to the remaining Wilf classes in Table 1 and establish
the first entry. By a staircase word, we will mean throughout a sequence w =
w1w2 · · · such that wi+1 = wi or wi + 1 for all i. Given a nonnegative integer m,
let Tm denote the set of all (nonempty) staircase words of finite length having first
letter m.

Theorem 2.1. If τ ∈ {0010, 0100, 0110, 0123}, then

fτ (x) =
(1− x)(1− 4x+ 4x2 + x3)

(1− 2x)3
. (2.1)

Proof. We first compute f0010. To do so, note that π ∈ B(0010) is either nondecreas-
ing or of one of the following two forms:

• 01a1 · · · jaj0rσ, j ≥ 1,

• 01a1 · · · jaj0rjt(j + 1)aj+1 · · · ℓaℓρ, 1 ≤ j ≤ ℓ,

where all exponents indicating run lengths of the various letters are positive, σ is
empty or belongs to Tj or Tj+1 and ρ ∈ Tℓ+2. Combining the prior cases above implies

f0010 =
1− x

1− 2x
+
∑

j≥1

xj+2

(1− x)j+1

(
1 +

2x

1− 2x
+

x2

(1− 2x)2

)

=
1− x

1− 2x
+

x2(1− x)

(1− 2x)2

∑

j≥1

(
x

1− x

)j

=
1− x

1− 2x
+

x3(1− x)

(1− 2x)3
,

which yields the stated formula for fτ in the case τ = 0010.

To complete the proof of (2.1), we define a bijection between Bn(0010) and Bn(τ)
for the three remaining patterns τ . To define a bijection with Bn(0100), consider
replacing the section 01a1 · · · jaj0r with 0r1a1 · · · jaj0 in the two forms stated above
for π ∈ Bn(0010) containing a descent. For the pattern τ = 0110, we proceed as
follows in defining a mapping g between Bn(0010) and Bn(0110). Let π ∈ Bn(0010).
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If π = 0a01a1 · · · jaj for some j ≥ 0, then let g(π) = 0a010a1−1 · · · j0aj−1. So assume π
contains a second run of 0’s and is of one of the two forms stated above. If at least one
j occurs to the right of the string 0r in either of the two forms, then replace the initial
section 01a1 · · · jaj0r with 0r10a1−1 · · · (j − 1)0aj−1−1j0aj in either case. Otherwise, if
no j occurs to the right of the string 0r, i.e., if π = 01a1 · · · jaj0rα, where α is either
empty or belongs to Tj+1, then let g(π) = 0r10a1−1 · · · (j−1)0aj−1−1jaj+1α. Note that
g may be reversed by considering whether or not a member of Bn(0110) contains a
repeated positive letter, and if so, whether or not a 0 occurs between the first and
second occurrence of the smallest such letter. Hence, we have that g provides the
desired bijection between Bn(0010) and Bn(0110).

We now turn to τ = 0123. First, given a staircase word w = w1 · · ·wm and a
fixed r ≥ 1, let cr(w) denote the word c = c1 · · · cm on {0, r} where c1 = r and
cj for 2 ≤ j ≤ m is equal to r or 0 depending on whether or not wj = wj−1 or
wj = wj−1+1. To define a bijection h between Bn(0010) and Bn(0123), we first pair
certain members of the respective sets accordingly as follows:

• 0a01a1 · · · kak ←→ 0a010a1−1 · · · 10ak−1, k ≥ 0,

• 01a1 · · · jaj0rjsρ←→ 0r+11a10a2 · · · 1aj−10aj1sc2(ρ), j even,

• 01a1 · · · jaj0rjsρ←→ 01a10a2 · · · 1aj−20aj−11aj0r1sc2(ρ), j odd,

• 01a1 · · · jaj0rjs ←→ 0s+11rc2(1
a1 · · · jaj),

where j, r ≥ 1, s ≥ 0, ai ≥ 1 for each i and ρ ∈ Tj+1. Note that members of Bn(0010)
in the last three forms must start with a single zero, as there is a second run of 0’s
(whose length is unrestricted).

Now suppose π ∈ Bn(0010) is expressible as

π = 01a1 · · · jaj0rjt(j + 1)aj+1 · · · ℓaℓα

for some 1 ≤ j ≤ ℓ and r, t ≥ 1, where α ∈ Tℓ+2. We define h for such π by
considering cases on the parity of ℓ and j as follows:

• ℓ, j even: π ↔ 0t+11a10a2 · · · 1aℓ−10aℓ1rc j

2
+2(α),

• ℓ even, j odd: π ↔ 01a10a2 · · · 1aℓ−10aℓ1r0tc j+5

2

(α),

• ℓ odd, j even: π ↔ 0t+11a10a2 · · · 1aℓ−20aℓ−11aℓ0rc j

2
+2(α),

• ℓ, j odd: π ↔ 01a10a2 · · · 1aℓ−20aℓ−11aℓ0r1tc j+5

2

(α).

Note that if ℓ is even in the preceding cases, then there are ℓ
2
+ 1 runs of 1’s (and

hence the same number of ascents) prior to the terminal section c⌊(j+5)/2⌋(α) of h(π),
with 3 ≤ ⌊ j+5

2
⌋ ≤ ℓ

2
+ 2. Thus, h is well-defined in these cases. Likewise, if ℓ is odd,

then there are ℓ+1
2

runs of 1’s in h(π) if j is even, with 3 ≤ j
2
+2 ≤ ℓ+3

2
, and there are

ℓ+3
2

runs of 1’s if j is odd, with 3 ≤ j+5
2
≤ ℓ+5

2
. One may verify that h is reversible

in all of the cases defined above, with exactly one case applying to each member of
Bn(0010) or Bn(0123). Hence, the mapping h provides the desired bijection between
Bn(0010) and Bn(0123), which completes the proof.
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We now establish the second entry in Table 1 involving the patterns 0011 and
0112.

Theorem 2.2. If τ = 0011 or 0112, then

fτ (x) =
1− 4x+ 5x2 − x3

(1− x)(1− 2x)2
. (2.2)

Proof. We first find g = f0011. Clearly, members π ∈ B(0011) not containing a
repeated letter are enumerated by 1

1−x
, so assume π contains a repeated letter. We

consider cases based on the leftmost repeated letter of π. If π starts with two or more
0’s, then we must have π = 0r10u1 · · · k0uk for some k ≥ 0, where r ≥ 2 and ui ≥ 0
for all i ∈ [k]. This is seen to yield a contribution towards g of x2

1−2x
. Now suppose

we have π = 01 · · · k0sρ (*) for some k, s ≥ 1, where ρ is empty or expressible as
ρ = (k + 1)0v1(k + 2)0v2 · · · or ρ = k0v0(k + 1)0v1 · · · , with vi ≥ 0 for all i ≥ 0.
Further, if ρ starts with k, then a string q0vq−k for some q > k may be skipped (i.e.,
there is a single occurrence of consecutive letters in ρ of the form (q− 1)0a(q+1)0b).
This implies π of the form (*) are enumerated by

x3

(1− x)2

(
1 +

x

1− 2x
+

x

1− 2x
· 1− x

1− 2x

)
=

x3

(1− 2x)2
.

So assume now that the leftmost repeated letter is positive. If π = 01 · · · (k −
1)kr0sρ, where r ≥ 2, k, s ≥ 1 and ρ is as before, then one gets the same contribution
as from π of the form (*) above but multiplied by x

1−x
(to account for the additional

r − 1 letters k). This then yields a contribution towards g of x4

(1−x)(1−2x)2
. Finally, if

π is of the form π = 01 · · · (k − 1)krσ, where r ≥ 2 and σ is empty or of the form
(k+1)0v1(k+2)0v2 · · · , then one gets a contribution of x3

(1−x)2

(
1 + x

1−2x

)
= x3

(1−x)(1−2x)
.

Combining each of the prior cases for π yields

g =
1

1− x
+

x2

1− 2x
+

x3

(1− 2x)2
+

x4

(1− x)(1− 2x)2
+

x3

(1− x)(1− 2x)

=
1− 4x+ 5x2 − x3

(1− x)(1− 2x)2
,

as desired.

To determine f0112, one can proceed by considering cases based on the leftmost re-
peated letter in members of B(0112) to establish an equation for the generating func-
tion or make the following observation. By [14, Lemma 2.4], since 0112 is contained
in the larger pattern 01012, we have that members of Bn(0112) are synonymous with
those in Pn(0112, 0121). The latter pattern pair has already been enumerated and
found to have generating function 1−4x+5x2−x3

(1−x)(1−2x)2
; see the first Wilf-equivalence class

in [19, Section 4.6].

Let w be a nonempty nondecreasing integer sequence with smallest and largest
letters a and b, respectively. Then, by the number of jumps of w, we mean the
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number of letters in [a, b] not occurring in the range of w. Let jum(w) denote the
number of jumps of w and hence jum(w) = b− a− |range(w)|+ 1. Given r ≥ 0, let
hr = hr(x) denote the generating function that enumerates nonempty nondecreasing
sequences starting with 0 and containing at most r jumps according to the length
(marked by x).

We will make use of the following formula for hr in the subsequent proofs of the
remaining cases.

Lemma 2.3. If r ≥ 0, then hr(x) =
x

1−2x

(
x

1−x

)r
.

Proof. It is instructive for the arguments that follow to provide two proofs of this
result. For the first proof, suppose w is a sequence of length two or more enumerated
by hr where r ≥ 1 and whose last two letters are q, p for some 0 ≤ q ≤ p. If p = q
or p = q + 1, then the addition of the terminal p does not introduce a jump, and
hence the contribution of such w towards the generating function hr is given by
2xhr. On the other hand, if q = p + i for some 2 ≤ i ≤ r + 1 and w = w′p, then
jum(w) = jum(w′) + i − 1. Note w′ must then have at most r − i + 1 jumps, and
hence is enumerated by hr−i+1. Thus, considering all possible i yields a contribution
towards hr of x(h0 + · · ·+ hr−1). Taking into account the single word of length one
enumerated by hr, we obtain from the prior cases the recurrence

hr = x+ 2xhr + x(h0 + · · ·+ hr−1), r ≥ 1. (2.3)

Note that (2.3) also holds when r = 0, since h0 =
x

1−2x
as it enumerates members of

T0 according to length.

Let H(x, y) =
∑

r≥0 hr(x)y
r. Multiplying both sides of (2.3) by yr, and summing

over all r ≥ 0, implies

(1− 2x)H(x, y) =
x

1− y
+ x

∑

r≥1

yr
r−1∑

i=0

hi

=
x

1− y
+ x

∑

i≥0

hi

∑

r≥i+1

yr

=
x

1− y
+

xy

1− y
H(x, y).

Solving for H(x, y) in the last equation gives

H(x, y) =
x

1− 2x− y + xy
=

x
1−2x

1− (1−x)y
1−2x

=
x

1− 2x

∑

r≥0

(
1− x

1− 2x

)r

yr,

and extracting the coefficient of yr yields the stated formula for hr.

Our second proof as follows is more enumerative. Let A(r)
n for n ≥ 1 and r ≥ 0

denote the set of (r + 1)-tuples of words (w(0), w(1), . . . , w(r)) in which w(0) ∈ T0 and
w(i) ∈ T0 ∪ {ε} for 1 ≤ i ≤ r such that

∑r
i=0 |w(i)| = n. Then it is seen that the

coefficient of xn in hr(x) gives the cardinality of A(r)
n for all n ≥ 1.
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Let B(r)
n denote the set of nondecreasing integer sequences of length n starting

with 0 and containing at most r jumps. To complete our second proof, it suffices
to define a bijection between A(r)

n and B(r)
n . Let λ = (w(0), . . . , w(r)) ∈ A(r)

n and let
1 ≤ i1 < · · · < ik ≤ r denote the complete set of indices i ∈ [r] such that w(i) is
nonempty. Given a word w and a positive integer m, let w+m denote the sequence
obtained by adding m to each entry of w. Let λ(0) = w(0), λ(1) = w(i1) +m0 + i1 + 1
and λ(j) = w(ij) + ij − ij−1 + mj−1 + 1 for 2 ≤ j ≤ k, where mj = max(λ(j)) for
0 ≤ j ≤ k and it is assumed that the λ(j) are formed in the natural order starting
with λ(0). We concatenate the various sequences λ(j) and define λ∗ = λ(0)λ(1) · · ·λ(k).
Note that there are ij − ij−1 jumps between λ(j) and λ(j−1) for j ∈ [k], where i0 = 0.

Hence, λ∗ has i1 +
∑k

j=2(ij − ij−1) = ik jumps altogether if k ≥ 1, with no jumps in
λ∗ if no such indices ij exist. Thus, λ

∗ contains at most r jumps and hence belongs

to B(r)
n . One may verify that the mapping λ 7→ λ∗ provides the desired bijection

between A(r)
n and B(r)

n .

Theorem 2.4. If τ = 1000 or 1100, then

fτ (x) =
(1− x)(1− 8x+ 24x2 − 31x3 + 13x4 + 2x5 + 2x6)

(1− 2x)5
. (2.4)

Proof. To find g = f1000, first note that π ∈ B(1000) can contain at most three runs
of 0’s, with at most two 0’s occurring beyond the initial run. If π is empty or contains
only one run of 0’s, then π avoiding 021 implies it is weakly increasing and hence
such π are enumerated by 1−x

1−2x
. If π contains exactly two runs of 0’s, then we have

the decomposition
π = 0a01a1 · · · kakδπ′, k ≥ 1,

where δ = 0 or 00, all exponents are positive and π′ is nondecreasing and starts with
k or k+1 if nonempty. If π′ starts with k+1, then it is a staircase word, whereas if
π′ starts with k, then it may contain a jump. Thus, the section π′ is accounted for
by

λ := 1 +
x

1− 2x
+

x

1− 2x
· 1− x

1− 2x
=

(
1− x

1− 2x

)2

,

upon considering whether π′ starts with k+1 or k. Since k ≥ 1, the section 0a0 · · · kak

of π is accounted for by x2

(1−x)(1−2x)
. Thus, by the decomposition above, the π in

B(1000) containing exactly two runs of 0’s make a contribution of x3(1+x)
(1−x)(1−2x)

λ to-
wards the generating function g.

Now suppose π has three runs of 0’s and hence π = 0a0 · · · kak0π′, where π′ now
contains one zero and does not start with zero. Let π′ = α0β, where α is nonempty
and β is possibly empty. If (i) α ∈ Tk+1 or if (ii) α starts with k and contains a
jump, then β is seen to be accounted for by λ in either case. This implies π′ for

which α satisfies (i) or (ii) is accounted for by x2

1−2x
λ+ x3

(1−2x)2
λ = x2(1−x)

(1−2x)2
λ, and hence

the corresponding π in B(1000) are enumerated by x5

(1−2x)3
λ, upon considering the

contribution from the section 0a0 · · · kak0.
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So assume α ∈ Tk. If the last letter of α is p for some p ≥ k, then β may start
with p, p+1 or p+2 if nonempty. If β is empty or starts with p+1 or p+2, then it
is seen that β is accounted for by λ, whereas if β starts with p, then it is accounted
for by h2(x) whose formula is given in Lemma 2.3, as β may contain up to two jumps
in this case. This implies π′ contributes a factor of x2

1−2x
(λ + h2(x)), and hence the

corresponding π in this case are enumerated by x5

(1−x)(1−2x)2
(λ + h2(x)). Combining

all of the prior cases implies

g =
1− x

1− 2x
+

x3(1 + x)

(1− x)(1− 2x)
λ+

x5

(1− 2x)3
λ+

x5

(1− x)(1− 2x)2
(λ+ h2(x))

=
1− x

1− 2x
+

x3(1− x)

(1− 2x)3

(
1 + x+

x2(1− x)

(1− 2x)2
+

x2

1− 2x

)
+

x6(1− x)

(1− 2x)5

=
(1− x)(1− 8x+ 24x2 − 31x3 + 13x4 + 2x5 + 2x6)

(1− 2x)5
,

as desired.

To complete the proof of (2.4), we define a bijection ν between Bn(1100) and
Bn(1000) as follows. Let π ∈ Bn(1100). If π does not contain a repeated positive
letter, then we must have π = 0a010a1−120a2−1 · · · k0ak−1 for some k ≥ 0, where
ai > 0 for all i, in which case, we let ν(π) = 0a01a1 · · · kak . Otherwise, let j denote
the smallest repeated positive letter of π, whence π = 0a010a1−1 · · · j0aj−1jsπ′, where
s ≥ 1 and π′ does not start with j and contains at most one zero but is otherwise
nondecreasing and possibly empty.

First assume π′ does not contain 0. Note that if aj ≥ 2, then π′ is either empty,
a member of Tj+2 or a weakly increasing sequence starting with j+1 and containing
at most one jump, whereas if aj = 1, then π′ is either empty or a member of Tj+1.
We then define ν based on cases concerning the values of aj and s as follows:

ν(π) =





0a01a1 · · · (j − 1)aj−1jaj−100js−1π′, if aj, s ≥ 2;

0a01a1 · · · (j − 1)aj−1j0jaj−1π′, if aj ≥ 2, s = 1;

0a01a1 · · · (j − 1)aj−1js−100π′, if aj = 1, s ≥ 2;

0a01a1 · · · (j − 1)aj−1j0π′, if aj = s = 1.

So assume π′ contains 0 and we write

π = 0a010a1−1 · · · j0aj−1jsσ0ρ, (2.5)

where σ or ρ may be empty and σ does not start with j. Note that σ if nonempty is
either a nondecreasing sequence starting with j+1 and containing at most one jump
or a member of Tj+2, with σ containing a jump or belonging to Tj+2 only possible if
aj ≥ 2. Further, if σ is empty, then ρ can start with j, j + 1 or j + 2 if nonempty
(the j + 2 option only possible if aj ≥ 2). We define ν for π of the form in (2.5) as
follows. If it is not the case that both aj = 1 and σ = ∅, then let

ν(π) = 0a01a1 · · · (j − 1)aj−1js0jaj−1σ0ρ.
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If aj = 1 and σ = ∅, let

ν(π) = 0a01a1 · · · (j − 1)aj−1js+10ρ.

One may verify in each of the last two cases that ν(π) is indeed an ascent sequence
(one that avoids 1000), and hence ν is well-defined. Further, one can show that ν
defined in each of the cases above is reversible, with exactly one case of ν (or its
inverse) applying to any given member of Bn(1100) or Bn(1000). Thus, ν provides
the desired bijection between Bn(1100) and Bn(1000), which completes the proof.

We now consider the pattern 1001 for which we will make use of an auxiliary
parameter as follows. Given a 021-avoiding ascent sequence π, let pjum(π) = M−m,
where M = asc(π) and m = max(π); note M ≥ m for all ascent sequences π. Since
pjum(π) gives the cardinality of the set [m+ 1,M ], it corresponds to the maximum
potential number of jumps (within the subsequence consisting of the positive entries
of π) created when a nonzero letter s is appended to π (which occurs with s = M+1).
Given i ≥ 0, let fi = fi(x) denote the generating function enumerating nonempty
members π ∈ B(1001) for which pjum(π) = i according to their length.

We have the following relations involving the generating functions fi.

Lemma 2.5. If i ≥ 1, then

fi =
x3

(1− x)3
fi−1 +

x(1− x+ x2)

(1− x)3

∑

j≥i

fj, (2.6)

with f0 =
x

1−x
+ x

(1−x)2

∑
j≥0 fj.

Proof. First note a nonempty π ∈ B(1001) must have the form π = π(0)π(1) · · · π(k)

for some k ≥ 0, where π(0) is a nonempty sequence of 0’s and π(j) for j ∈ [k] is given

by π(j) = a
αj

j 0a
βj

j 0γj or a
αj

j 0γj , with αj, βj > 0, γj ≥ 0 and 1 = a1 < · · · < ak. We

will refer to each section π(i) as a unit of π. Conversely, any π of the stated form is
seen to avoid both 021 and 1001, assuming the ai are such that π is indeed an ascent
sequence.

We now make some further observations. Suppose pjum(ω) = i and we wish
to append a nonzero letter s to ω such that ωs ∈ B(1001) and s > m, where
m = max(ω). Then the possible values of s comprise the set [m+1,m+ i+1], with
pjum(ωs) = m + i + 1 − s for each s. Further, if the string s0s is appended to ω,
where s is as before, then we have pjum(ωs0s) = m+ i+2− s, as the final ascent 0s
increases the number of ascents by one while maintaining the maximum letter. Note
that only when s = m + 1 and s0s is appended does the resulting ascent sequence
have a strictly larger pjum value than that of ω (in which case, pjum(ωs0s) = i+1).
When only s or in all other cases when s0s is appended, the resulting sequence is
seen to have pjum value at most i = pjum(ω).

Now suppose π is enumerated by fi for some i ≥ 1. Then π must contain at least
two units and removing the final unit of π results in an ascent sequence π′ enumerated
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by fj for some j ≥ i − 1, by the preceding observations. Let r = max(π′). If π′ is
enumerated by fi−1, then in forming π from π′, one must append a unit of the form
tu0tv0w, where t = r+1, u, v > 0 and w ≥ 0. This yields a contribution of x3

(1−x)3
fi−1

towards fi for such π, with the x3

(1−x)3
factor accounting for the appended sequence

tu0tv0w wherein the value of t is determined by π′. On the other hand, if π′ is
enumerated by fj for some j ≥ i, then the final unit of π is given by pa0b, where
a > 0 and b ≥ 0, or by pu0pv0w, where u, v > 0 and w ≥ 0, with p ≥ r + 1 in either
case. Note that the value of p is uniquely determined by i and π′ (through the values
of r and j). This implies such π make a contribution towards fi of

(
x

(1− x)2
+

x3

(1− x)3

)
fj =

x(1− x+ x2)

(1− x)3
fj

for each j ≥ i. Considering the contributions from all possible j yields (2.6).

To establish the formula for f0, first note that
x

1−x
accounts for those π consisting

of a single unit, i.e., the all-zero sequences. So assume π contains two or more units
and pjum(π) = 0, where π′ is as before with pjum(π′) = j and max(π′) = r. In
this case, we must generate π from π′ by appending a unit of the form pa0b, where
p = r + j + 1, so as to ensure pjum(π) = 0. Again, p is determined by π′, which
implies a contribution towards f0 of

x
(1−x)2

fj for each j ≥ 0. Considering all possible
j, and combining with the first case above, implies the stated formula for f0 and
completes the proof.

Define the bivariate generating function

F (x, y) =
∑

i≥0

fi(x)y
i.

Note f1001 = 1 + F (x, 1), by the definitions.

Multiplying both sides of (2.6) by yi, summing over all i ≥ 1 and taking into
account the formula for f0(x), we have

F (x, y) =
x

1− x
+

x

(1− x)2

∑

j≥0

fj +
x3

(1− x)3

∑

i≥1

fi−1y
i

+
x(1− x+ x2)

(1− x)3

∑

j≥1

fj

j∑

i=1

yi

=
x

1− x
+

x

(1− x)2
F (x, 1) +

x3y

(1− x)3
F (x, y)

+
x(1− x+ x2)

(1− x)3

∑

j≥0

fj ·
y − yj+1

1− y

=
x

1− x
+

x

(1− x)2
F (x, 1) +

x3y

(1− x)3
F (x, y)

+
xy(1− x+ x2)

(1− x)3(1− y)
(F (x, 1)− F (x, y)).
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Solving for F (x, y) in the last equality yields the following functional equation.

Lemma 2.6. We have
(
1− x3y

(1− x)3
+

xy(1− x+ x2)

(1− x)3(1− y)

)
F (x, y)

=
x

1− x
+

(
x

(1− x)2
+

xy(1− x+ x2)

(1− x)3(1− y)

)
F (x, 1). (2.7)

We can now find an explicit formula for f1001(x).

Theorem 2.7. If τ ∈ {1001, 1011, 1101}, then

fτ (x) =
1− 3x+ 3x2 −

√
(1− 3x+ x2)2 − 4x3(1− x)

2x2
. (2.8)

Proof. We begin by defining bijections between Bn(1001) and Bn(τ) for the other
two patterns τ . A bijection between Bn(1001) and Bn(1011) may be realized by
changing each unit of π of the form u = ia0ib0c, where a, b, i > 0 and c ≥ 0, to ia0bi0c

and leaving all other units unchanged. For a bijection with Bn(1101), we instead
change u to i0aib0c for each such unit u.

Thus, we need only compute f1001. To do so, we apply the kernel method (see,
e.g., [18]) to (2.7) and set the factor multiplying F (x, y) on the left-hand side equal
to zero. This gives

x3y2 − (1− x)(1− 3x+ x2)y + (1− x)3 = 0. (2.9)

We denote the solution in y to (2.9) by ỹ, where we choose the negative root (as the
positive root is not seen to lead to a power series expression for F (x, 1)). Note

ỹ =
(1− x)(1− 3x+ x2)− (1− x)

√
(1− 3x+ x2)2 − 4x3(1− x)

2x3
.

Substituting y = ỹ in (2.7), and observing xỹ(1−x+x2)
(1−x)3(1−ỹ)

= x3ỹ
(1−x)3

− 1, yields

(
x

(1− x)2
+

x3ỹ

(1− x)3
− 1

)
F (x, 1) +

x

1− x
= 0.

Thus, we have

F (x, 1) =
−x(1− x)2

x(1− x)− (1− x)3 + x3ỹ

=
2x(1− x)

1− 3x+ x2 +
√

(1− 3x+ x2)2 − 4x3(1− x)

=
1− 3x+ x2 −

√
(1− 3x+ x2)2 − 4x3(1− x)

2x2
.

The desired formula now follows from the fact f1001 = 1 + F (x, 1), which completes
the proof.
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Remark: Substituting the formula found above for F (x, 1) back into (2.7) leads to
an explicit expression for F (x, y), whose coefficient of xn for n ≥ 1 is seen to be the
distribution on Bn(1001) of the pjum statistic (marked by y).

Theorem 2.8. If τ = 1010 or 1120, then

fτ (x) =
(1− x)(1− 5x+ 7x2 − x3)

(1− 2x)2(1− 3x+ x2)
. (2.10)

Proof. We first consider the case τ = 1010. Let B∗ denote the subset of B(1010)
whose members have no equal adjacent letters, i.e., contain no levels. To find f1010,
it is more convenient to first find its restriction to B∗, which we will denote by g,
and then replace x by x

1−x
in g. Note that one may proceed in this manner since the

pattern in question contains no levels. Clearly, members of B∗ of the form 01 · · · k for
some k, including ε, are enumerated by 1

1−x
. So assume π ∈ B∗ contains a repeated

letter, the first of which must be zero. That is, π = 01 · · · k0π′ for some k ≥ 1,
where π′ is possibly empty. If π′ = ε or π′ starts with k + 1, then the section 0π′ is
synonymous with a nonempty member of B∗, upon subtracting k from each nonzero
letter in 0π′. Taking into account the initial string 01 · · · k for some k ≥ 1, we get a
contribution towards g of x2

1−x
(g − 1) from such π.

On the other hand, if π′ starts with k, then π′ cannot contain 0 in order to avoid
1010 and hence π′ = k(k+1) · · · or π′ = k(k+1) · · · (ℓ−1)(ℓ+1)(ℓ+2) · · · for some
ℓ > k. This implies that members of B∗ of the form 01 · · · k0π′ where π′ starts with
k are enumerated by

x3

1− x
· x

1− x
+

x3

1− x
·
(

x

1− x

)2

=
x4

(1− x)3
.

Combining the prior cases, we then get

g =
1

1− x
+

x2

1− x
(g − 1) +

x4

(1− x)3
,

and solving for g gives g = 1−2x+2x3

(1−x)2(1−x−x2)
. Thus, we have

f1010(x) = g

(
x

1− x

)
=

(1− x)(1− 5x+ 7x2 − x3)

(1− 2x)2(1− 3x+ x2)
.

We now compute f1120. The weight of the all-zero sequences, together with ε,
is given by 1

1−x
, whereas those that contain 1 but have no repeated positive letter

are seen to contribute x2

(1−x)(1−2x)
. Now suppose π ∈ B(1120) is such that its largest

letter is the only repeated positive letter. Then π may be decomposed as

π = 0u010u1 · · · (k − 1)0uk−1π′, k ≥ 1,

where u0 > 0, ui ≥ 0 for 1 ≤ i ≤ k− 1 and π′ starts with k and contains at least two
k’s. Note that π′ is ‘binary’ on {0, k} in order to avoid 021, and hence is accounted
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for by x
1−2x

− x
1−x

= x2

(1−x)(1−2x)
, upon subtracting the weight of sequences of the

form k0u for some u ≥ 0 since k is required to occur at least twice. The section
0u010u1 · · · (k− 1)0uk−1 , with the ui as given, contribute a factor of x

1−x

(
1 + x

1−2x

)
=

x
1−2x

, and hence π of the stated form are enumerated by x
1−2x
· x2

(1−x)(1−2x)
= x3

(1−x)(1−2x)2
.

Next, we assume π ∈ B(1120) contains a repeated positive letter that is not the
largest letter. Then we have for some k, r ≥ 1 the decomposition

π = 0u010u1 · · · (k − 1)0uk−1kv10w1 · · · kvr0wrπ′, (2.11)

where π′ is nonempty with first letter greater than k, the ui are as before, v1, . . . , vr >
0, v1 + · · · + vr ≥ 2, w1, . . . , wr−1 > 0 and wr ≥ 0. Then the section (which we will
denote by π − π′) preceding π′ has k + r − 1 ascents and thus the first letter p of
π′ satisfies k + 1 ≤ p ≤ k + r, with π′ nondecreasing. Note that if π′ starts with
p, then π′ can contain at most k + r − p jumps, with k and r being determined by
π−π′. Thus, if π−π′ is specified, along with the desired maximum possible number
s of jumps in π′ (with s ∈ {0, 1, . . . , r − 1}), then the first letter of π′ is uniquely
determined (and in fact is given by k + r − s). Thus, we have that the section π′

within the decomposition in (2.11) is accounted for by
∑r−1

j=0 hj(x) once π − π′ has
been specified.

To determine the contribution towards f1120 coming from π that may be expressed
as in (2.11), we must differentiate the cases when r = 1 and r ≥ 2. If r = 1, then
we subtract the excluded sequences of the form k0w for some w ≥ 0 as k is to occur
at least twice. Hence, the string kv10w1 appearing in (2.11) when r = 1 is accounted
for by x

(1−x)2
− x

1−x
= x2

(1−x)2
. Thus, those π of the form in (2.11) with r = 1 are

enumerated by

x

1− 2x
· x2

(1− x)2
· h0(x) =

x4

(1− x)2(1− 2x)2
.

On the other hand, by the previous observations, we have that π of the form in (2.11)
when r ≥ 2 are enumerated by

x

1− 2x
· x2r−1

(1− x)2r
·
r−1∑

j=0

hj(x)

for each r. Summing over all r ≥ 2, and making use of Lemma 2.3, then gives

1

1− 2x

∑

r≥2

(
x

1− x

)2r r−1∑

j=0

hj(x)

=
x

(1− 2x)2

∑

r≥2

(
x

1− x

)2r r−1∑

j=0

(
1− x

1− 2x

)j

=
x

(1− 2x)2

∑

r≥2

(
x

1− x

)2r

·
1−

(
1−x
1−2x

)r

1− 1−x
1−2x
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=
1

1− 2x

∑

r≥2

(
x

1− x

)2r ((
1− x

1− 2x

)r

− 1

)

=
1

1− 2x

∑

r≥2

((
x2

(1− x)(1− 2x)

)r

−
(

x

1− x

)2r
)

=
x5(2− x)

(1− x)2(1− 2x)2(1− 3x+ x2)
.

Combining all of the prior cases for π ∈ B(1120), we get

f1120 =
1

1− x
+

x2

(1− x)(1− 2x)
+

x3

(1− x)(1− 2x)2

+
x4

(1− x)2(1− 2x)2
+

x5(2− x)

(1− x)2(1− 2x)2(1− 3x+ x2)

=
(1− x)(1− 5x+ 7x2 − x3)

(1− 2x)2(1− 3x+ x2)
,

which completes the proof.

Remarks: Several of the underlying sequences from the prior results correspond to
entries in the OEIS [30] and yield new combinatorial interpretations of these entries in
terms of pattern-avoiding ascent sequences. We first note that the sequence bn(1010)
or bn(1120) for n ≥ 0 from the preceding theorem corresponds to entry A244885 in
the OEIS. This sequence is also known to enumerate other combinatorial structures,
such as the 1243-avoiding Catalan words of length n or the peak-equivalence classes
on the set of Dyck paths of semi-length n, and it would be interesting to find a
bijection with such a structure and Bn(1010) or Bn(1120). From Theorem 2.2, it is
seen that bn(0011) = bn(0112) = (n − 1)2n−2 + 1 for n ≥ 1, which matches entry
A005183 with offset one. Finally, the sequence from Theorem 2.7 matches that of
A365510 for 1 ≤ n ≤ 11, though no formula of the generating function is given for the
terms in this entry. Perhaps it would be possible to find an explicit bijection between
Bn(τ) where τ ∈ {1001, 1011, 1101} and one of the known structures enumerated by
A365510.

Theorem 2.9. If τ = 1020 or 1022, then

fτ (x) =
1− 9x+ 32x2 − 56x3 + 49x4 − 19x5 + x6

(1− x)(1− 2x)3(1− 3x+ x2)
. (2.12)

Proof. We first find f1020. Clearly, the binary members of B(1020), together with ε,
are enumerated by 1−x

1−2x
. So assume henceforth at π ∈ B(1020) contains at least one

letter greater than 1. Suppose first that at least one 0 occurs between the first 1 and
the leftmost letter exceeding 1. In this case, we have

π = 0a01b10a1 · · · 1bℓ0aℓjπ′, ℓ ≥ 1,
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where π′ is possibly empty, 2 ≤ j ≤ ℓ + 1, ai > 0 for 0 ≤ i ≤ ℓ − 1, bi > 0 for all i
and aℓ ≥ 0 if ℓ ≥ 2, with a1 > 0 if ℓ = 1. Note that the section jπ′ cannot contain
0 in order to avoid 1020, and hence is nondecreasing with at most ℓ + 1 − j jumps.
Thus, it is accounted for by hℓ+1−j , where hi is as in Lemma 2.3, for each ℓ and j.

Allowing j to vary then yields a contribution of
∑ℓ+1

j=2 hℓ+1−j for the section jπ′ for
each ℓ. Considering separately the cases when ℓ = 1 or ℓ ≥ 2, we have that π of the
stated form above are enumerated by

x3

(1− x)3
h0 +

∑

ℓ≥2

x2ℓ

(1− x)2ℓ+1

ℓ+1∑

j=2

hℓ+1−j

=
x4

(1− x)3(1− 2x)
+

1

1− 2x

∑

ℓ≥2

(
x

1− x

)2ℓ+1

·
1−

(
1−x
1−2x

)ℓ

1− 1−x
1−2x

=
x4

(1− x)3(1− 2x)
+

1

1− x

∑

ℓ≥2

((
x2

(1− x)(1− 2x)

)ℓ

−
(

x

1− x

)2ℓ
)

=
x4

(1− x)3(1− 2x)
+

x5(2− x)

(1− x)3(1− 2x)(1− 3x+ x2)

=
x4

(1− x)2(1− 2x)(1− 3x+ x2)
.

So assume π does not contain a 0 between its first 1 and its leftmost letter greater
than 1, i.e., π starts 0a01a12a2 . If π is nondecreasing, then such π contribute

∑

k≥2

(
x

1− x

)k+1

=
x3

(1− x)2(1− 2x)

towards f1020. Otherwise, we must have π = 0a01a1 · · · kak0rπ′, where k ≥ 2, all
exponents are positive and π′ starts with k or k + 1 if nonempty. It is seen for each

given k that the section π′ contributes a factor of
(

1−x
1−2x

)2
. Since the remaining letters

0a01a1 · · · kak0r for some k ≥ 2 are accounted for by x4

(1−x)3(1−2x)
, we have that π of

the stated form are enumerated by x4

(1−x)(1−2x)3
. Combining all of the cases of π above

then yields

f1020 =
1− x

1− 2x
+

x4

(1− x)2(1− 2x)(1− 3x+ x2)
+

x3

(1− x)2(1− 2x)

+
x4

(1− x)(1− 2x)3

=
1− 9x+ 32x2 − 56x3 + 49x4 − 19x5 + x6

(1− x)(1− 2x)3(1− 3x+ x2)
.

To complete the proof of (2.12), we define a bijection g between Bn(1020) and
Bn(1022). Let ρ ∈ Bn(1020) and consider the section ρ′, if it exists, occurring to
the right of the rightmost 0 of ρ, assuming ρ has at least two runs of 0’s. If no
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such section ρ′ exists, then let g(ρ) = ρ. Otherwise, replace each (maximal) string
within ρ′ of the form at, where a ≥ 2 and t ≥ 1, with a0t−1. Let g(ρ) denote the
resulting ascent sequence. Combining the two cases, one may verify that g provides
the desired bijection between Bn(1020) and Bn(1022).

Theorem 2.10. If τ ∈ {1200, 1220, 1230}, then

fτ (x) =
1− 7x+ 17x2 − 16x3 + 5x4 − x5

(1− 2x)(1− 3x+ x2)2
. (2.13)

Proof. We first find f1230. The binary members, together with ε, are accounted for
by 1−x

1−2x
, so assume henceforth π ∈ B(1230) contains a letter greater than 1. First

suppose π can be decomposed as

π = 0a01b10a1 · · · 1bℓ0aℓπ′, ℓ ≥ 1,

where ai > 0 for 0 ≤ i ≤ ℓ − 1 with aℓ ≥ 0, bi > 0 for all i and π′ is a nonempty
sequence on {0, u} for some u > 1 that starts with u. Note π an ascent sequence
implies 2 ≤ u ≤ ℓ+ 1. Considering all possible ℓ, we have that π of the stated form
are enumerated by

∑

ℓ≥1

x2ℓ

(1− x)2ℓ+1
· ℓx

1− 2x
=

x3

(1− x)3(1− 2x)

∑

ℓ≥1

ℓ

(
x2

(1− x)2

)ℓ−1

=
x3

(1− x)3(1− 2x)
· 1
(
1− x2

(1−x)2

)2

=
x3(1− x)

(1− 2x)3
.

So assume π contains at least three distinct positive letters. Then we have

π = 0a01b10a1 · · · 1bℓ0aℓuc10d1 · · · ucp0dpπ′, ℓ, p ≥ 1,

where the ai, bi and u are as before, ci > 0 for all i, di > 0 for 1 ≤ i ≤ p − 1
with dp ≥ 0 and π′ 6= ε starts with v for some v > u. Note that there are ℓ + p
ascents occurring strictly prior to the first v and hence v ∈ [u + 1, ℓ + p + 1]. Then
π avoiding 021 and 1230 implies π′ is nondecreasing and hence is accounted for by
hℓ+p+1−v(x), as it contains at most ℓ+ p+ 1− v jumps, where hi(x) is as in Lemma
2.3. Conversely, any π of the stated form with π′ as described is seen to belong to
B(1230). Considering all possible ℓ, p, u and v, we have that π of the form above
are enumerated by

∑

ℓ≥1

∑

p≥1

ℓ+1∑

u=2

ℓ+p+1∑

v=u+1

x2ℓ

(1− x)2ℓ+1
· x2p−1

(1− x)2p
· hℓ+p+1−v(x).

This last sum may be simplified as follows:

∑

ℓ≥1

∑

p≥1

ℓ+1∑

u=2

ℓ+p+1∑

v=u+1

x
2ℓ+2p−1

(1− x)2ℓ+2p+1
· x

1− 2x

(
1− x

1− 2x

)ℓ+p+1−v
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=
1

(1− 2x)2

∑

ℓ≥1

∑

p≥1

(
x
2

(1− x)(1− 2x)

)ℓ+p ℓ+1∑

u=2

ℓ+p+1∑

v=u+1

(
1− 2x

1− x

)v

=
1

x(1− 2x)

∑

ℓ≥1

∑

p≥1

(
x
2

(1− x)(1− 2x)

)ℓ+p ℓ+1∑

u=2

((
1− 2x

1− x

)u

−
(
1− 2x

1− x

)ℓ+p+1
)

=
1

x(1− 2x)

∑

ℓ≥1

∑

p≥1

(
x
2

(1− x)(1− 2x)

)ℓ+p




(
1−2x
1−x

)2
−
(
1−2x
1−x

)ℓ+2

1− 1−2x
1−x

− ℓ

(
1− 2x

1− x

)ℓ+p+1




=
1− 2x

x2(1− x)

∑

ℓ≥1

∑

p≥1

(
x
2

(1− x)(1− 2x)

)ℓ+p
(
1−

(
1− 2x

1− x

)ℓ
)

− 1

x(1− x)

∑

ℓ≥1

∑

p≥1

ℓ

(
x
2

(1− x)2

)ℓ+p

=
1− 2x

x2(1− x)
· x

4

(1− 3x+ x2)2
− 1− 2x

x2(1− x)
· x

4

(1− 2x)(1− 3x+ x2)

− 1

x(1− x)
· x

4(1− x)2

(1− 2x)3

=
x
3

(1− 3x+ x2)2
− x

3(1− x)

(1− 2x)3
.

Combining the last case with the two prior implies

f1230 =
1− x

1− 2x
+

x3

(1− 3x+ x2)2
=

1− 7x+ 17x2 − 16x3 + 5x4 − x5

(1− 2x)(1− 3x+ x2)2
,

as desired.

We now find f1200. The binary sequences are accounted for by 1−x
1−2x

, so assume
π ∈ B(1200) contains a letter greater than 1. First suppose π is decomposable as

π = 0a01b10a1 · · · 1bℓ0aℓπ′σ, ℓ ≥ 1, (2.14)

where aj > 0 for 0 ≤ j ≤ ℓ − 1 with aℓ ≥ 0, bj > 0 for all j, σ = 0 or ε, and π′ 6= ε
starts with i ∈ [2, ℓ + 1] and does not contain 0. Note π′ is nondecreasing with at
most ℓ+ 1− i jumps, and hence is enumerated by hℓ+1−i. Considering all possible ℓ
and i then implies π of the form (2.14) are enumerated by

∑

ℓ≥1

x2ℓ(1 + x)

(1− x)2ℓ+1

ℓ+1∑

i=2

x

1− 2x

(
1− x

1− 2x

)ℓ+1−i

=
1 + x

1− x

∑

ℓ≥1

(
x

1− x

)2ℓ
((

1− x

1− 2x

)ℓ

− 1

)

=
x2(1 + x)

1− x

(
1

1− 3x+ x2
− 1

1− 2x

)

=
x3(1 + x)

(1− 2x)(1− 3x+ x2)
.
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Otherwise, π is expressible as

π = 0a01b10a1 · · · 1bℓ0aℓπ′0π′′, ℓ ≥ 1, (2.15)

where the ai and bi are as before, π′ and π′′ are nonempty and π′ starts with i and
has exactly j jumps for some i ∈ [2, ℓ+1] and 0 ≤ j ≤ ℓ+1−i. Note π avoiding 1200
implies neither π′ nor π′′ can contain 0, and hence are nondecreasing. If p denotes
the last letter of π′ and q the first letter of π′′, then we have q = p + a for some
0 ≤ a ≤ ℓ + 2 − i − j, as π′ starting with i and containing exactly j jumps implies
that at most ℓ + 1 − i − j integers can be skipped in going from p to q. Then π′′

starting with p = q + a implies it can contain at most ℓ + 2 − i − j − a jumps for
each a.

Let h∗
j = h∗

j(x) denote the generating function that counts nonempty nondecreas-
ing sequences starting with 0 and containing exactly j jumps. Then we have h∗

0 = h0

and h∗
j = hj − hj−1 for j ≥ 1, by the definitions. By Lemma 2.3, we have

h∗
j(x) =

x

1− 2x

((
1− x

1− 2x

)j

−
(

1− x

1− 2x

)j−1
)

=
x2(1− x)j−1

(1− 2x)j+1
, j ≥ 1.

Considering all possible ℓ, i, j and a implies π of the form (2.15) are enumerated by

∑

ℓ≥1

x2ℓ

(1− x)2ℓ+1

ℓ+1∑

i=2

ℓ+2−i∑

a=0

xh0(x)hℓ+2−i−a(x)

+
∑

ℓ≥2

x2ℓ

(1− x)2ℓ+1

ℓ∑

i=2

ℓ+1−i∑

j=1

h∗
j(x)

ℓ+2−i−j∑

a=0

xhℓ+2−i−j−a(x),

where we have differentiated the cases when j = 0 or j ≥ 1. The first multi-sum in
the preceding expression may be simplified as follows:

x3

(1− x)(1− 2x)2

∑

ℓ≥1

(
x

1− x

)2ℓ ℓ+1∑

i=2

ℓ+2−i∑

a=0

(
1− x

1− 2x

)ℓ+2−i−a

=
x2

(1− x)(1− 2x)

∑

ℓ≥1

(
x

1− x

)2ℓ ℓ+1∑

i=2

((
1− x

1− 2x

)ℓ+3−i

− 1

)

=
x(1− x)

(1− 2x)2

∑

ℓ≥1

(
x2

(1− x)(1− 2x)

)ℓ
(
1−

(
1− 2x

1− x

)ℓ
)

− x4

(1− x)3(1− 2x)

∑

ℓ≥1

ℓ

(
x2

(1− x)2

)ℓ−1

=
x4(1− x)2

(1− 2x)3(1− 3x+ x2)
− x4(1− x)

(1− 2x)3
.
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The second multi-sum above is given by

∑

ℓ≥2

x2ℓ

(1− x)2ℓ+1

ℓ∑

i=2

ℓ+1−i∑

j=1

x2(1− x)j−1

(1− 2x)j+1

ℓ+2−i−j∑

a=0

x2

1− 2x

(
1− x

1− 2x

)ℓ+2−i−j−a

=
x4

(1− 2x)4

∑

ℓ≥2

(
x2

(1− x)(1− 2x)

)ℓ ℓ∑

i=2

ℓ+1−i∑

j=1

ℓ+2−i−j∑

a=0

(
1− 2x

1− x

)i+a

. (2.16)

Simplifying the inner triple sum in the last expression, we have

ℓ∑

i=2

ℓ+1−i∑

j=1

ℓ+2−i−j∑

a=0

(
1− 2x

1− x

)i+a

=
1− x

x

ℓ∑

i=2

(
1− 2x

1− x

)i ℓ+1−i∑

j=1

(
1−

(
1− 2x

1− x

)ℓ+3−i−j
)

=
1− x

x

ℓ∑

i=2

(ℓ+ 1− i)

(
1− 2x

1− x

)i

− 1− x

x

ℓ∑

i=2

(
1− 2x

1− x

)ℓ+3 ℓ+1−i∑

j=1

(
1− x

1− 2x

)j

=
1− x

x

ℓ−1∑

i=1

i

(
1− 2x

1− x

)ℓ+1−i

+
(1− x)2

x2

ℓ+1∑

i=2

((
1− 2x

1− x

)ℓ+3

−
(
1− 2x

1− x

)i+2
)
.

Note that the last formula yields zero when ℓ = 1, and hence one may start the outer
sum in ℓ on the right side of (2.16) at ℓ = 1. Substituting this last expression for the
inner triple sum into (2.16), we get

x3(1− x)

(1− 2x)4

∑

ℓ≥2

(
x

1− x

)2ℓ ℓ−1∑

i=1

i

(
1− x

1− 2x

)i−1

+
x2

(1− x)(1− 2x)

∑

ℓ≥1

ℓ

(
x

1− x

)2ℓ

− x2

(1− x)2

∑

ℓ≥1

(
x2

(1− x)(1− 2x)

)ℓ ℓ+1∑

i=2

(
1− 2x

1− x

)i−2

=
x3(1− x)

(1− 2x)4

∑

i≥1

i

(
1− x

1− 2x

)i−1

· (x
2/(1− x)2)i+1

1− x2

(1−x)2

+
x2

(1− x)(1− 2x)
· x2

(1− x)2
(
1− x2

(1−x)2

)2

− x

1− x

∑

ℓ≥1

(
x2

(1− x)(1− 2x)

)ℓ
(
1−

(
1− 2x

1− x

)ℓ
)

=
x7

(1− x)(1− 2x)5

∑

i≥1

i

(
x2

(1− x)(1− 2x)

)i−1

+
x4(1− x)

(1− 2x)3

− x3

1− x

(
1

1− 3x+ x2
− 1

1− 2x

)
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=
x7(1− x)

(1− 2x)3(1− 3x+ x2)2
+

x4(1− x)

(1− 2x)3
− x4

(1− 2x)(1− 3x+ x2)
.

Thus, from the expressions found above for the two multi-sums, we have that π
of the form (2.15) are enumerated by

x4(1− x)2

(1− 2x)3(1− 3x+ x2)
+

x7(1− x)

(1− 2x)3(1− 3x+ x2)2
− x4

(1− 2x)(1− 3x+ x2)
.

Combining the prior cases of π, and observing some cancellation, we get

f1200 =
1− x

1− 2x
+

x3

(1− 2x)(1− 3x+ x2)
+

x4(1− x)2

(1− 2x)3(1− 3x+ x2)

+
x7(1− x)

(1− 2x)3(1− 3x+ x2)2

=
1− x

1− 2x
+

x3

(1− 3x+ x2)2
,

as before.

To complete the proof of (2.13), we define a bijection g between Bn(1200) and
Bn(1220). Let π ∈ Bn(1200). If π is binary or does not contain a 0 to the right of its
first letter greater than 1, then let g(π) = π. Otherwise, consider the nondecreasing
section π′ within π of the form (2.14) or (2.15). We replace each (maximal) string
wb in π′, where w ≥ 2 and b ≥ 1, with w0b−1, and leave all other letters of π
undisturbed. Let g(π) denote the resulting ascent sequence, which is seen to avoid
1220. Combining the two cases above, one may verify that g provides the desired
bijection between Bn(1200) and Bn(1220), which completes the proof.

3 Further enumerative results

Outside the patterns covered in the prior section, the only other τ of length four
such that avoidance of τ imposes an actual restriction on Bn are given by

{0000, 0001, 0111, 1002, 1012, 1023, 1102, 1110, 1202, 1203}.

Note that in each of these patterns, no two positive letters are out of the natural
order in going from left to right, and we find fτ in this section for each such τ . Taken
together with the results from the prior section, one obtains a formula for fτ in all
cases where τ is of length four.

We will provide proofs only in the cases above where τ is binary (i.e., contains
only 0’s and 1’s), and omit the proofs of the others, for the sake of brevity. (Note
that these proofs may be obtained in a comparable manner as those from the prior
section, though most require different divisions of the various cases.) The arguments
presented below for the patterns 0111 and 1110 will make use of the kernel method.

We first find the generating function f0000(x).
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Theorem 3.1. We have

f0000(x) = 1 +
xa(x)

(1− x− x2 − x3)5
, (3.1)

with a(x) = 1−3x+3x3+11x4−3x5−19x6−9x7+11x8+14x9+11x10+4x11+x12.

Proof. Let π ∈ B(0000) and we consider cases based on the number of runs of 0’s
within π. Let δ = 1 − x − x2 − x3. If π contains one run of 0’s (or is empty), then
the contribution towards f0000 is seen to be 1

δ
, as π is a staircase word in this case

where each run of a letter has length at most three. If π has two runs of 0’s, then we
have π = 00α0β, 0α00β or 0α0β, where α 6= ∅ and α, β do not contain 0. If β = ∅,

then we get a contribution of (x2 + 2x3) · 1−δ
δ

= x3(1+2x)(1+x+x2)
δ

, where the x2 + 2x3

factor accounts for the 0 entries and 1−δ
δ

= x(1+x+x2)
1−x−x2−x3 for the section α. So assume

β 6= ∅ and let a = max(α) and b = min(β). If b = a+ 1, then, by similar reasoning,

we get a contribution of (x2 + 2x3)
(
1−δ
δ

)2
= x4(1+2x)(1+x+x2)2

δ2
. On the other hand, if

b = a, then β may contain a jump. Further, if a occurs once in α, then it may occur
once or twice in β, whereas if a occurs twice in α, it must occur once in β. Note β
is then accounted for by x(1+x)

δ2
in the former case, and by x

δ2
in the latter, where the

extra factor of 1
δ
arises due to β possibly containing a jump. Thus, π containing two

runs of 0’s for which b = a are enumerated by

x2(1 + 2x) · x
δ
· x(1 + x)

δ2
+ x2(1 + 2x) · x

2

δ
· x
δ2

=
x4(1 + 2x)2

δ3
.

So assume henceforth π contains three runs of 0’s, and thus we have π = 0α0β0γ,
with α, β 6= ∅ and α, β, γ not containing 0. If γ = ∅, then considering cases on
whether b = a or b = a+ 1 yields a contribution towards f0000 of

x3 · x
2 + 2x3

δ2
·
(
1 +

1− δ

δ

)
+ x3 ·

(
1− δ

δ

)2

=
x5(1 + 2x)

δ3
+

x5(1 + x+ x2)2

δ2
,

where the x2+2x3 factor in the first case is attributed to α and β sharing the letter a.
So assume hereafter γ 6= ∅ and let c = max(β), d = min(γ). We will consider several
cases based on the relative sizes of a, b, c, d as follows. If b = a + 1 and d = c + 1,

then π contains no jumps and we get a contribution of
(

x(1−δ)
δ

)3
= x6(1+x+x2)3

δ3
, as

α, β, γ are mutually disjoint in this case. If b = a+ 1 and d = c, then γ may contain
a jump, and we get

x3 ·
(
1− δ

δ

)
· x

2 + 2x3

δ2
· 1
δ
=

x6(1 + 2x)(1 + x+ x2)

δ4
,

where the x2 + 2x3 accounts for the shared letter between β and γ and the final 1
δ

factor for the possible jump within γ.

So assume henceforth b = a. If d = c + 1, then β or γ may contain a jump, but
not both, and considering cases on whether or not β contains a jump yields

x3 · (x
2 + 2x3)(1− δ)

δ3
· 1− δ

δ
+ x3 · x

2 + 2x3

δ2
· 1− δ

δ2
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=
x6(1 + 2x)(1 + x+ x2)(1 + x+ x2 + x3)

δ4
,

where the last factor in either case is due to γ. If d = c+2, then β has no jump and
γ is a staircase word, which yields

x3 · x
2 + 2x3

δ2
· 1− δ

δ
=

x6(1 + 2x)(1 + x+ x2)

δ3
.

Finally, suppose d = c, in which case γ can have at most one jump if β has a jump
and at most two jumps if β does not. Note that if a nondecreasing word w = w1 · · ·wm

contains exactly two jumps, then either there exist two indices j ∈ [m− 1] such that
wj+1 = wj + 2 or one j such that wj+1 = wj + 3. We consider further subcases
based on the length of β. If |β| = 1, then a = b = d and it is seen that there is a
contribution of

x6

δ2

(
1 + 2

(
1− δ

δ

)
+

(
1− δ

δ

)2
)

=
x6

δ4
,

where the parenthesized factor accounts for the various possibilities concerning the
jumps within γ of which there are at most two. So assume |β| > 1, and hence β
must contain at least two distinct letters as a = b and c = d. If β has no jump, then
we get

x3 · x
2 + 2x3

δ2
· x

2 + 2x3

δ
·
(
1 +

1− δ

δ

)2

=
x7(1 + 2x)2

δ5
,

where the x2+2x3

δ
factor accounts for the choice (and positions) of c = d along with

the initial section of γ prior to any jumps. On the other hand, if β has a jump, then
we get

x3 ·
(
x2 + 2x3

δ2

)2

· 1
δ
=

x7(1 + 2x)2

δ5
,

where one of the x2+2x3

δ2
factors accounts for α and the first part of β (prior to the

jump) and the other for the remaining section of β and the first part of γ (prior to
its possible jump).

Combining all of the cases above for π then gives

f0000 =
1

δ
+

x3(1 + 2x)(1 + x+ x2) + x5(1 + x+ x2)2

δ2

+
x4(1 + 2x)(1 + 3x) + x6(1 + 2x)(1 + x+ x2) + x6(1 + x+ x2)3

δ3

+
x6 + x6(1 + 2x)(1 + x+ x2)(2 + x+ x2 + x3)

δ4
+

2x7(1 + 2x)2

δ5
,

which may be rewritten as (3.1).

Theorem 3.2. We have

f0001(x) =
1− 5x+ 8x2 − 10x4 + 5x5 + x6 + x8

(1− x)3(1− x− x2)3
. (3.2)
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Proof. The all-zero sequences, together with ε, contribute 1
1−x

towards the generating
function, so assume π ∈ B(0001) contains 1. Then π avoiding 0001 implies it contains
one or two runs of 0’s outside of a possible terminal run of 0’s. If it contains one
such run of 0’s, then we have π = 0α0r or 00α0r, where r ≥ 0 and α nonempty does
not contain 0. Note that π avoiding 021 and 0001 implies α = 1a1 · · · (k − 1)ak−1kak

for some k ≥ 1, with ai = 1 or 2 for 1 ≤ i ≤ k− 1 and ak ≥ 1. Thus, π of the stated
form are enumerated by

x(1 + x)

1− x
· 1

1− x− x2
· x

1− x
=

x2(1 + x)

(1− x)2(1− x− x2)
,

where the factor 1
1−x−x2 accounts for the string 1a1 · · · (k−1)ak−1 within α, the factor

x(1+x)
1−x

for all of the zeros of π and x
1−x

for the string kak .

Otherwise, we have π = 0α0β0r, where r ≥ 0 and α, β nonempty do not contain
0. We consider cases for π based on whether β contains one or more than one distinct
letter as follows:

• α = 1a1 · · · (k − 1)ak−1ks, β = kt, with s, t ≥ 1,

• α = 1a1 · · · (k − 1)ak−1k, β = kρ, with ρ 6= ∅ a staircase word starting with
k + 1 or k + 2,

• α = 1a1 · · · (k−1)ak−1k, β = k(k+1)ak+1 · · · ℓaℓ(ℓ+2)aℓ+2 · · ·mam , with k < ℓ <
m− 1,

• α = 1a1 · · · kak , β = (k + 1)ak+1 · · · ℓaℓ , with k < ℓ,

where k ≥ 1 in each case, with ai = 1 or 2 if i is not the largest letter of π and ai ≥ 1
unrestricted if i is the largest letter. These four cases above for π are seen to make

respective contributions towards f0001 of
x4

(1−x)3(1−x−x2)
, 2x5

(1−x)2(1−x−x2)2
, x6(1+x)

(1−x)2(1−x−x2)3

and x4(1+x)
(1−x)2(1−x−x2)2

. Combining all of the prior cases for π implies

f0001 =
1

1− x
+

x2(1 + x)

(1− x)2(1− x− x2)
+

x4

(1− x)3(1− x− x2)

+
2x5

(1− x)2(1− x− x2)2
+

x6(1 + x)

(1− x)2(1− x− x2)3
+

x4(1 + x)

(1− x)2(1− x− x2)2
,

which yields (3.2).

Let bn = bn(0111) for n ≥ 1. To determine bn, we consider a refinement of the
sequence as follows. Let bn,i for n ≥ 1 and 0 ≤ i ≤ n − 1 denote the number of
π ∈ Bn(0111) such that pjum(π) = i, where pjum is defined as before. Put bn,i = 0
if i ≥ n or i < 0.

The bn,i are given recursively as follows.
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Lemma 3.3. If n ≥ 3 and 0 ≤ i ≤ n− 3, then

bn,i = bn−1,i +
n−3∑

j=i

(bn−1,j + bn−2,j) + δi>0

n−i−2∑

d=1

n−d−3∑

j=i−1

bn−d−2,j, (3.3)

with b1,0 = 1, b2,0 = 2, b2,1 = 0 and bn,n−1 = bn,n−2 = 0 for all n ≥ 3.

Proof. The initial conditions for n = 1, 2 are apparent, and one may verify the
boundary conditions for i = n − 2 and i = n − 1. Let Bn,i denote the subset of
Bn(0111) enumerated by bn,i. Suppose π ∈ Bn,i for some n ≥ 3 and 0 ≤ i ≤ n − 3.
There are clearly bn−1,i members of Bn,i ending in 0, so assume π ends in k for some
k > 0. Then π avoiding 021 implies k = max(π) and π avoiding 0111 implies k
appears once or twice. If k appears as a single run, then π = π′k or π′kk, where
pjum(π′) = j for some i ≤ j ≤ n − 3. Note that k is uniquely determined by i and
j, together with the largest letter of π′. Thus, considering all possible j implies that
the number of members of Bn,i whose last letter is positive and occurs as a single
run is given by

∑n−3
j=i (bn−1,j + bn−2,j).

Otherwise π = π′k0dk for some d ≥ 1. Note that we must have i > 0 in this case
due to k occurring twice as an ascent top. Then π′ ∈ Bn−d−2,j for some j ≥ i−1, with
k again being determined by i, j and max(π′). Considering all possible d and j thus
yields the final summation expression in (3.3), where the δi>0 factor arises from the
requirement that i must be positive in order for there to be a nonzero contribution
in this case. Combining the prior cases of π above then implies (3.3) and completes
the proof.

Define the distribution polynomial bn(v) =
∑n−1

i=0 bn,iv
i for n ≥ 1 and its generat-

ing function B(x, v) =
∑

n≥1 bn(v)x
n. Then B(x, v) satisfies the following functional

equation.

Lemma 3.4. We have
(
1− x− v + 2xv + x2v +

x3v2

1− x

)
B(x, v)

= x(1− v) + x

(
1 + x+

x2v

1− x

)
B(x, 1). (3.4)

Proof. Multiplying both sides of (3.3) by vi, and summing over all 0 ≤ i ≤ n − 3,
gives

bn(v) =
n−3∑

i=0

bn−1,iv
i +

n−3∑

j=0

(bn−1,j + bn−2,j)

j∑

i=0

vi +
n−3∑

d=1

n−3∑

i=1

vi
n−d−3∑

j=i−1

bn−d−2,j

=
n−3∑

i=0

bn−1,iv
i +

n−3∑

j=0

(bn−1,j + bn−2,j)

(
1− vj+1

1− v

)
+

n−3∑

d=1

n−d−3∑

j=0

bn−d−2,j

j+1∑

i=1

vi

= bn−1(v) +
1

1− v
(bn−1(1) + bn−2(1)− vbn−1(v)− vbn−2(v))
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+
n−3∑

d=1

n−d−3∑

j=0

bn−d−2,j

(
v − vj+2

1− v

)

=
1− 2v

1− v
bn−1(v) +

1

1− v
(bn−1(1) + bn−2(1)− vbn−2(v))

+
v

1− v

n−3∑

d=1

(bn−d−2(1)− vbn−d−2(v)), n ≥ 3. (3.5)

Note that (3.5) is also seen to hold for n = 2, upon taking b0(v) = 0. Multiplying
both sides of (3.5) by xn, and summing over all n ≥ 2, gives

B(x, v)− x =
x(1− 2v)

1− v
B(x, v) +

x(1 + x)

1− v
B(x, 1)− x2v

1− v
B(x, v)

+
v

1− v

∑

d≥1

∑

n≥d+3

(bn−d−2(1)− vbn−d−2(v))x
n

=
x(1 + x)

1− v
B(x, 1) +

x(1− 2v − xv)

1− v
B(x, v)

+
v

1− v

∑

d≥1

xd+2(B(x, 1)− vB(x, v))

=
x
(
1 + x+ x2v

1−x

)

1− v
B(x, 1) +

x
(
1− 2v − xv − x2v2

1−x

)

1− v
B(x, v),

which may be rewritten as (3.4).

Theorem 3.5. We have

f0111(x) =
(1− x)2 −

√
1− 4x+ 2x2 + x4

2x2
. (3.6)

Proof. We apply the kernel method and let v = v0 in (3.4), where v0 satisfies

x3v20 − (1− x)(1− 2x− x2)v0 + (1− x)2 = 0.

This cancels out the left-hand side of (3.4) and solving for B(x, 1) implies

B(x, 1) =
(1− x)(v0 − 1)

1− x2 + x2v0
=

x

1− x
v0,

with v0 given by

v0 =
(1− x)

(
1− 2x− x2 −

√
1− 4x+ 2x2 + x4

)

2x3
.

Note that we have chosen the negative root for v0 since we seek a power series solution
to B(x, 1). Formula (3.6) now follows from the fact f0111 = 1 +B(x, 1).
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Remark: It is seen, upon comparing generating functions, that bn−1 = A082582(n)
for all n ≥ 1. Hence, we have an apparently new combinatorial interpretation of
A082582, which is known already to enumerate such discrete structures as Dyck
paths of semi-length n that avoid UUDD or bargraphs with semi-perimeter n.

Our next result involving the pattern 1110 will draw upon the preceding one in
a fundamental way.

Theorem 3.6. We have

f1110(x) =
1− 5x+ 8x2 − 5x3 + x4 − (1− 3x+ x2 + 2x3)

√
1− 4x+ 2x2 + x4

2x2(1− 2x)2
.

(3.7)

Proof. Suppose π ∈ B(1110) − B(0111) and we consider the smallest k > 0 which
appears at least thrice. Then π has one of the following forms:

(i) π = π′krα, r ≥ 3,

(ii) π = π′k0ak2β or π = π′k20akβ, a ≥ 1,

(iii) π = π′k0bk0ckγ, b, c ≥ 1,

where π′ is a nonempty member of B(0111), k > max(π′) and α, β, γ are possibly
empty. Note π avoiding 1110 implies α, β, γ cannot contain 0, and hence are non-
decreasing. Given 0 ≤ i ≤ j, note that if pjum(π′) = j, then k > max(π′) may be
chosen so that there are at most j− i jumps within the nondecreasing section kr−2α
in π of the form (i), and hence this section is accounted for by hj−i(x). Similarly,
there are at most j − i + 1 and j − i + 2 jumps in the terminal sections kβ and kγ
within π of the forms (ii) or (iii).

Let fj(x) = [yj]B(x, y) for j ≥ 0, where B(x, y) is as defined above. Considering
all possible i and j, it is seen that π of the form (i) are enumerated by

∑

j≥0

j∑

i=0

fj(x) · x2hj−i(x) =
x3

1− 2x

∑

j≥0

j∑

i=0

fj(x)

(
1− x

1− 2x

)j−i

=
x3

1− 2x

∑

j≥0

fj(x)

(
1−

(
1−x
1−2x

)j+1

1− 1−x
1−2x

)

= x2
∑

j≥0

fj(x)

((
1− x

1− 2x

)j+1

− 1

)

= x2

(
1− x

1− 2x
B

(
x,

1− x

1− 2x

)
−B(x, 1)

)
.

Similarly, the contributions from π of the forms (ii) or (iii) towards f1110 are given
respectively by

∑

j≥0

j∑

i=0

fj(x) ·
2x3

1− x
hj−i+1(x) =

2x4

(1− 2x)2

∑

j≥0

j∑

i=0

fj(x)

(
1− x

1− 2x

)j−i
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=
2x3

1− 2x

(
1− x

1− 2x
B

(
x,

1− x

1− 2x

)
− B(x, 1)

)

and

∑

j≥0

j∑

i=0

fj(x) ·
x4

(1− x)2
hj−i+2(x) =

x4

(1− 2x)2

(
1− x

1− 2x
B

(
x,

1− x

1− 2x

)
− B(x, 1)

)
.

Combining the contributions from π of the forms (i)–(iii) above implies members of
B(1110)−B(0111) are enumerated by

x2

(
1 +

2x

1− 2x
+

x2

(1− 2x)2

)(
1− x

1− 2x
B

(
x,

1− x

1− 2x

)
−B(x, 1)

)

=
x2(1− x)3

(1− 2x)3
B

(
x,

1− x

1− 2x

)
− x2(1− x)2

(1− 2x)2
B(x, 1).

Adding the contribution from members of B(0111), namely, 1 + B(x, 1), we get

f1110 = 1 +
1− 4x+ 3x2 + 2x3 − x4

(1− 2x)2
B(x, 1) +

x2(1− x)3

(1− 2x)3
B

(
x,

1− x

1− 2x

)
. (3.8)

Solving for B(x, v) in (3.4), and making use of the formula found above for B(x, 1),
we have

B(x, v) =
2x2(1− x)(1− v) + (1− x2 + x2v)(1− 2x− x2)

2x((1− x)2 − (1− x)(1− 2x− x2)v + x3v2)

− (1− x2 + x2v)
√
1− 4x+ 2x2 + x4

2x((1− x)2 − (1− x)(1− 2x− x2)v + x3v2)
,

and hence

B

(
x,

1− x

1− 2x

)
=

(1− 2x)
(
1− 3x+ x3 + x4 − (1− x− x2)

√
1− 4x+ 2x2 + x4

)

2x3(1− x)2
.

Substituting this formula into (3.8), and simplifying, leads to (3.7) after several
algebraic steps.

We conclude by stating without proof the formulas for fτ in the remaining cases
of τ .

Theorem 3.7. We have

f1002(x) =
1− 9x+ 34x2 − 69x3 + 81x4 − 54x5 + 16x6 + x7

(1− x)4(1− 2x)3
,

f1012(x) =
1− 5x+ 8x2 − 4x3 + x4

(1− x)(1− 2x)(1− 3x+ x2)
,
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f1023(x) =
1− 8x+ 26x2 − 43x3 + 38x4 − 16x5 + x7

(1− x)3(1− 2x)3
,

f1102(x) =
1− 8x+ 26x2 − 43x3 + 38x4 − 16x5 + x6

(1− x)3(1− 2x)3
,

f1202(x) =
1− 3x+ x2

(1− x)(1− 3x)
,

f1203(x) =
1− 8x+ 24x2 − 32x3 + 17x4 − 2x5 − x6

(1− 2x)3(1− 3x+ x2)
.

Remarks: From the formula for f1202, we have bn(1202) =
3n−1+1

2
for n ≥ 1, which

coincides with A007051 in [30], offset by one. The relatively simple formula for
f1202, compared with the other fτ , arises from some cancellation which occurs in
the later steps of the proof that we found for it. A simpler algebraic argument may
be possible, or better yet, perhaps a direct bijection can be found with one of the
structures already known to be enumerated by A007051. Also, notice the uncanny
similarity in the formulas for f1023 and f1102, with their only being a slight difference
in one of the terms in the numerator. Perhaps this could be explained via a “near
bijection” between Bn(1023) and Bn(1102) which would isolate the source of the
difference.

4 Conclusion

In this paper, we have provided an enumeration of Bn(τ) for all patterns τ of length
four and, in so doing, have made several connections to sequences in the OEIS and
other prior work. As a consequence, we obtained a complete Wilf-classification for
all such patterns and have defined bijections establishing several of the equivalences
directly. Furthermore, in several instances, it was possible if desired to refine the
enumeration according to one or more parameters. The problem of enumeration of
patterns of length five (or greater) however is more difficult and considerably longer.
Indeed, the combinatorial structure required to carry out an enumeration seems to
be lacking in several cases for patterns of length five and there are fewer connections
to sequences in [30].

Recall that Cn is the “smallest” non-rational enumerator of certain subsets of
Sn with respect to pattern avoidance. For example, Mansour and Vainshtein [27]
proved that while the 132-avoiding permutations are enumerated by Catalan num-
bers, when we impose an additional pattern avoidance condition, we always get a
rational generating function, with Albert et al. [1] establishing the analogous result
for 321-avoiding permutations. A similar phenomenon [2] has also been witnessed
by Catalan words avoiding a single pattern of length at most four wherein all of the
associated generating functions were rational (and conjectured to be in general).

This behavior however does not hold for ascent sequences. For example, it has
been demonstrated here that while |Bn| = Cn for all n ≥ 0, we have thatBn(τ) fails to
have a rational generating function for any one of τ ∈ {0111, 1001, 1011, 1101, 1110}.



T. MANSOUR AND M. SHATTUCK/AUSTRALAS. J. COMBIN. 96 (1) (2026), 49–80 78

We remark that the algebraic generating function in these cases is a result of the
functional equations arising in their enumeration, rather than as a direct consequence
of a recursive decomposition of members of the underlying avoidance classes. With
all of these patterns τ being binary, one wonders if Bn(ρ) is always rational for some
restricted subset of ρ, such as for ρ having all of its letters distinct.
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