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Abstract
Ascent sequences of length n avoiding the pattern 021 are enumerated
by the n-th Catalan number C,, = %H (2:) In this paper, we extend this

result and enumerate ascent sequences avoiding {021, 7}, where 7 is a
pattern of length four. We in turn identify all of the corresponding Wilf-
equivalence classes and find generating function formulas corresponding
to each class. In a few cases, we make use of an auxiliary statistic and
the kernel method to ascertain the generating function. In several cases,
our work of enumeration is shortened by establishing the equivalence
of {021, 7}- and {021, 7'}-avoiders of a given length through an explicit
bijection. As a consequence of our results, new combinatorial interpreta-
tions are obtained in terms of ascent sequences for several of the entries
in the OEIS.

1 Introduction

Given a sequence w = wy - - - wy, let asc(w) denote the number of ascents of w, i.e.,
the number of indices 1 < ¢ < n — 1 such that w; < w;;1. An ascent sequence
ai---a, is a word on the alphabet of non-negative integers such that a; = 0 and
a; < asc(ay---a;—1)+ 1 for 1 < i <n. For example, the sequence 0101243503 is an
ascent sequence, whereas 0100125 is not since 5 exceeds asc(010012) +1 = 4. Ascent
sequences were introduced in [5], where their generating function was determined
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and they were shown to be equinumerous with (2+2)-free posets of the same size,
and have subsequently been studied with connections being made to several other
discrete structures. See, e.g., [11,12,21] as well as [20, Section 3.2.2] for further
information. Various extensions of the ascent sequence structure have also been
recently considered; see, for example, [4,9,13].

By a (classical) pattern, we mean a sequence of non-negative integers, where
repetitions are allowed, that contains all of the letters in {0, 1,. .., ¢} for some ¢ > 0.
Let m = mmy---m, be an arbitrary sequence of non-negative integers and let 7 =
T1To -+ T be a pattern. Then it is said that m contains 7 (in the classical sense) if
there exists a subsequence of 7 that is order isomorphic to 7. More precisely, there
exist indices i1, ..., 4, where 1 < iy < --- < iy < n such that m;, rm;, if and only
if ;o1 for all j,k € [m] = {1,...,m} and z € {<,>,=}. If no such subsequence
occurs, then 7 is said to avoid 7. For example, the ascent sequence 01013102412 has
three occurrences of the pattern 100, namely, the subsequences 100, 311 and 322,
but is seen to avoid the pattern 1230. Let A, be the set of all ascent sequences of
length n and let A, (cy, ..., ) denote the subset of A, whose members avoid each
of the patterns aq, ..., a,.

The pattern avoidance problem on ascent sequences was first considered by Dun-
can and Steingrimsson [14], who established several results involving a single pattern
of length up to four; see also [10,25,31] for further related results. The problem of
avoiding two patterns of length three was later addressed by Baxter and Pudwell [3],
which was extended to triples of length three patterns in [6,7]. Further results in
this direction include those of Callan et al. [8], who found all pattern pairs («a, ) of
length four such that |A,(«a, 5)| = C, for n > 1, and of Mansour and Shattuck [26],
who found all pairs of length three and four such that |A,(«, 8)| = Fo,_1, where F,,
denotes the m-th Fibonacci number.

Let B, = A,(021) for n > 0. The class B,, provides a natural setting in which
to investigate the effect of additional pattern restrictions on ascent sequences. Note
that an ascent sequence belongs to B, if and only if the subsequence consisting of
its positive letters is nondecreasing. Indeed, B, is a Catalan structure, as was shown
originally in [14], with Chen et al. [10] later defining a bijection between B,, and 132-
avoiding permutations that preserves some natural statistics. The study of further
restrictions within 132-avoiding permutations or other structures has produced a rich
collection of enumerative results for various restricted subclasses; see, for example,
[15-17,22-24,27,29].

These prior studies show that imposing additional avoidance conditions on a
Catalan or related structure often leads to interesting enumerative phenomena and
connections with classical sequences and generating functions. Motivated by similar
questions, Mansour and Yildirim [28] considered the analogous problem for inversion
sequences, determining the enumeration of inversion sequences avoiding 021 and
another pattern of length four. This suggests studying the corresponding pattern-
avoidance problem on B,,, where the additional ascent-sequence structure provides
another natural Catalan setting. In this paper, we determine the generating functions
as well as the Wilf-equivalence classes for all patterns of length four on B,.
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Given a pattern 7, let B, (1) = A,(021,7) for n > 1, with By(7) consisting of
the single empty ascent sequence of length zero (which will often be denoted by
e). Let b,(7) = |By(7)| for n > 0 and B(7) = U,>0B,(7). Define the generating
function f; = f;(x) by fr = >, bn(7)2"; that is, f; enumerates all members of
B(7) according to length. Here, we seek an explicit formula for f, for each 7 of
length four whose avoidance by members of B,, is nontrivial.

The organization of this paper is as follows. In the next section, we find f, in
all cases where 7 is of length four and whose Wilf-equivalence class is nontrivial.
In several instances, we define bijections between B, (7) and B, (7’) to complete the
proof of the result, once the generating function is determined in one of the cases. In
the final section, we find f, for the remaining 7 wherein the corresponding Wilf class
is trivial. Taken together with the results from the second section, one then has an
explicit formula for f, in all cases where 7 is of length four. The generating function
corresponding to each nontrivial Wilf-equivalence class is given below in Table 1,
along with the first several terms in its Taylor series expansion.

(1—z)(1—4a+4224a3)
(1—22)3

14 o+ 222 + 523 4 132* + 3425 + 8820 + 22427 + 56028 + 13762° + 3328210 4 793621 + . ..

{0010, 0100, 0110, 0123}

{0011, 0112} (1—2)(1—22)2

14 o+ 222 + 52% 4+ 132* + 3325 + 8120 + 19327 + 44928 + 10252° + 2305210 + 512121 + - .-

1-4x+622 323 +24
{0012, 0102} B Pt T

14 o+ 222 + 52°% 4 132% + 3225 + 7425 + 16327 + 34728 + 72229 + 1480z '° + 3005z + - - -

1—2x
{0101,0120, 0122} T

14 o+ 222 + 523 4 132* + 3425 + 892% + 23327 + 61028 + 15972 + 418120 4 10946211 + . .-

(1—2)(1—8x+2422 312341324 42254 226)
(1—22)5

14 o+ 222 + 523 4 142* + 4125 + 12220 + 36227 + 106028 + 304829 + 8592210 + 23744211 4 . ..

{1000, 1100}

173:L'+3:L'27\/(173:1:4»1'2)2741'3(17:1;)
21?2
14 @+ 222 + 523 4 142* + 4125 + 12325 + 37627 + 116828 + 36782° + 11716210 4 37688211 + . ..

{1001, 1011, 1101}

(1—z)(1—5247z2—23)
(1—2x)2(1—3z+z2)

14z + 222 + 522 4+ 142? + 412°% + 1212% + 35427 4+ 102128 + 29012° + 8130210 + 22513211 + . ..

{1010, 1120}

2 3 4 5 6
1—924322° —56x°+49x~ —192" 4a
{1020, 1022} (1—x)(1—2z)3(1—3z+x2)

1+ + 222 + 523 + 142% + 412° + 12028 + 34427 + 96128 + 262022 + 6996210 + 18369211 + - - -

2 3 4 5
1—724+172“—16x°+5z" —=x
{1200, 1220, 1230} ey

1+ + 222 + 523 + 142% + 4125 + 1222° + 36427 + 108228 + 319522 + 9362210 + 27219211 + . ..

Table 1: The nontrivial Wilf-equivalence classes for patterns of length four on B,
along with the corresponding generating functions.

2 Nontrivial Wilf classes for patterns of length four

In this section, we establish the generating function formulas given in Table 1 above.
Our work is shortened somewhat in this regard by making the following preliminary
observations. First, the generating function given for the fourth entry corresponding
to the Wilf class containing the patterns 0101, 0120 and 0122 is already known and
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occurs as part of a larger result. See [26, Proposition 3.3|, which gives each pair
(o, B) where |a| = 3 and |5| = 4 such that |A,(«, 8)| = Fy,—1 for all n > 1.

Furthermore, the third entry in Table 1 corresponding to the patterns 0012 and
0102 may be reasoned as follows. By [14, Lemma 2.4], since both 0012 and 0102
are contained in the larger pattern 01012, members of A, avoiding either pattern
actually correspond to set partitions, represented sequentially on the non-negative
integers as restricted growth functions. Let P, denote the set of all partitions of [n]
and P,(aq,...,q,) the subset of P, whose members when represented sequentially
avoid each of the patterns a,...,a,. Then we have that the members of B, (0012)
and B, (0102) are synonymous with those in P,(0012,0121) and P,(0102,0121), re-
spectively, because avoiding 021 is the same as avoiding 0121 for set partitions due to
the restricted growth condition. Combining Theorem 4.9, Example 4.16 and Propo-
sition 4.23 from [19], the latter two pattern pairs are seen to be equivalent on P, for
all n with the generating function formula as stated.

We now turn our attention to the remaining Wilf classes in Table 1 and establish
the first entry. By a staircase word, we will mean throughout a sequence w =
wiwsy - -+ such that w;;; = w; or w; + 1 for all <. Given a nonnegative integer m,
let 7., denote the set of all (nonempty) staircase words of finite length having first
letter m.

Theorem 2.1. If 7 € {0010,0100, 0110, 0123}, then

(1—2)(1 — 4o + 42* + 23)

frlw) = 5y 2.1)

Proof. We first compute fy19. To do so, note that 7 € B(0010) is either nondecreas-
ing or of one of the following two forms:

e 01 ... 4%0"0, j >1,

© 019075 (j + )W+ - %p, 1< 5 <UL,

where all exponents indicating run lengths of the various letters are positive, o is
empty or belongs to 7; or 7,41 and p € Ty42. Combining the prior cases above implies

1—x T2 2T x?
- — (1
foouo 1—2x+Z(1—x)3+1< +1—2x+(1—2x)2)
Jj>1

l—z  2*(1-x - 3(1 -
_ X ( )Z x _ x+x( x)’
1—2x (1 —2x)2%% 1—x 1—2x (1-—2x)3

j>1

which yields the stated formula for f, in the case 7 = 0010.

To complete the proof of (2.1), we define a bijection between B,,(0010) and B, (7)
for the three remaining patterns 7. To define a bijection with B, (0100), consider
replacing the section 01% - - - 7%0" with 071 --- j%0 in the two forms stated above
for 7 € B,(0010) containing a descent. For the pattern 7 = 0110, we proceed as
follows in defining a mapping g between B,,(0010) and B,,(0110). Let 7 € B,(0010).
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If 7 = 0%1% ... 5% for some j > 0, then let g(7) = 0010471 ... 0%~ So assume 7
contains a second run of 0’s and is of one of the two forms stated above. If at least one
7 occurs to the right of the string 0" in either of the two forms, then replace the initial
section 0191 - -+ j% 0" with 0710% ! ... (j — 1)0%-17150% in either case. Otherwise, if
no j occurs to the right of the string 0", i.e., if 7 = 019 --- j% 0", where « is either
empty or belongs to 71, then let g(7) = 07107~ ... (j—1)0%-1"1j% . Note that
g may be reversed by considering whether or not a member of B, (0110) contains a
repeated positive letter, and if so, whether or not a 0 occurs between the first and
second occurrence of the smallest such letter. Hence, we have that g provides the
desired bijection between B,,(0010) and B, (0110).

We now turn to 7 = 0123. First, given a staircase word w = wy ---w,, and a
fixed r > 1, let ¢,.(w) denote the word ¢ = ¢;--- ¢, on {0,7} where ¢; = r and
c; for 2 < 7 < m is equal to r or 0 depending on whether or not w; = w;_; or
w; = w;_1 + 1. To define a bijection h between B, (0010) and B,,(0123), we first pair
certain members of the respective sets accordingly as follows:

o 0901 ... k% s 0010n L. 10% 7L k>0,

° 01a1 . .j(l]'OTjSp — Ofr—i-llaloaz . 1aj_10aj 1502(/7), j even,

e 01 ... j%90"j°p «— 019102 - - - 1%-20%-11%0"1%co(p), j odd,
o 017 .- j%(" 5% ¢ 0T ey (171 - -+ 5%),

where j,r > 1,5 >0, a; > 1 for each ¢ and p € T;;;. Note that members of B,,(0010)
in the last three forms must start with a single zero, as there is a second run of 0’s
(whose length is unrestricted).

Now suppose 7 € B,,(0010) is expressible as
T =01%.. ~j“jOTjt(j +1)%t .

for some 1 < 57 < ¢ and r,t > 1, where a € Ty.5. We define h for such © by
considering cases on the parity of £ and j as follows:

o (,jeven: > 0F1140% .. 1910%17¢; (),
2
e ( even, j odd: m <> 01710 - - 1““@‘”?0%@(@),
e ( odd, j even: m «» 0F11910% ... 19=20%=11%0"¢; (),
2

o [,j odd: 7 0170% -+ 120" 170" ' ess ().

Note that if £ is even in the preceding cases, then there are g + 1 runs of 1’s (and
hence the same number of ascents) prior to the terminal section c|(j5)2)(c) of h(m),

with 3 < L%J < % + 2. Thus, h is well-defined in these cases. Likewise, if ¢ is odd,
41

2 )
”73 runs of 1’s if 7 is odd, with 3 < ‘% < ”75. One may verify that h is reversible
in all of the cases defined above, with exactly one case applying to each member of
B,,(0010) or B, (0123). Hence, the mapping h provides the desired bijection between

B,(0010) and B, (0123), which completes the proof. O

then there are runs of 1’s in h(r) if j is even, with 3 < %—I— 2 < “73, and there are
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We now establish the second entry in Table 1 involving the patterns 0011 and
0112.
Theorem 2.2. If 7 = 0011 or 0112, then

1 —4x + 52% — 23
I =A==

(2.2)

Proof. We first find ¢ = foo11. Clearly, members 7 € B(0011) not containing a
repeated letter are enumerated by ﬁ, so assume 7 contains a repeated letter. We
consider cases based on the leftmost repeated letter of . If w starts with two or more
0’s, then we must have 7 = 0"10%* - - - k0"* for some k > 0, where » > 2 and u; > 0
for all 7 € [k]. This is seen to yield a contribution towards g of lf;. Now suppose
we have m = 01---k0°p (*) for some k,s > 1, where p is empty or expressible as
p = (k+1)0"(k+2)0"--- or p=k0"(k+ 1)0"---, with v; > 0 for all ¢ > 0.
Further, if p starts with k, then a string ¢0%—* for some ¢ > k may be skipped (i.e.,
there is a single occurrence of consecutive letters in p of the form (g —1)0%(q+1)0°).

This implies 7 of the form (*) are enumerated by

3 . T n T I—z\ 3
(1— )2 1-2r 1-2¢ 1-22) (1-22)%

So assume now that the leftmost repeated letter is positive. If 7 = 01--- (k —
1)k"0°p, where r > 2, k, s > 1 and p is as before, then one gets the same contribution
as from 7 of the form (*) above but multiplied by *= (to account for the additional

1:4
(1—z)(1—2x)2
7 is of the form 7 = 01---(k — 1)k"o, where r > 2 and o is empty or of the form
(k+1)0"* (k+2)0"2 - - - | then one gets a contribution of (lfi)g (1 + 1_“":%) o’

— (—z)(1-22)"
Combining each of the prior cases for 7 yields

r — 1 letters k). This then yields a contribution towards g of . Finally, if

1 x? 3 xt x3

I e T T o T T U= T A=) —22)
1 —4x + 522 — 23

(1—2)(1—22)2

as desired.

To determine fy112, one can proceed by considering cases based on the leftmost re-
peated letter in members of B(0112) to establish an equation for the generating func-
tion or make the following observation. By [14, Lemma 2.4], since 0112 is contained
in the larger pattern 01012, we have that members of B,,(0112) are synonymous with
those in P,(0112,0121). The latter pattern pair has already been enumerated and
found to have generating function %; see the first Wilf-equivalence class
in [19, Section 4.6]. O

Let w be a nonempty nondecreasing integer sequence with smallest and largest
letters a and b, respectively. Then, by the number of jumps of w, we mean the
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number of letters in [a, b] not occurring in the range of w. Let jum(w) denote the
number of jumps of w and hence jum(w) = b — a — |[range(w)| + 1. Given r > 0, let
h. = h.(z) denote the generating function that enumerates nonempty nondecreasing
sequences starting with 0 and containing at most r jumps according to the length
(marked by x).

We will make use of the following formula for h, in the subsequent proofs of the
remaining cases.

Lemma 2.3. Ifr >0, then h,(x) = = ( z )r.

1-2z \1—x

Proof. 1t is instructive for the arguments that follow to provide two proofs of this
result. For the first proof, suppose w is a sequence of length two or more enumerated
by h, where r > 1 and whose last two letters are ¢, p for some 0 < g < p. If p=g¢q
or p = q + 1, then the addition of the terminal p does not introduce a jump, and
hence the contribution of such w towards the generating function h, is given by
2xh,. On the other hand, if ¢ = p+ i for some 2 < i < r+ 1 and w = w'p, then
jum(w) = jum(w’) + i — 1. Note w’ must then have at most r — i + 1 jumps, and
hence is enumerated by h,_; 1. Thus, considering all possible i yields a contribution
towards h, of z(hg + -+ + h,_1). Taking into account the single word of length one
enumerated by h,, we obtain from the prior cases the recurrence

h, = x +2xh, +x(ho+ -+ + hy_1), r>1. (2.3)

Note that (2.3) also holds when r = 0, since hy = 1% as it enumerates members of
To according to length.

Let H(z,y) =Y.+ hr(x)y". Multiplying both sides of (2.3) by y", and summing
over all r > 0, implies

(=20 Hwy) = —— +2 30 Sh,

l—y > =0

]_ _
Yy i>0  r>i+l

T+ Y H(,y).
)

1o, tic

Solving for H(x,y) in the last equation gives

x T x 1—z\’
H = = — r
(z) 1—2z—y+ay 11— U=y 1—2xz(1—2x>y’

1—-2x r>0

and extracting the coefficient of y” yields the stated formula for h,.

Our second proof as follows is more enumerative. Let AP forn > 1and r >0
denote the set of (r 4 1)-tuples of words (w(®, w®, .. . w™) in which w® € Ty and
w® € Tyu {e} for 1 <4 < r such that >/ |w®| = n. Then it is seen that the

coefficient of 2™ in h,.(z) gives the cardinality of AL for all n > 1.



T. MANSOUR AND M. SHATTUCK / AUSTRALAS. J. COMBIN. 96 (1) (2026), 49-80 56

Let B(T) denote the set of nondecreasing integer sequences of length n starting
with 0 and containing at most r Jumps To complete our second proof, it suffices
to define a bijection between A and BY). Let A = (w©@, ..., w®) € A7 and let
1 <4 < -+ <4 <1 denote the Complete set of indices ¢ € [r] such that w® is
nonempty. Given a word w and a positive integer m, let w + m denote the sequence
obtained by adding m to each entry of w. Let A® = w© X0 = ) 4 mg +4; +1
and \9) = @) 4 ij —ij—1 +mj_q + 1 for 2 < 5 < k, where m; = max()\(j)) for
0 < j <k and it is assumed that the A9 are formed in the natural order starting
with A(?). We concatenate the various sequences AU and define \* = AOX XD ... (),
Note that there are i; —i; ; jumps between AY) and AU=Y for j € [k], where iy = 0.
Hence, \* has i; + 2?22(2']- —1j_1) = 1), jumps altogether if k£ > 1, with no jumps in
A* if no such indices 7; exist. Thus, \* contains at most r jumps and hence belongs
to BY”. One may verify that the mapping A +— A\* provides the desired bijection
between A and BY. O

Theorem 2.4. [f 7 = 1000 or 1100, then

(1 —2)(1 — 8z + 24z* — 3123 + 132 + 22° +2x)

fT(ZL’) = (1 — Qx) (2'4)

Proof. To find g = fi000, first note that 7 € B(1000) can contain at most three runs
of 0’s, with at most two 0’s occurring beyond the initial run. If 7 is empty or contains
only one run of 0’s, then 7 avoiding 021 implies it is weakly increasing and hence
such 7 are enumerated by <=Z. If 7 contains exactly two runs of 0’s, then we have
the decomposition

1—

T =0%1% ... k%57’ k>1,

where § = 0 or 00, all exponents are positive and 7’ is nondecreasing and starts with
k or k+ 1 if nonempty. If 7’ starts with & + 1, then it is a staircase word, whereas if
7’ starts with &, then it may contain a jump. Thus, the section 7 is accounted for

by
x T 1—=x 1—z\?
)\:1 . —
Y R e (1—2x) ’

upon considering whether 7’ starts with k+1 or k. Since k > 1, the section 0% - - - k%

of 7 is accounted for by z? Thus, by the decomposition above, the 7 in

(1—-z)(1—2z)"
B(1000) containing exactly two runs of 0’s make a contribution of %)\ to-
wards the generating function g.

Now suppose 7 has three runs of 0’s and hence © = 0% - .. k%0x’, where 7’ now
contains one zero and does not start with zero. Let 7’ = o0, where « is nonempty
and [ is possibly empty. If (i) o € Tgyq or if (ii) « starts with k£ and contains a
jump, then [ is seen to be accounted for by A in either case. This implies 7’ for

2
which « satisfies (i) or (ii) is accounted for by 1f22$A+ (I_I;)Q)\ (1(12 :)':2) A, and hence
the corresponding 7 in B(1000) are enumerated by ﬁ)\, upon considering the

contribution from the section 0% - - - k%,
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So assume « € Tp. If the last letter of « is p for some p > k, then § may start
with p, p+1 or p+ 2 if nonempty. If 5 is empty or starts with p+ 1 or p+ 2, then it
is seen that [ is accounted for by A, whereas if § starts with p, then it is accounted
for by ho(x) whose formula is given in Lemma 2.3, as  may contain up to two jumps

in this case. This implies 7’ contributes a factor of "”—Qx()\ + ha(z)), and hence the

12
corresponding 7 in this case are enumerated by %(A + hy(z)). Combining
all of the prior cases implies
1—x (1 + ) zd 20
= A A A+h
e il G 1 v A s T E A s v g ARG
1—:17+a:3(1—x) L+ +$2(1—x)+ x? +a:6(1—x)
= x _—
1—2x (1-—2x)3 (1—-2x)2  1-2x (1 —2x)5
(1 —2)(1 — 8z 4 242? — 31a® 4 132" 4 22° + 225)
B (1 —2x)° ’
as desired.

To complete the proof of (2.4), we define a bijection v between B,(1100) and
B,,(1000) as follows. Let m € B,(1100). If 7 does not contain a repeated positive
letter, then we must have 7 = 0%10%~12092~!... k0%~ for some k& > 0, where
a; > 0 for all 4, in which case, we let v(m) = 0%1% ... k% . Otherwise, let j denote
the smallest repeated positive letter of m, whence © = 0%10% 1 ... j0% 157 where
s > 1 and 7’ does not start with j and contains at most one zero but is otherwise
nondecreasing and possibly empty.

First assume 7’ does not contain 0. Note that if a; > 2, then 7’ is either empty,
a member of T;,o or a weakly increasing sequence starting with j +1 and containing
at most one jump, whereas if a; = 1, then 7’ is either empty or a member of 7.
We then define v based on cases concerning the values of a; and s as follows:

0%1% ... (j — 1)%-15% 1005 7', if aj,5 > 2;
CJomre (5 - 1)@0je ifa; >2,5=1;
YT = guoger .. (j — 1)4-15°7100n, ifa;=1,5>2
0%1% ... (j — 1)%1 50, ifa;=s=1.

So assume 7' contains 0 and we write
7 =0%°10""1... 0% 1j550p, (2.5)

where o or p may be empty and o does not start with j. Note that ¢ if nonempty is
either a nondecreasing sequence starting with j 41 and containing at most one jump
or a member of 7,45, with o containing a jump or belonging to 7,42 only possible if
a; > 2. Further, if o is empty, then p can start with j, j + 1 or j + 2 if nonempty
(the j 4 2 option only possible if a; > 2). We define v for 7 of the form in (2.5) as
follows. If it is not the case that both a; =1 and 0 = @, then let

v(m) = 0%19 ... (j — 1)%-15°05% 6 0p.
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Ifa;=1and o=, let
() = 018 (] = 1)1 o,

One may verify in each of the last two cases that v () is indeed an ascent sequence
(one that avoids 1000), and hence v is well-defined. Further, one can show that v
defined in each of the cases above is reversible, with exactly one case of v (or its
inverse) applying to any given member of B, (1100) or B, (1000). Thus, v provides
the desired bijection between B,(1100) and B, (1000), which completes the proof. [

We now consider the pattern 1001 for which we will make use of an auxiliary
parameter as follows. Given a 021-avoiding ascent sequence 7, let pjum(7) = M —m,
where M = asc(m) and m = max(m); note M > m for all ascent sequences 7. Since
pjum(7) gives the cardinality of the set [m + 1, M], it corresponds to the maximum
potential number of jumps (within the subsequence consisting of the positive entries
of 7) created when a nonzero letter s is appended to 7 (which occurs with s = M +1).
Given i > 0, let f; = fi(z) denote the generating function enumerating nonempty
members 7 € B(1001) for which pjum(m) = ¢ according to their length.

We have the following relations involving the generating functions f;.

Lemma 2.5. Ifi > 1, then

3 —
fi:(lf—@?)firl- z(l x+x Zf], (2.6)

with fo = ﬁ + ﬁ ZjZO fj'

Proof. First note a nonempty 7 € B(1001) must have the form 7 = 771 ... 7(*)
for some k > 0, where 7(%) is a nonempty sequence of 0’s and 7\ for j € [k] is given
by 70 = a?jOaijW or a?jOVj, with a;,8; > 0,7 >0and 1 =a; < --- < a,. We
will refer to each section 7 as a unit of 7. Conversely, any 7 of the stated form is
seen to avoid both 021 and 1001, assuming the a; are such that 7 is indeed an ascent
sequence.

We now make some further observations. Suppose pjum(w) = i and we wish
to append a nonzero letter s to w such that ws € B(1001) and s > m, where
m = max(w). Then the possible values of s comprise the set [m + 1, m + i + 1], with
pjum(ws) = m +1i+ 1 — s for each s. Further, if the string sOs is appended to w,
where s is as before, then we have pjum(ws0s) = m+1i+2—s, as the final ascent Os
increases the number of ascents by one while maintaining the maximum letter. Note
that only when s = m + 1 and sOs is appended does the resulting ascent sequence
have a strictly larger pjum value than that of w (in which case, pjum(ws0s) =i+ 1).
When only s or in all other cases when s0s is appended, the resulting sequence is
seen to have pjum value at most ¢ = pjum(w).

Now suppose 7 is enumerated by f; for some ¢ > 1. Then m must contain at least
two units and removing the final unit of 7 results in an ascent sequence 7’ enumerated
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by f; for some j > i — 1, by the preceding observations. Let r = max(n’). If 7’ is
enumerated by f;_1, then in forming 7 from 7/, one must append a unit of the form
t“0t’0", where t =r+1, u,v > 0 and w > 0. This yields a contribution of )3 fic1
towards f; for such 7, with the (l_x)g factor accounting for the appended sequence
t“0t’0" wherein the value of ¢ is determined by 7’. On the other hand, if #’ is
enumerated by f; for some j > i, then the final unit of 7 is given by p®0°, where
a>0and b > 0, or by p“Op*0"%, where u,v > 0 and w > 0, with p > r 4+ 1 in either
case. Note that the value of p is uniquely determined by 7 and 7’ (through the values
of r and 7). This implies such 7 make a contribution towards f; of

(<1 7 i)?’) b= <1(1_——+))f

for each j > i. Considering the contributions from all possible j yields (2.6).

To establish the formula for fo, first note that +*- accounts for those 7 consisting
of a single unit, i.e., the all-zero sequences. So assume 7 contains two or more units
and pjum(m) = 0, where 7’ is as before with pjum(s’) = j and max(7’) = r. In
this case, we must generate 7 from 7’ by appending a unit of the form p?0°, where
p=r-—+j+1,so0 as to ensure pjum(m ) = 0. Again, p is determined by 7, which
implies a contrlbutlon towards fy of (=L fj for each j > 0. Considering all possible
7, and combining with the first case above implies the stated formula for f, and
completes the proof. O

Define the bivariate generating function
= Z fi(z)y
i>0

Note fig01 = 1+ F(x,1), by the definitions.

Multiplying both sides of (2.6) by y’, summing over all 7 > 1 and taking into
account the formula for fy(x), we have

F(:Cay>:1x 1_]: ij 3Zfz 13/

r(l—x+
1_=Tx a ijzy

3

T x Yy
ST T @V gl
(1 -z + 2?) y -y
Ty ;ij' 11—y
T T :Bgy
ST Tt @V gt
zy(1 —3x+:c )(F(x,l) _ F(,y)).
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Solving for F'(z,y) in the last equality yields the following functional equation.

Lemma 2.6. We have

oy wy(l—wta?)
(1 u—xﬁ*xl—@%l—w)F(ﬂ)

o T ry(l — x + 2?) .
o (T ) e e

We can now find an explicit formula for fig;(x).

Theorem 2.7. If 7 € {1001, 1011,1101}, then

1—3z+32% — /(1 — 3z + 22)? — 423(1 — x)
fr(w) = Y 222 ’

Proof. We begin by defining bijections between B, (1001) and B, (1) for the other
two patterns 7. A bijection between B,(1001) and B,(1011) may be realized by
changing each unit of 7 of the form v = i®0i°0¢, where a,b,i > 0 and ¢ > 0, to i°0%0°
and leaving all other units unchanged. For a bijection with B,(1101), we instead
change u to i0%°0° for each such unit wu.

(2.8)

Thus, we need only compute figo;. To do so, we apply the kernel method (see,
e.g., [18]) to (2.7) and set the factor multiplying F'(z,y) on the left-hand side equal
to zero. This gives

22y — (1 —-2)(1-3x+2%)y+ (1 —2)*=0. (2.9)

We denote the solution in y to (2.9) by ¥, where we choose the negative root (as the
positive root is not seen to lead to a power series expression for F'(z,1)). Note

(1—2)1=3z+2%) —(1—2)/(1 -3z +22)? —423(1 — x)
223 '

y:

Substituting y = ¥ in (2.7), and observing Eﬂlg_(;f(ﬁ; = (17”_3%3 — 1, yields

<(1—$x)2+(1$—3z)3_1> F(r,1) + —— =0,

Thus, we have

_ —z(1 — x)?
Flz,1) = r(l—2)— (1 —2)3+ 23y
22(1 —x)

T 1-3c+22+/(1-3z+22)? 431 — 1)
1-3z+2®— /(1 -3z +a?)? —423(1 — x)
N 212 '

The desired formula now follows from the fact fi901 = 1 + F(z, 1), which completes
the proof. O



T. MANSOUR AND M. SHATTUCK / AUSTRALAS. J. COMBIN. 96 (1) (2026), 49-80 61

Remark: Substituting the formula found above for F(z, 1) back into (2.7) leads to
an explicit expression for F'(z,y), whose coefficient of 2™ for n > 1 is seen to be the
distribution on B, (1001) of the pjum statistic (marked by ¥).

Theorem 2.8. [If 7 = 1010 or 1120, then

(1 —z)(1 — 5z + 7x* — 23)
(1 —2x)%(1 — 3z + 2?)

fr(x) = (2.10)
Proof. We first consider the case 7 = 1010. Let B* denote the subset of B(1010)
whose members have no equal adjacent letters, i.e., contain no levels. To find fi¢10,
it is more convenient to first find its restriction to B*, which we will denote by g,
and then replace x by *= in g. Note that one may proceed in this manner since the
pattern in question contains no levels. Clearly, members of B* of the form 01 - - - k for
some k, including ¢, are enumerated by ﬁ So assume w € B* contains a repeated
letter, the first of which must be zero. That is, # = 01---kOx" for some k& > 1,
where 7’ is possibly empty. If 7/ = ¢ or #’ starts with k& + 1, then the section 07’ is
synonymous with a nonempty member of B*, upon subtracting k from each nonzero
letter in Ox’. Taking into account the initial string 01 - - - k for some k£ > 1, we get a
contribution towards g of %(g — 1) from such 7.

On the other hand, if 7’ starts with &, then 7’ cannot contain 0 in order to avoid
1010 and hence 7" = k(k+1)--- or 7’ = k(k+1)---({—1)({+1)({+2)--- for some
¢ > k. This implies that members of B* of the form 01 - - - kOx’ where 7’ starts with
k are enumerated by

x? T a3 x 2_ x?
l—-2z 1—2 1—-2 \1-2/) (1-2)%

Combining the prior cases, we then get

1 2 xt

D T
1—x+1—x(g )+(1—x)3’

1—2x4-223
(1—-2)2(1—z—22)

T ) (I —2)(1 =5z 4 72* — 2°)
(1 —22)2(1 — 3z + 2?)

and solving for g gives g = . Thus, we have

fiow(x) =g (

1—=x

We now compute fi199. The weight of the all-zero sequences, together with e,
is given by ﬁ, whereas those that contain 1 but have no repeated positive letter

are seen to contribute m Now suppose m € B(1120) is such that its largest

letter is the only repeated positive letter. Then 7 may be decomposed as
7 =0"10"---(k —1)0" 7', k>1,

where ug > 0, u; > 0 for 1 <¢ < k—1 and 7’ starts with k& and contains at least two
k’s. Note that 7’ is ‘binary’ on {0, k} in order to avoid 021, and hence is accounted
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T 172

for by %5- — %= = A—n) sz upon subtracting the weight of sequences of the
form k0" for some u > 0 since k is required to occur at least twice. The section
04010t - - - (k — 1)0“-*, with the u; as given, contribute a factor of = (1+ %) =

1—2x
23

z x2 _
1-2x7 1—z)(1—2z) — (1—-z)(1-2z)2"

Next, we assume 7 € B(1120) contains a repeated positive letter that is not the
largest letter. Then we have for some k,r > 1 the decomposition

and hence 7 of the stated form are enumerated by - (

7 =0"10"--- (k —1)0" k" 0" - - k"0 7', (2.11)
where 7’ is nonempty with first letter greater than k, the u; are as before, vy, ..., v, >
0, v+ 4+v, >2 wy,...,w,—1 >0 and w, > 0. Then the section (which we will

denote by m — 7’) preceding 7’ has k + r — 1 ascents and thus the first letter p of
7’ satisfies K+ 1 < p < k 4 r, with 7’ nondecreasing. Note that if 7’ starts with
p, then 7’ can contain at most k& + r — p jumps, with & and r being determined by
m—'. Thus, if 7 — 7’ is specified, along with the desired maximum possible number
s of jumps in 7' (with s € {0,1,...,7 — 1}), then the first letter of 7’ is uniquely
determined (and in fact is given by k + r — s). Thus, we have that the section 7’
within the decomposition in (2.11) is accounted for by Z;;é h;(z) once m — 7’ has
been specified.

To determine the contribution towards fi129 coming from 7 that may be expressed
as in (2.11), we must differentiate the cases when r = 1 and r > 2. If r = 1, then
we subtract the excluded sequences of the form k0" for some w > 0 as k is to occur
at least twice. Hence, the 2string kY1 0"" appearing in (2.11) when r = 1 is accounted

for by 5z — 155 = g gz- Thus, those m of the form in (2.11) with r = 1 are
enumerated by

X 1‘2 1'4

TRl s LG Rl w7 pa %

On the other hand, by the previous observations, we have that 7 of the form in (2.11)
when r > 2 are enumerated by

X 221 r—1
. . h.
-2 (1-a2) 2 ()
7=0

for each r. Summing over all » > 2, and making use of Lemma 2.3, then gives

1 —123: 2 (1::)%5%(33)

r>2 j=0
B x Z 2 \' 21—\
(1 —2x)2 l—2) &~ \1-22
>2 7=0
2r 1—z \"

o T Z < x ) 1 (172x)
- 11—z

(1 —2x)? = 1—x 1— 5



T. MANSOUR AND M. SHATTUCK / AUSTRALAS. J. COMBIN. 96 (1) (2026), 49-80 63

- 1_12a: 2 (115)% ((11—_2:fr>r R 1>
- 1_12x; <<(1 —x)x(21 —2$))T_ <1fx>2r>

°(2 — x)
(1= 2)2(1 —22)2(1 — 3z + 2?)’

Combining all of the prior cases for 7 € B(1120), we get

— 1 132 x?’
o T T a2 T a0 2y
. A 2°(2 — 1)

(=221 =20) " (1= 221 = 20)°(1 — 32 + 27)
(1—2)(1 =5z + T2 — 2?)
(1= 20)°(1 = 32 + 22

which completes the proof. O]

Remarks: Several of the underlying sequences from the prior results correspond to
entries in the OEIS [30] and yield new combinatorial interpretations of these entries in
terms of pattern-avoiding ascent sequences. We first note that the sequence b,,(1010)
or b,(1120) for n > 0 from the preceding theorem corresponds to entry A244885 in
the OEIS. This sequence is also known to enumerate other combinatorial structures,
such as the 1243-avoiding Catalan words of length n or the peak-equivalence classes
on the set of Dyck paths of semi-length n, and it would be interesting to find a
bijection with such a structure and B,,(1010) or B,(1120). From Theorem 2.2, it is
seen that b,(0011) = b,(0112) = (n — 1)2"2 + 1 for n > 1, which matches entry
A005183 with offset one. Finally, the sequence from Theorem 2.7 matches that of
A365510 for 1 < mn < 11, though no formula of the generating function is given for the
terms in this entry. Perhaps it would be possible to find an explicit bijection between
B,,(1) where 7 € {1001,1011, 1101} and one of the known structures enumerated by
A365510.

Theorem 2.9. If 7 = 1020 or 1022, then

f(x) = 1 — 9z + 322% — 562 + 492* — 192° + 25
e (1 —x)(1 —2x)3(1 — 3z + 2?)

(2.12)

Proof. We first find fig90. Clearly, the binary members of B(1020), together with ¢,
are enumerated by 11:2"’; . So assume henceforth at 7 € B(1020) contains at least one
letter greater than 1. Suppose first that at least one 0 occurs between the first 1 and

the leftmost letter exceeding 1. In this case, we have

= 0%1%10% ... 1%0% 7", 0>1,
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where 7’ is possibly empty, 2 < j < /+1,a; > 0for 0 <i < ¢ —1,b; > 0 for all 4
and a, > 0 if ¢ > 2, with a; > 0 if £ = 1. Note that the section jn’ cannot contain
0 in order to avoid 1020, and hence is nondecreasing with at most ¢ + 1 — j jumps.
Thus, it is accounted for by hgy1—;, where h; is as in Lemma 2.3, for each ¢ and j.
Allowing j to vary then yields a contribution of Zfig hey1—; for the section jn’ for
each (. Considering separately the cases when ¢ =1 or ¢ > 2, we have that 7 of the
stated form above are enumerated by

+1

ho T EZ 2e+1 thﬂ —J
v ! AR (=)
T O-ap-20) 1—2%222(1_;0) =
zt 1 2 ¢ T 20
T 1—%2 (((1—x><1—2x>> - (1_90) )
= ! 4 °(2 — 1)
(1—2)3(1—-2x) (1 —2)3(1—2x)(1— 3z + 2?)

(1 —2)2(1 —22)(1 — 32+ 22)’

So assume 7 does not contain a 0 between its first 1 and its leftmost letter greater
than 1, i.e., m starts 0901122, If 7 is nondecreasing, then such 7 contribute

2 (1fx)k+l It —x)f(i — 22)

k>2

towards fige0. Otherwise, we must have m = 0%01% ... k% 0"z’ where k > 2, all
exponents are positive and 7’ starts with & or k 4+ 1 if nonempty. It is seen for each
given k that the section 7’ contributes a factor of (11__2”; )2. Since the remaining letters

Q%1% ... k(" for some k > 2 are accounted for by W&_%), we have that 7 of

the stated form are enumerated by # Combining all of the cases of m above

1-2x)3°
then yields

l1—2z xt x3

=2z (1=2P(l—20)(1 =3z +27) (1= 2)°(1 = 22)
x4
(I —2)(1—22)°
1 -9z + 322% — 562° + 492" — 192° 4 2°
(1—2)(1 —2x)3(1 — 3z + 22?)

f1020 -

+

To complete the proof of (2.12), we define a bijection g between B,,(1020) and
B,(1022). Let p € B,(1020) and consider the section p', if it exists, occurring to
the right of the rightmost 0 of p, assuming p has at least two runs of 0’s. If no
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such section p’ exists, then let g(p) = p. Otherwise, replace each (maximal) string
within p’ of the form a', where a > 2 and t > 1, with a0'"'. Let g(p) denote the
resulting ascent sequence. Combining the two cases, one may verify that ¢g provides
the desired bijection between B, (1020) and B, (1022). O

Theorem 2.10. If 7 € {1200, 1220, 1230}, then

1 — 7o+ 1722 — 1623 + 5zt — 2
(1 —2z)(1 — 3z + x2)?

Proof. We first find fi230. The binary members, together with ¢, are accounted for

by 11__22 , so assume henceforth = € B(1230) contains a letter greater than 1. First

suppose 7 can be decomposed as

fo(x) = (2.13)

= 0%1%0% ... 1% 0%y 0>1,

where a; > 0 for 0 < ¢ < ¢ —1 with a, > 0, b; > 0 for all i and 7’ is a nonempty
sequence on {0,u} for some uw > 1 that starts with u. Note 7 an ascent sequence
implies 2 < u < £+ 1. Considering all possible ¢, we have that 7 of the stated form
are enumerated by

22 lx x3 x? 271
2 (1—2)20 1T—2z  (1—2)3(1—2z) 2! <(1 — g;)z)

>1 >1
_ x3 1
—3(1 — 2
(1—x)3(1—2x) (1 (151) )
(1l —ux)
(1 —2x)3

So assume 7 contains at least three distinct positive letters. Then we have
7= 0910109 ... 10y h . .y 0%y’ (p>1

where the a;, b; and u are as before, ¢; > 0 for all 4, d; > 0 for 1 < < p—1
with d, > 0 and 7’ # ¢ starts with v for some v > u. Note that there are £ + p
ascents occurring strictly prior to the first v and hence v € [u + 1,¢ + p + 1]. Then
7 avoiding 021 and 1230 implies 7" is nondecreasing and hence is accounted for by
hegp+1—o(2), as it contains at most £ 4+ p + 1 — v jumps, where h;(z) is as in Lemma
2.3. Conversely, any 7 of the stated form with 7’ as described is seen to belong to
B(1230). Considering all possible ¢, p, v and v, we have that 7 of the form above
are enumerated by

0+1 L+p+1 2p—1

ZZZ Z (1 — x)2+1 ' (1:)3_ )% higpi1—o().

>1 p>1 u=2 v= u+1

This last sum may be simplified as follows:

2+1 £+p+1 p20+2p—1 < 1_ >f+p+1 v

ZZZZ 1_x2z+2p+1'1_2x 1— 22

(>1 p>lu=2v= u+1
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I () Y ()

£>1 p>1 u=2v=u+1
B ZZ e+p§ 1—9¢ u_ 1 — 922\ tHrtl
N 1—2 (1—2x)( 1—23:) 1—2z 1—x
£>1 p>1 u=2
2 042
1-2 1-2
_ ZZ z? o (kf) _(1 ;) (L2 trptl
N 1—23: (1—z)(1 - 2x) - 1= 1—x
Z>1p>1 11—z
1-2 2’ o 1-2z\"
=Y - (0
22(1 —xz) (1 —z)(1—2x) 1—z
£>1 p>1
{+p
()
€>1p>1
1-2z xt 1-2z zt

2(1—2) 1-3z+22)2 22(1—2z) (1-2z)(1—3z+22)
1 (1 - 2)?

z(1—z) (1-2x)3

B 3 23(1 — )

T (1—3z+a2)?2 (1—22)3

Combining the last case with the two prior implies

1—x+ x3 _1—7:E+17x2—16m3+5x4—x5
1-2z (1-3x+a22)?2 (1 —22)(1 — 32 + 22)2 ’

f1230 =

as desired.

We now find fi509. The binary sequences are accounted for by 11:2’2 , SO assume

7 € B(1200) contains a letter greater than 1. First suppose 7 is decomposable as

7 =0%10" ... 10%7's, £ >1, (2.14)

where a; > 0 for 0 < j </¢—1witha,>0,b; >0forall j,c =0ore, and 7’ #¢
starts with ¢ € [2,¢ + 1] and does not contain 0. Note 7’ is nondecreasing with at
most ¢ + 1 — 4 jumps, and hence is enumerated by hy ;. Considering all possible ¢
and ¢ then implies 7 of the form (2.14) are enumerated by

Z 3325(14-3;) 41 . 1— 0+1—i
(1 — )21 L= 1 — 22 \ 1 —2x
>1 =2
. 1+$Z i 2 1—33 ¢ 1
C1l—x 1—=z 1—2z
0>1

2 (1+a) 1 1
I 1—3zx+22 1-—2x

_ 23(1+ )
(1 —22)(1 — 32+ 22)
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Otherwise, 7 is expressible as
7 =0%1b0m ... 107 0x", £ >1, (2.15)

where the a; and b; are as before, 7’ and 7’ are nonempty and 7’ starts with ¢ and
has exactly j jumps for some i € [2,/+1] and 0 < j < £+ 1—4. Note 7 avoiding 1200
implies neither 7’ nor 7” can contain 0, and hence are nondecreasing. If p denotes
the last letter of n’ and ¢ the first letter of 7”7, then we have ¢ = p + a for some
0<a</l+2—i—j, as w starting with ¢ and containing exactly j jumps implies
that at most £ + 1 — ¢ — j integers can be skipped in going from p to q. Then 7"
starting with p = ¢ 4+ a implies it can contain at most £ + 2 — ¢ — j — a jumps for
each a.

Let b7 = h}(x) denote the generating function that counts nonempty nondecreas-
ing sequences starting with 0 and containing exactly 7 jumps. Then we have hj = hg
and hj = hj — h;_y for j > 1, by the definitions. By Lemma 2.3, we have

x 1—z\’ 1—z " 22(1 — z)/~!
e =10, ((1—2;::) (1—%) ) 1—2z)+v 7=

Considering all possible ¢, 7, 7 and a implies 7 of the form (2.15) are enumerated by

0+1 0+2—1i
Z( )26 Z Z Tho(2)hets—i—a(@)
>1 =2 a=0
¢ e1—i (+2—i—j
*
+ E A=z > > b)Y whea i ja(2),
>2 =2 j=1 a=0

where we have differentiated the cases when 7 = 0 or 7 > 1. The first multi-sum in
the preceding expression may be simplified as follows:
) {+2—i—a

e e )ZZ(
s () (=) )
:HZ<(1—QJ 1—2z) (1 11_—2;>

"o (5 —x>2>
241 — x)? 241 — )

T (1—22)3(1—3z+a?) (1—21)3
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The second multi-sum above is given by

1—1‘2”1 1—2x3+1 1—22 \1—22x
>2 =2 j—=1 a=0

() T 2 () en

=2 j=1 a=0

Simplifying the inner triple sum in the last expression, we have

¢ i ¢ 043 0+1—i i
1—x N[ 1—2x - 1—-2x 11—z
oz Z(£+1_Z>(1—x) ;(l—x) jz_;(l—Qx)

1—x2‘:, 1—22\" (1—;5”2“: A T T
= 7 — .
T = 1—=x 5 1—x 1—=x

=

Note that the last formula yields zero when ¢ = 1, and hence one may start the outer
sum in ¢ on the right side of (2.16) at £ = 1. Substituting this last expression for the
inner triple sum into (2.16), we get

() T e ()
o 5 () 5 (50

)
>1
_’(1-a) 1—z \"" (22/(1 — 2)?)it!
(1—2z) ;Z (1 — zx) [——
N x? ‘ x? :
E=n =20 gy (1- 522)

x3 1 1
l—2z\1-3z+22 1-2z



T. MANSOUR AND M. SHATTUCK / AUSTRALAS. J. COMBIN. 96 (1) (2026), 49-80 69

(1 —x) (1 — 1) x!

(1—-22)3(1—-3z+22)?2 (1-22)> (1-2x)(1—3z+2?)

Thus, from the expressions found above for the two multi-sums, we have that «
of the form (2.15) are enumerated by

i1 — z)? (1 —2) x!

(I—20P(1—32+42) @ (1—20P(1 - 30+ 222  (1—-22)(1 -3z +22)

Combining the prior cases of m, and observing some cancellation, we get

R x3 2 (1 - x)?
Jra00 = —2s (1 —22)(1 — 3z + 2?) * (1 —22)3(1 — 3z + 22)
(1 —x)
T A2 (1 —3r + )
1—2z z®

—2s (1 -3z + a?)?’

as before.

To complete the proof of (2.13), we define a bijection g between B,,(1200) and
B,,(1220). Let 7 € B,,(1200). If 7 is binary or does not contain a 0 to the right of its
first letter greater than 1, then let g(m) = w. Otherwise, consider the nondecreasing
section 7’ within 7 of the form (2.14) or (2.15). We replace each (maximal) string
w® in 7/, where w > 2 and b > 1, with w0°~!, and leave all other letters of 7
undisturbed. Let g(7) denote the resulting ascent sequence, which is seen to avoid
1220. Combining the two cases above, one may verify that g provides the desired
bijection between B,,(1200) and B, (1220), which completes the proof. O

3 Further enumerative results

Outside the patterns covered in the prior section, the only other 7 of length four
such that avoidance of 7 imposes an actual restriction on B,, are given by

{0000, 0001, 0111, 1002, 1012, 1023, 1102, 1110, 1202, 1203}.

Note that in each of these patterns, no two positive letters are out of the natural
order in going from left to right, and we find f, in this section for each such 7. Taken
together with the results from the prior section, one obtains a formula for f; in all
cases where 7 is of length four.

We will provide proofs only in the cases above where 7 is binary (i.e., contains
only 0’s and 1’s), and omit the proofs of the others, for the sake of brevity. (Note
that these proofs may be obtained in a comparable manner as those from the prior
section, though most require different divisions of the various cases.) The arguments
presented below for the patterns 0111 and 1110 will make use of the kernel method.

We first find the generating function fyooo ().
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Theorem 3.1. We have

Joooo(x) =1+ za(2)

(1—2—a%—2123)%

(3.1)

with a(x) = 1 —3x+ 3% +112* — 32° — 192° — 927 + 112® + 142° + 1121 +- 421 4 212

Proof. Let m € B(0000) and we consider cases based on the number of runs of 0’s
within 7. Let § = 1 — x — 2? — 23, If 7 contains one run of 0’s (or is empty), then
the contribution towards foooo is seen to be %, as 7 IS a staircase word in this case
where each run of a letter has length at most three. If 7 has two runs of 0’s, then we
have m = 00205, 0003 or 003, where o # @ and «, f do not contain 0. If g = @,

then we get a contribution of (z* 4 223) - 152 = x3(1+21)§1+x+x2), where the 22 + 223

. _ 1 2 .
factor accounts for the 0 entries and 16—5 = % for the section a. So assume

B # @ and let @ = max(«) and b = min(f3). If b = a + 1, then, by similar reasoning,
we get a contribution of (z? + 223) (%‘5)2 = I4(1+2$)§§+I+m2)2. On the other hand, if
b = a, then S may contain a jump. Further, if a occurs once in «, then it may occur
once or twice in [, whereas if a occurs twice in «, it must occur once in 5. Note /3
is then accounted for by x(?{x) in the former case, and by 5 in the latter, where the
extra factor of % arises due to 3 possibly containing a jump. Thus, 7 containing two
runs of 0’s for which b = a are enumerated by

9 r z(l+z) oz at(l+2x)?
x (1+2x)~g-T+x (1+21:)'7-§—T.

So assume henceforth 7 contains three runs of 0’s, and thus we have 7 = 0a030~,

with o, 8 # @ and «, 3,7 not containing 0. If v = &, then considering cases on

whether b = a or b = a + 1 yields a contribution towards fyooo of

5 wi 4228 ( 1—5) 5 (1—5)2 (1 +2z) 2°(1+x+2%)?

5 =5 5 5 !

J

where the 22+ 222 factor in the first case is attributed to o and 3 sharing the letter a.
So assume hereafter v # @ and let ¢ = max(), d = min(y). We will consider several
cases based on the relative sizes of a,b,c,d as follows. If b =a+ 1 and d = ¢+ 1,

3
then 7 contains no jumps and we get a contribution of <z(15_ D) = $6(1+§rz2)3

, as
a, B, are mutually disjoint in this case. If b =a + 1 and d = ¢, then v may contain
a jump, and we get
s (1=0\ 22+22* 1 251 +22)(1+z+2?)
x° - . .« — =
) )2 ) 04 ’

where the 2% + 22® accounts for the shared letter between 3 and v and the final 3
factor for the possible jump within ~.

So assume henceforth b = a. If d = ¢+ 1, then § or v may contain a jump, but
not both, and considering cases on whether or not 8 contains a jump yields

(2 4+223)(1—46) 1—9¢ 24223 1-96
- 5 IR IRy oy =
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A+ 20) 1+ +a?)(1+a+ 2%+ 2°)
94 ’

where the last factor in either case is due to 7. If d = ¢+ 2, then  has no jump and
v is a staircase word, which yields

g3 24228 1-6 21 +22)(1 42+ 2?)
T 53 '

X

Finally, suppose d = ¢, in which case v can have at most one jump if g has a jump
and at most two jumps if 5 does not. Note that if a nondecreasing word w = wy - - - wy,
contains exactly two jumps, then either there exist two indices j € [m — 1] such that
wjt1 = w;j + 2 or one j such that w;;; = w; +3. We consider further subcases
based on the length of 8. If |5] = 1, then a = b = d and it is seen that there is a

contribution of
x_ﬁ 142 1-9 + 1-9 i - x_ﬁ
02 ) ) Y

where the parenthesized factor accounts for the various possibilities concerning the
jumps within v of which there are at most two. So assume |#| > 1, and hence
must contain at least two distinct letters as a = b and ¢ = d. If § has no jump, then
we get

5 i 4223 2?4 228 <1+1—5)2 r7(1+ 2x)?
x . . . p—

02 ) o 9° ’

where the % factor accounts for the choice (and positions) of ¢ = d along with

the initial section of v prior to any jumps. On the other hand, if 8 has a jump, then
we get

5 [+ 227 21 271+ 2x)?
x . B —————— = -
4 6o ’

52 )
where one of the ZX2 factors accounts for o and the first part of 8 (prior to the
jump) and the other for the remaining section of 5 and the first part of v (prior to
its possible jump).

Combining all of the cases above for 7 then gives

1 22(1+22)(1+z + 22) + 2°(1 + = + 2?)?

Joooo = 3 + 52
N o1+ 22)(1 + 3z) +25(1 + 22)(1 + = + 22) + 25(1 + = + 22)?
53
28+ 21 +20) 1+ 2+ 2H)2+a+22+2%)  227(1 + 22)?
+ + ,
94 9o
which may be rewritten as (3.1). O

Theorem 3.2. We have

1 —5x 4+ 8x% — 102* 4+ 5a® + 28 + 8
(1—2)3(1— 2 —22)? '

fooor(z) = (3.2)
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Proof. The all-zero sequences, together with ¢, contribute ﬁ towards the generating
function, so assume 7 € B(0001) contains 1. Then 7 avoiding 0001 implies it contains
one or two runs of 0’s outside of a possible terminal run of 0’s. If it contains one
such run of 0’s, then we have m = 0a0" or 000", where r > 0 and o nonempty does
not contain 0. Note that 7 avoiding 021 and 0001 implies ov = 1% - - (k — 1)*-1k%
for some k> 1, witha; =1 or 2for 1 <¢<k—1and a; > 1. Thus, 7 of the stated
form are enumerated by

z(1+x) 1 T 7%(1 + )
l—-2 1—-2—22 1—2 (1-2)21—2—22)

where the factor ;——; accounts for the string 1% - - - (k —1)%-* within «, the factor

% for all of the zeros of 7 and *- for the string k.
Otherwise, we have m = 0a080", where r > 0 and «, § nonempty do not contain
0. We consider cases for m based on whether § contains one or more than one distinct

letter as follows:
e a=1%... (k= 1)%1k5 B =Fk' with s,t > 1,

o o= 1. (k= 1)1k, 5 = kp, with p # @ a staircase word starting with
k+1ork+2,

o a=1"- - (k—=1)%1k, f=Fk(k+1)%+1...0%((42)%+2...m* with k < { <
m—1,

o a =19 k% B = (k+1)%+1 ... (9% withk < ¢,

where k > 1 in each case, with a; = 1 or 2 if 7 is not the largest letter of 7 and a; > 1

unrestricted if 4 is the largest letter. These four cases above for 7 are seen to make
at 2z° z5(14x)
1-z)3(1—z—22)’ (1-2)2(1—2—22)2’ (1-2)2(1—x—22)3

respective contributions towards fyoo; of i
zt(1+z)

and (S e Combining all of the prior cases for m implies
Faoor = 1 n 7%(1 + ) N xt
LT T -2l —z—a2?)  (1—2)33(1—xz— 2?)
N 225 N 25(1 + z) (1 +z)
(1—22?(1l-2z—22)? (Q1—-22?1-2z—2?)3% (1-—2)*1—-z—2a2)?
which yields (3.2). O

Let b, = b,(0111) for n > 1. To determine b,,, we consider a refinement of the
sequence as follows. Let b,; for n > 1 and 0 < i < n — 1 denote the number of
7 € B,(0111) such that pjum(7) = ¢, where pjum is defined as before. Put b,; = 0
ifi>nori<O.

The b,,; are given recursively as follows.
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Lemma 3.3. Ifn >3 and 0 <1t < n — 3, then

n—i—2n—d—3

n,i: nlz+2 n1]+bn 2,5 +52>OZ andQ,]a (33)

d=1 j=i—1
with big =1, bag =2, b1 =0 and b, 1 = by pn—2 =0 for all n > 3.

Proof. The initial conditions for n = 1,2 are apparent, and one may verify the
boundary conditions for ¢ = n —2 and @ = n — 1. Let B,; denote the subset of
B,,(0111) enumerated by b,, ;. Suppose m € B,,; for some n > 3 and 0 <i <n — 3.
There are clearly b,_;; members of B,,; ending in 0, so assume 7 ends in k for some
k > 0. Then 7 avoiding 021 implies ¥ = max(7) and 7 avoiding 0111 implies k
appears once or twice. If k appears as a single run, then 7 = 7'k or n'kk, where
pjum(n’) = j for some i < j < n — 3. Note that k is uniquely determined by i and
j, together with the largest letter of «’. Thus, considering all possible j implies that
the number of members of B,,; whose last letter is positive and occurs as a single
run is given by Z;:f’(bn,l,j + bp—2j).

Otherwise ™ = 7'k0% for some d > 1. Note that we must have i > 0 in this case
due to k occurring twice as an ascent top. Then 7’ € B,,_4_5 ; for some j > i—1, with
k again being determined by 7, j and max(7’). Considering all possible d and j thus
yields the final summation expression in (3.3), where the d;~( factor arises from the
requirement that ¢ must be positive in order for there to be a nonzero contribution
in this case. Combining the prior cases of © above then implies (3.3) and completes
the proof. n

Define the distribution polynomial b,,(v) = 31 b, ' for n > 1 and its generat-
ing function B(z,v) = >~ -, bu(v)z". Then B(z,v) satisfies the following functional
equation.

Lemma 3.4. We have

3,,2

_”x) B(z,v)

(1—x—v—|—2xv—|—x2v+1x

2

T2
— (11— 1
x( v)—l—m( —I—x+1_x

) B(z,1). (3.4)

Proof. Multiplying both sides of (3.3) by v, and summing over all 0 < ¢ < n — 3,
gives

by a(v) 4+ ﬁ(bnl(l) by a(1) — b1 (6) — vby_a(0))
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n—3 n—d—3 2
33 e ()

= 11—_2;15”_1(11) + ﬁ(bn_l(l) + bp_g(1) — vby_z(v))
i S (noss(l) — thogoo(v)), 0 >3 (3.5)

Note that (3.5) is also seen to hold for n = 2, upon taking by(v) = 0. Multiplying
both sides of (3.5) by 2", and summing over all n > 2, gives

1-2 1 2
B(z,v) —x = HB(%U) + uB(.:E, 1) — vy B(z,v)
—v — —v
v
=D D (baaa(1) = vbaip(v))z”
Va1 n>drs
z(l+ ) (1 —2v — av)
= — ‘B(x.1 B
1_U (‘x’ )+ 1_,0 (a:?’U)
+ s © 3" 2B, 1) — vB(x,0))
Vs
x(1+x+%> z(l—Zv—xv—”ffj)
= B(z,1 B
1_1) (l‘, )+ 1_U (:C,U),
which may be rewritten as (3.4). O

Theorem 3.5. We have

(1—2)% -1 — 4z + 222 + 24
212 '

forn(z) = (3.6)

Proof. We apply the kernel method and let v = vy in (3.4), where v, satisfies
2205 — (1 — 2)(1 — 22 — 2%)vy + (1 — 2)* = 0.
This cancels out the left-hand side of (3.4) and solving for B(z, 1) implies

(1 —x)(vg— 1) x
B(z,1) = 1 — 22 + 220, T

with vy given by

(1—2)(1—22z—2*—V1—4dz+ 222 + 2%
223

Vo =

Note that we have chosen the negative root for vy since we seek a power series solution
to B(x,1). Formula (3.6) now follows from the fact fo111 =1+ B(x,1). O
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Remark: Tt is seen, upon comparing generating functions, that b, 1 = A082582(n)
for all n > 1. Hence, we have an apparently new combinatorial interpretation of
A082582, which is known already to enumerate such discrete structures as Dyck
paths of semi-length n that avoid UU DD or bargraphs with semi-perimeter n.

Our next result involving the pattern 1110 will draw upon the preceding one in
a fundamental way.

Theorem 3.6. We have

1—5r+ 8z — 523+ a2t — (1 — 30+ 22+ 2z )\/1—4x+2x2+x4

Jinol) = 222(1 — 22)?

(3.7)

Proof. Suppose m € B(1110) — B(0111) and we consider the smallest k£ > 0 which
appears at least thrice. Then 7 has one of the following forms:

)m=7ka, r>3,
(i) m = ©'k0°K*B or m = 'K*0°kB, a > 1,
(iii) 7 = 7'k0°k0°ky, b, c > 1,

where 7’ is a nonempty member of B(0111), k& > max(n’') and «, 8,7 are possibly
empty. Note 7 avoiding 1110 implies «, 3, cannot contain 0, and hence are non-
decreasing. Given 0 < i < j, note that if pjum(7’) = 7, then £ > max(x’) may be
chosen so that there are at most j — i jumps within the nondecreasing section k"2«
in 7 of the form (i), and hence this section is accounted for by h;_;(z). Similarly,
there are at most 7 — i+ 1 and j — ¢ + 2 jumps in the terminal sections k5 and kv
within 7 of the forms (ii) or (iii).

Let f;(z) = [¢/]B(x,y) for j > 0, where B(x,y) is as defined above. Considering
all possible i and j, it is seen that 7 of the form (i) are enumerated by

)D)IIEREINEESEEE 3 ST E=a

7>0 i=0 j=>0 =0
i+1
z? - (11_; )J+
T D] s L
1—2x >0 1-— 2x

=31 ((f__ QZ)M - 1)
_ 5 (11__223 (x 11__29;) — B(x, 1)) .

Similarly, the contributions from 7 of the forms (ii) or (iii) towards fi110 are given
respectively by

S5 60 2t = 25 T3 o ()

7=>0 i=0 720 =0
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223 j— 1—2x
_ Bz, —) — Ba,1
1— 2z (1—21; (35’1—235) (= )>

and

ngj(x) : Of—zin)ghj—wr?(x) - (1 j;x)z (11__23;3 (x, 11__—2:;) - B, 1)) '

Combining the contributions from 7 of the forms (i)—(iii) above implies members of
B(1110) — B(0111) are enumerated by

2 22 1—x 11—z
211 B — B(z,1
x(+1—2x+(1—2x)2>(1—2x Y1 o (z,1)

2?1 —ux)? l1—x r3(1 — z)?
= i-2p (m 1- 21’) T A2 B

Adding the contribution from members of B(0111), namely, 1+ B(x,1), we get

1 — A+ 302 + 2% — 2 2(1 — z)? 1
fiio =1+ R, - x)B( x) (3.8)

B(x,1
(1 22)2 A s K g

Solving for B(z,v) in (3.4), and making use of the formula found above for B(x, 1),
we have

C222(1—z)(1—v) 4+ (1 — 2 + 2%0)(1 — 2z — 2?)

B =
() 20((1—2)2 — (1 —2)(1 — 22 — 22)v + 230?)
B (1 — 2% + 220)V1 — 4o + 222 + 24
20((1 —2)?2 = (1 —2)(1 — 22 — 2?)v + x%0v?)’
and hence
B l—a\ (1—-22)(1—-3c+a®+2'—(1—z—2?)V1— 4o+ 222 + 2%
T 0 ) T 223(1 — )2 '

Substituting this formula into (3.8), and simplifying, leads to (3.7) after several
algebraic steps. O

We conclude by stating without proof the formulas for f, in the remaining cases
of 7.

Theorem 3.7. We have
1 — 9z + 3422 — 6923 + 81z* — 54x® + 1625 + 27
froo2(z) = 1 3 )
(1 —x)*(1 —2x)
Fona(2) 1 —5x + 8x% — 4a° + 24
€T o
112 (1—2)(1 —22)(1 — 3z + 22)
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1 — 8z + 2622 — 4323 + 38z* — 162° + 27

fi023(2) = (1—2)3(1 — 22)3 )

1 — 8z + 2622 — 432°% + 38z* — 162° + 25
froe(z) = 3 3 )

(1 —x)3(1 — 2x)
1 — 3z + 22

fraoal®) = TS gy

1 — 8z 4 24x? — 3222 + 172 — 22° — 28
f1203($) = .

(1—22)°(1 — 32 + 22)

Remarks: From the formula for fi00, we have b,(1202) = 3”; L for n > 1, which
coincides with A007051 in [30], offset by one. The relatively simple formula for
f1202, compared with the other f,, arises from some cancellation which occurs in
the later steps of the proof that we found for it. A simpler algebraic argument may
be possible, or better yet, perhaps a direct bijection can be found with one of the
structures already known to be enumerated by A007051. Also, notice the uncanny
similarity in the formulas for fige3 and fi192, with their only being a slight difference
in one of the terms in the numerator. Perhaps this could be explained via a “near
bijection” between B,(1023) and B,(1102) which would isolate the source of the
difference.

4 Conclusion

In this paper, we have provided an enumeration of B, (7) for all patterns 7 of length
four and, in so doing, have made several connections to sequences in the OEIS and
other prior work. As a consequence, we obtained a complete Wilf-classification for
all such patterns and have defined bijections establishing several of the equivalences
directly. Furthermore, in several instances, it was possible if desired to refine the
enumeration according to one or more parameters. The problem of enumeration of
patterns of length five (or greater) however is more difficult and considerably longer.
Indeed, the combinatorial structure required to carry out an enumeration seems to
be lacking in several cases for patterns of length five and there are fewer connections
to sequences in [30].

Recall that C,, is the “smallest” non-rational enumerator of certain subsets of
S, with respect to pattern avoidance. For example, Mansour and Vainshtein [27]
proved that while the 132-avoiding permutations are enumerated by Catalan num-
bers, when we impose an additional pattern avoidance condition, we always get a
rational generating function, with Albert et al. [1] establishing the analogous result
for 321-avoiding permutations. A similar phenomenon [2] has also been witnessed
by Catalan words avoiding a single pattern of length at most four wherein all of the
associated generating functions were rational (and conjectured to be in general).

This behavior however does not hold for ascent sequences. For example, it has
been demonstrated here that while |B,,| = C,, for all n > 0, we have that B, (7) fails to
have a rational generating function for any one of 7 € {0111, 1001, 1011,1101, 1110}.
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We remark that the algebraic generating function in these cases is a result of the
functional equations arising in their enumeration, rather than as a direct consequence
of a recursive decomposition of members of the underlying avoidance classes. With
all of these patterns 7 being binary, one wonders if B,,(p) is always rational for some
restricted subset of p, such as for p having all of its letters distinct.
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