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Abstract

Given a graph G and assuming that some vertices of G are infected, the r-
neighbor bootstrap percolation rule makes an uninfected vertex v infected
if v has at least r infected neighbors. The r-percolation number of G is the
minimum cardinality of a set of initially infected vertices in GG such that
after continuously performing the r-neighbor bootstrap percolation rule
each vertex of GG eventually becomes infected. In this paper, we continue
the study of polluted bootstrap percolation introduced and studied by
Gravner and McDonald [J. Stat. Physics 87 (1997), 915-927] where in
this variant some vertices are permanently in the non-infected state. We
study an extremal (combinatorial) version of the bootstrap percolation
problem in a polluted environment, where our main focus is on the class
of grid graphs, that is, the Cartesian product P,, [J P, of two paths P,
and P, on m and n vertices, respectively. Given a number of polluted
vertices in a Cartesian grid we establish a closed formula for the minimum
2-neighbor bootstrap percolation number of the polluted grid, and obtain
a lower bound for the other extreme.

1 Introduction

Bootstrap percolation originated in the work of Chalupa, Leath and Reich in the
context of physics of ferromagentism [5]. The process involving bootstrap percolation
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seems to be ubiquitous, since it is also closely related to cellular automata [12], weak
saturation [2] as well as to the process of obtaining the Ps-convex hull [4] to mention
a few well-known contexts in which it appears. Given an integer r > 2, the r-neighbor
bootstrap percolation process is an update rule in a given graph G, where vertices
have two possible states: infected (black) or uninfected (white). From an initial set
of infected vertices, an uninfected vertex with at least r infected neighbors becomes
infected, while infected vertices never change their state; the central question is
whether all vertices of G become infected eventually when this rule is continuously
applied.

Bootstrap percolation was studied in arbitrary graphs and in various graph classes,
while arguably the most popular environment for studying this process are Carte-
sian grid networks and similar product-like structures; see [1] for an early study of
spreading random disease in square grids. In majority of these studies a parameter
p describing the probability that vertices are initially infected is involved, but one
can consider also the extremal version of the problem; for instance, see [3]. In this
problem, one looks for a smallest r-percolating set in a graph G, which is a set of
vertices in (G whose initial infection results in all vertices of G becoming infected
after the process is finished. For a given graph GG and integer r» > 2, the r-percolation
number of G, denoted m(G, ), is the minimum cardinality of an r-percolating set in
G, that is,

m(G,r) =min{|S]|: S C V(G), S is an r-percolating set in G} .

(A minimum r-percolating set in G is an r-percolating set S of G satisfying m(G,r) =
|S].) For the Cartesian (square) grid G, the problem of determining m(G, 2) is part
of folklore; see Balogh and Pete [1] from 1998. Anyway, several questions concerning
m(G,r) remain open, in particular for » > 2, and for grids of bigger dimensions than
2; see recent studies [6, 11]; see also a recent study for bounding the threshold for
critical probability for the case r = 2 in the square grid [10].

Several variations of bootstrap percolation have been considered in the literature.
In this note, we are interested in the polluted bootstrap percolation, as introduced by
Gravner and McDonald [7] and studied further in [8, 9]. The additional assumption in
this variant is that some vertices of a graph are always stuck in the non-infected state.
Thus, to every vertex of a graph two parameters, p and ¢, are assigned, describing
probabilities of infection and pollution of its vertices, respectively. The authors in [7]
investigate constants C', which under the condition ¢ < Cp* when p — 0 result in
the probability that all vertices of a graph are eventually (not) infected.

In this note, we propose an extremal (combinatorial) version of the bootstrap
percolation problem in a polluted environment. Let the vertices of a graph G, as
observed in a polluted environment, assume one of the three states: infected, un-
infected or polluted. If a vertex v € V(G) is polluted, then it is always in the
uninfected state, even if it has enough infected neighbors to satisfy the r-percolation
rule. From the definitions it readily follows that m(G,r) = m(G — v, r) for any pol-
luted vertex v. More generally, if A C V(G) is the set of polluted vertices in G, then
m(G,r) = m(G — A,r). In other words, considering polluted bootstrap percolation
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in G can be translated to bootstrap percolation in the induced subgraph of GG, where
polluted vertices have been removed from G.

When considering the r-bootstrap percolation number of a graph G, some vertices
that must be included in the initial infection do not contribute much to the spread
of the infection (for instance, such vertices are leaves in a tree). The removal of
such vertices could therefore reduce the minimum cardinality of a percolating set.
On the other hand, vertices of large degree contribute abundantly to the spread of
infection; therefore, their removal likely increases the number of vertices needed to
infect G. Thus, a natural question arises. Given k € N and assuming that G has
k polluted vertices, what are the largest and the smallest possible value of m(G,r)?
More precisely, for fixed integers £ € N and r > 2 we are looking for the values of

mP (G, r) = min{m(G — A,r): ACV(G) A |A] =k}

and
my (G, r) = max{m(G — A,r): ACV(G) A |A| = k}.

Our main focus is on the above two invariants when G is the square grid, that is, the
Cartesian product of two paths, and when r» = 2. The following is our main result:

Theorem 1.1. If G = P,,l0P, is the grid of size m x n where 2 < n < m, then

[%—‘ , if 1<k <(m-—n)n;
mll?in(Gv 2) =

[@w if (m—n)n < k < mn.

2 Preliminary results

In this section, we present some preliminary results on r-neighbor bootstrap percola-
tion in graphs with minimum degree at least r. (Recall that the number of neighbors
of a vertex v in a graph G is the degree, deg,(v), while 6(G) is the minimum degree
over vertices in G.)

Lemma 2.1. If G is a graph and x € V(G) with degs(x) > r, then m(G — z,r) >
m(G,r).

Proof. Let x € V(G) be a vertex with degs(x) > r, and let S be a minimum
r-percolating set of G — x. Consider the graph G and let the vertices of S be
infected. Then eventually S infects the whole G — x, after which x also gets infected,
since degy(z) > r. Thus, S is an r-percolating set of G and so m(G,r) < |S| =
m(G — z,r). O

To see that the condition degq(z) > r in Lemma 2.1 is necessary, let r > 2 and let
G be the complete bipartite graph K for some k > r. Then m(G,r) = k, since all
leaves must be initially infected. By removing any leaf v, we get m(G —v,r) = k—1,
as the remaining leaves still form a minimum r-percolating set.

From Lemma 2.1 we derive the following result.
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Theorem 2.2. If G is a graph with §(G) > r, then m(G — A,r) > m(G,r) for any
independent set A C V(G).

Proof. Let A = {vy,vs,...,v} be an independent set of G. By repeatedly applying
Lemma 2.1 we get

m(G,r) <m(G — v, 1) <m(G — {vy,ve},r) < <m(G—A,r).

3 Cartesian grids

Let us recall some definitions. The Cartesian product GO H of two graphs G and
H is the graph whose vertex set is V(G) x V(H), and where two vertices (g1, h1)
and (ge, ho) are adjacent in GO H if either g; = g, and hihy € E(H), or hy = hy
and ¢g1g2 € F(G). In the case of the Cartesian product of two paths P, and P, for
some integers m,n > 2, the resulting graph P,,00F, is a (square) grid. A torus is the
Cartesian product C,,[JC,, of any two cycles.

For obtaining the lower bound on m{™(G,2) for the graphs G = P,,00 P, we
will use the perimeter approach initiated by Bollobas in [3]. In this approach, the
vertices of G are replaced by unit squares, and two squares share an edge whenever
the corresponding vertices are adjacent. Whenever a square gets infected by at least
two other squares, the perimeter of the infected domain does not increase, therefore,
the perimeter of the initial infection must be at least as large as the perimeter of the
total grid, which is 2m + 2n. Note that the perimeter argument can be applied on
any subgraph of the grid. Our goal is to remove k squares from the grid in such a way
that the total perimeter of the remaining graph G’ is the smallest possible. This is
closely related to constructing a shape with the smallest perimeter from ¢t = nm — k
squares. For this purpose, we need the following lemma.

Lemma 3.1. If there are n unit squares in the plane, which can pairwise intersect
in the way that two squares share an edge, then the total perimeter of the acquired
shape is 4n — 2e, where e is the number of shared edges.

Since we want to minimize the total perimeter, the value of e in the statement of
Lemma 3.1 should be maximized.

Proposition 3.2. If p(n) is the minimum perimeter of a shape in the plane obtained
from n unit squares, which can pairwise intersect in the way that two squares share
an edge, then for every x? < n < (z + 1)? it follows that 4z < p(n) < 4(z + 1).
Moreover,
4x, r=0;
p(@®+r) =<4 +2, 0<r<u;
dr+4, z<r <2z
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Figure 1: Examples with perimeters 4z, 4x 4+ 2 and 4z + 4, respectively

Proof. Let H be a shape in the plane obtained from n unit squares, which can
pairwise intersect in the way that two squares share an edge, such that the perimeter
of H is p(n). By applying Lemma 3.1, we infer that H has to be close to a rectangular
shape, while the fact that the product u x v is the smallest among all pairs of integers
w and v with the fixed sum v+ v when |u —v| is minimized, the shape of H needs to
be as close to a square as possible. In particular, if n = z?, then p(n) = 4z. When
the shape cannot be a square, it is immediate (again using Lemma 3.1) that the
shape must be connected and have no holes. Now let x be the largest integer such
that n = 22 +r, where 7 is a positive integer. Pick the smallest rectangle containing
H, and let a x b be its dimension. The perimeter of H is at least 2a + 2b, since when
one follows the edge of H, one needs to go all the way from left to right and from
top to bottom twice. On the other hand, ab > n because there are at most n tiles
inside the rectangle. Hence,

2
p(n)22a—|—2b22a+—n.
a

The right side of the above inequality has a unique minimum at a = /n, but a is an
integer, so the right side is minimized when a € {z,x + 1}. First let r < 2. Then we

have )
p(n) Z2334_2_7; _ 4z + 2r
x x
as it is easy to see that a = x + 1 gives a larger value. If r = 0, this gives p(n) > 4x.
If 0 < r < x, we have p(n) > 4z, but as p(n) is even, we have p(n) > 4z + 2.
Finally if » > z, we should take a = x + 1, as it gives a smaller lower bound on
p(n) than in the case when a = x. Since r > z, we get n > x? + x. Therefore
from ab > x? + z it follows that b > z (or rather b > x + 1). This means that
p(n) >2a+2b>2(x+ 1)+ 2(x+ 1) = 4z + 4. Since there exists shapes obtaining
these bounds for all three possibilities (see Figure 1), the proof is complete. [l

Proposition 3.3. If p(n) is the minimum perimeter of a shape in the plane obtained
from n unit squares, which can pairwise intersect in the way that two squares share
an edge, such that the height of the shape is at most x, and x> < xy <n < z(y + 1),
then

2z + 2y, r=0;

20+2y+2, 0<r<u.

plry +r) = {
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Proof. By using a similar reasoning as in the earlier proofs, we deduce that a shape
with the smallest perimeter is connected without holes and is contained within the
smallest possible rectangle a x b. Since the height is at most z, it follows that the
shape is contained within a rectangle x x b, therefore it has perimeter of at least
2x 4 2b. If n = xy, then the perimeter is exactly 2z +2y. If zy < n < z(y+ 1), then
the perimeter is 2z + 2y + 2. O]

The shapes with minimum perimeter provide a lower bound for the 2-bootstrap
percolation of the corresponding graph. The next result is obtained by combining
the previous two results and having in mind that every unit square adds at most 4
to the total perimeter.

Lemma 3.4. Let G = P,,L1P, be the grid of size m x n, where 2 < n < m, and let
t =mn —k, where k > 0. If G’ is a subgraph of G obtained from G by removing k
of its vertices, then

[n+72n—q’ t=n(m—L0—1)+r, 0<r<n and where m — { > n;
m(G',2) > < z, t=2%x<n;

x4+ 1, t=a+rz<n,r <2

where ( = | £].

Proof. Note that for t < n?, the result follows from Proposition 3.2, which resolves
the second and the third line in the right side of the stated inequality.

If ¢ > n?, the results follows by using Proposition 3.3. Indeed, let t = n(m —
¢ —1)+r, where £ = |7] and r < n. If r = n, then t = n(m — {) and we let
x =nand y = (m — ¢). Thus, the smallest perimeter is p(xy) = 2n + 2(m — £).
Therefore in this case, m(G’,2) > [w-‘ For 0 < r < n, we let x = n and
y=m—{—1, and so t = xy + r. The smallest perimeter is therefore in this case

2n +2(m — € —1) +2 = 2n+ 2m — 20 and m(G",2) > {_nﬂg—f)] , 0

Next, we focus on obtaining the upper bound on m*(P,, 1 P,,2). We again
distinguish two possibilities with respect to k, which this time are presented in two
separate auxiliary results.

Lemma 3.5. Let G = PP, be the grid of size m x n where 2 < n < m. If
1 <k < (m—n)n, then

(G 2) < [H_m—q |

2
where ( = | £].

Proof. First we will provide a construction of a polluted set P, and then a construc-
tion of a percolating set S of G' = G — P. Denote V(P,,) = [m], V(P,) = [n] and
let £ = |£]. If k = {n, then let

P={m—{l+1m—L+2,....,m} x[n]
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while if £ > ¢n, then let

P = {m—-{l+1m—-0+2,...,m} x[n]U
{(m—4,n),(m—~4n—1),....,(m—¥,n—(k—4{n)+1)}.

In other words, P consists of the final ¢ columns of G and, if & > ¢n, then the
remaining k — ¢n vertices from the top of the (m — ¢)-th column. Notice that if
k = ¢n, then the remaining graph G’ = G — P has m — { full columns (that contain
no polluted vertex), and if & > ¢n, then the graph G’ has m — ¢ —1 full columns and,
additionally, vertices (m —¢,i), where 1 <i <n—(k—¢n). When m = 8 and n = 5,
the polluted m x n grid with k£ = 8 and k = 11 is illustrated in Figure 2(a) and 2(b),
respectively, where dotted vertices (associated with the set P defined earlier) are
polluted and shaded vertices present initial infection.

Consider the path C' in G with (1,n) as one of its endvertices, containing all
vertices of the first column and the first row in G. Now, color the vertices of C by
alternating black and white vertices, beginning with (1,7) as black. Let S consist of
all black vertices of C' together with (m — ¢,1) in the case when m — ¢ + n is odd.

Since C' contains m — ¢ + n — 1 vertices, it follows that |S| = PC|2+1 = [min=t],

The set S is a percolating set of G'. Indeed, in the first round the whole set C
becomes infected. After that, we can see that the 2nd column becomes infected in
order (2,2),(2,3),...,(2,n), then the third and so on. This gives us an upper bound

on mP" (@G, 2). O

5

4

3

2

1
1 2 3 4 5 6 7 8 1 2 3 4 5 6 7 8
(a) Polluted 8 x 5 grid with k = 8 (b) Polluted 8 x 5 grid with k = 11

Figure 2: Polluted 8 x 5 grid with k = 8 and k = 11, respectively, in the proof
of Lemma 3.5

Lemma 3.6. If G = P,,[1P, is the Cartesian grid of size m x n where 2 <n < m,
and (m —n)n < k < mn, then

i (G, 2) < E [2vi H ,

where t = mn — k.
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Proof. Note that the construction from the proof of Lemma 3.5 for the case k =
(m — n)n, where P be the set of the final ¢ columns, gives the square grid of size
n x n, which we denote by G (clearly, G, = G — P). In this case, t = n?, and
we get mi(G,2) < [4[2vt]] = n. Now, let k > (m — n)n. Furthermore, let
k1 =k — (m —n)n > 0 and denote as P; the set of polluted vertices of size ki that
are not in P. From this point onward, when k; > 0, we want to keep the shape
of the remaining graph G’ = G, — P, as close as possible to a square. Instead of
constructing the set P;, we will construct the remaining graph G’ (as a subgraph of
(). Let t = n? — k; represent the number of vertices of G'. Note that ¢t = 2> + o,
where o < 2z. We consider three cases.

Case 1: 0 = 0. Then t = 22 and we let G’ be the square grid on z? ver-
tices, namely V(G') = {(i,5) : i,j € [z]}. We deduce that m(G’,2) = z = Vt =
[£72/t]]. When m = 8, n = 5, the polluted m x n grid with k = 24 is illustrated
in Figure 3(a) where here x = 4 and ¢t = 16 = 2% and where dotted vertices (associ-
ated with the set P defined earlier) are polluted and shaded vertices present initial
infection.

Case 2: 0 <o <z Thenlet V(G') ={(i,7) : 1,7 € [z]}U{(1,z+1),...,(0,x+
1)}. Namely we add o vertices to a new row on top of the square grid from Case 1.
Then the construction is similar to the one in the proof of Lemma 3.5. Again let
C be the set of alternating black and white vertices from the first column and first
row, starting with the black vertex (1,2 + 1) and ending with the white vertex (x,1)
(since this set has length 2z, it indeed ends in a white vertex). Let S be the set of
black vertices from C' together with (z,1). Clearly, |S| = x + 1 and it is easy to see
that S is a minimum percolating set of G’ and m(G’,2) = x + 1. Furthermore, since
0 < o < z, it follows that [1[2v¢]] = [$(2z+1)] =2+ 1. When m = 8, n = 5,
the polluted m x n grid with k£ = 22 is illustrated in Figure 3(b) where here z = 4,
o=2and t =18 = 2% + 0 and where dotted vertices (associated with the set P
defined earlier) are polluted and shaded vertices present initial infection.

Case 3: x < 0 < 2z. Then

V(G ={(i,7) : i,7 € [z]}U{(1,z+1),...,(x,z+1)}U{(z+1,1),...,(z+1,0—2)}.

Namely we add a complete row on top of the square grid from Case 1, while also
adding vertices to the right side of the final column of the square grid. Similarly
to Case 2, we let C be the set of alternating black and white vertices from the
first column and first row, starting with the black vertex (1, + 1) and ending with
the black vertex (z 4+ 1,1) (now the set has length 2z 4+ 1). Let S be the set of
black vertices from C, therefore |S| = z + 1. This is again a minimum percolating
set of G’ and m(G’,2) = = + 1. Furthermore, since x < o < 2z it follows that
[472vt]] = [4(2x + 2)| = 2 + 1. This completes the proof of Lemma 3.6. O

From the proof of Lemma 3.6, we also infer the equality between the upper bound
in Lemma 3.6, and the lower bounds in the second and third line of Lemma 3.4.
Notably

E [NEH —rift = a2,
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NN W = Ot

...............................

1 2 3 4 5 6 7 8 1 2 3 4 5 6 7 8
(a) Polluted 8 x 5 grid with k = 24 (b) Polluted 8 x 5 grid with k = 22

Figure 3: Polluted 8 x 5 grid with k = 24 and k = 22, respectively, in the proof
of Lemma 3.6

and
E [w%” — s 1ift # a2

Combining this fact and earlier auxiliary results, we infer the main result of this
section, and let us recall its formulation.
Theorem 1.1. If G = P,,[1P, is the grid of size m x n where 2 < n < m, then

. [%—‘, if 1 <k<(m-—n)n;
R

[Tw, if (m—n)n <k <mn.

Note that the bound in the first row of Theorem 1.1 can be written in a different
form by expressing the value that needs to be subtracted from m(G,2).

Remark 1. Let n,m > 2 and G = P,,11P, be the Cartesian grid of size m X n where
n<m. Ifk <(m—n)n and { = |%], then

m—i—n—[‘ m(G,2) — [3%]], if n+m even;

mpin (G, 2) = =
k ( 2) ’V 9 m(G, 2) _ \_%(L%J + 1” , if n+m odd.

Proof. Consider the two cases with respect to the parity of m +n. If n +m is even,

then
oo 4] -4 - 221

If n + m is odd, then

w329 - 252 |1

_ Fn+n+1—(€+1)w _ [m—f—n—[‘_

2 2
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]

In the last result of this section, we consider the maximum possible value of
m(G — A, 2), where G is a square grid and A is a subset of V(G) with |A] = k. We

restrict our discussion on the sets A with |A| < (ww the reason being that
in this way A can be an independent set in G whose vertices all have degree 4 in G.
Note that by Theorem 2.2 the r-neighbor bootstrap percolation does not decrease
when an independent set is removed, and at the same time removing an independent

set yields a natural lower bound on the parameter m;***(G,2) in grids G.
Theorem 3.7. If G = P,,0P, is an m X n grid and k < {ww , then
my (G, 2) > m(G,2) + k.

Proof. Using the perimeter idea again, we deduce that whenever a vertex of degree
4 is removed from G, so that the total perimeter is increased by 4, we require at
least one additional vertex in the initial infection. This is achievable by removing
an independent set of vertices of degree 4 (removing two adjacent vertices increases

the perimeter by 6). Since there are (m — 2)(n — 2) vertices of degree 4 it is easy

(nfz)(me)w
2 b

completing the proof. O]

to see that the size of the largest independent set of such vertices is [

4 Concluding remarks
In Theorem 1.1 we obtained the closed formula for m"(G, 2), where G is an arbitrary
Cartesian grid. For the parameter mp*(P,, 0 F,,2) we obtained a natural lower
bound expressed in terms of m(P,, 0 P,,2). We suspect the lower bound could be
the exact value and we pose it as an open problem.

Note that the torus C,,JC, is a vertex-transitive 4-regular graph. Therefore,
m(G — z,2) = m(G — y,2) for any two vertices z,y. This implies mP™(G,2) =
mP*(G, 2). We immediately infer that if G = C,,, D C,, and x € V(G), then

2

It would be interesting to determine the effect of pollution on the bootstrap perco-
lation numbers on the torus C,,JC,. We envision that new techniques might be
needed to determine the values of m(C,, 0 C,,2) and m*>*(C,, 0C,,2).

m(G - 2,2) = m(G,2) = [m“ﬂ 1
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