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Abstract

A subset D of vertices is called (1, k)-dominating if every vertex v not
belonging to the set D has a neighbour in D and also has another vertex in
D at a distance of at most k from v. In this paper, we consider the concept
of proper (1,3)-dominating sets in graphs, i.e., subsets of vertices that
are (1, 3)-dominating but not (1, 2)-dominating. Proper (1, 3)-dominating
sets constitute a special case of proper (1, k)-dominating sets introduced
by Michalski et al. [Math. Methods Appl. Sci. 45(11) (2022), 7050-7057].
We provide necessary and sufficient conditions for a graph to have proper
(1,3)-dominating sets.

1 Introduction

We follow the standard notation of graph theory as found in [9]. In this paper, we
focus on simple, undirected, connected graphs G = (V(G), E(G)), where V(G) is the
set of vertices and F(G) is the set of edges. For vertices x,y € V(G), we say that z
is a neighbour of y if there exists an edge zy € E(G). The neighbourhood of a vertex
z in G, denoted Ng(z), is a set of all neighbours of z. The set Ng[z] = Ng(z) U {z}
represents the closed neighbourhood of x. We write dg(x) = |Ng(x)| for the degree
of vertex x in G. The minimum degree of a graph G, denoted by §(G), is the
smallest degree among all vertices in G. A vertex of degree 1 is called a leaf. A
vertex that is adjacent to a leaf is called a support vertex. For any two vertices
x,y € V(G), a geodesic from x to y is a path with the minimum possible number
of edges among all paths from x to y. The length of a geodesic between x and y is
called the distance between x and y, and denoted by dg(z,y). The diameter of a
connected graph G, diam(G), is the maximum distance between two vertices of G.
The set of vertices that are within distance at most [ from a vertex z € V(G) is
denoted by N (z). For any integer i, we define U5 (z) as the set of all vertices whose
distance from x is exactly i. Thus, N5(z) is equal to the union of the sets Ug(z)
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for i = 1,...,1, that is, N5(z) = U'_, U4(x), where the sets Uj(x) and Ul(z) are
pairwise disjoint for all 4,5 € {1,2,...,1} and i # j. The closed l-neighbourhood of
x is then Ni[z] = Nk (z) U {z}.

Let n be an integer. By P,, T,,, n > 1 and C,, n > 3, we denote a path, a tree
and a cycle of order n, respectively.

A subset B C V(G) is called a dominating set of G if every vertex outside B has
at least one neighbour in B. The domination number of G, v(G), is the size of a
minimum dominating set of G. The literature presents various types of dominating
sets, which are either obtained by adding certain restrictions or by generalizing the
classical concept of domination, as discussed in [12]. One of the most extensively
studied types is the multiple dominating set, introduced by Fink and Jacobson in [10].
For an integer p > 1, a subset S is called p-dominating if every vertex outside S has
at least p neighbours in S. When p = 1, this corresponds to the classical dominating
set. For p = 2, we obtain the concept of 2-dominating sets, which were studied, for
example, in [7,8].

Another widely researched type of dominating set is a generalization in the dis-
tance sense, which was introduced by Meir and Moon in [15]. In [11], Hedetniemi et
al. extended the concept of multiple domination by combining it with distance dom-
ination, defining (1, k£)-dominating sets, which are also named secondary dominating
sets. Let & > 1 be an integer. A subset S is a (1, k)-dominating set of G if for every
vertex v € V(G) \ S, there exist distinct vertices u, w € S such that uv € E(G) and
dg(v,w) < k.

The following result shows a basic relation between (I, k)-dominating sets for
different values of k.

Theorem 1.1 ( [11]). Let k,l € N and k > 1. Every (1,1)-dominating set is a (1,k)-
dominating set.

In [11] it was also proved that studying (1, k)-dominating sets makes sense only
for k € {1,2,3,4}.

Theorem 1.2 ( [11]). Every dominating set of cardinality at least 2 in a connected
graph G is a (1,4)-dominating set.

It should be noted that (1,1)-dominating sets have been studied extensively.
Indeed, (1,1)-dominating sets are also known as 2-dominating sets. In particular,
many results were obtained for their connections with independent sets; see, for
example, [1-5,18]. Several problems related to (1,2)-dominating sets have been
studied in [13,14, 16, 17].

By Theorem 1.1, any (1,1)-dominating set is also a (1, k)-dominating set for
k > 1. However, not every (1,2)-dominating set is a (1,1)-dominating set. This
motivates the introduction of proper (1,2)-dominating sets, studied in [16]. Let
k > 2 be an integer. A subset D C V(G) is called a proper (1, k)-dominating set if
D is (1, k)-dominating but not (1, %k — 1)-dominating. To simplify the notation, we
will use the term (1, k)-dset to denote a proper (1, k)-dominating set.
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The authors in [16] give a necessary and sufficient condition for the existence of
(1,2)-dsets in connected graphs.

Theorem 1.3 ( [16]). A connected graph G has a (1,2)-dset if and only if G is not
a complete graph.

This paper is a natural consequence of the previously mentioned articles, where
we study (1,3)-dsets and provide a complete characterization of graphs with such
sets. Note that D is a (1,3)-dset if D is a (1,3)-dominating set and there exists
v € V(G)\ D that has exactly one neighbour in D, there are no vertices in D with a
distance of 2 from v, and there exists at least one other vertex in D with a distance
of 3 from v. Using our previous notation this brings us to the following observation:

Observation 1.4. If D is a (1,3)-dset of G, then there exists a vertezrv € V(G)\ D
such that |UL(v) N D| =1, |[U&(v) N D] = 0 and |U(v) N D| > 1, and we say that
the vertex v is proper (1,3)-dominated or (1, 3)-dominated.

2 Results

In this section, we give a complete characterization of graphs G that have (1, 3)-dsets.
Let us start with a simple observation: such a graph G must contain a geodesic of
length 3, otherwise none of the vertices can be proper (1, 3)-dominated.

Observation 2.1. If G has a (1, 3)-dset, then diam(G) > 3.

The next theorem gives a necessary condition for the existence of (1,3)-dsets in
graphs.

Theorem 2.2. Let G be a connected graph such that diam(G) > 3. If G has a
(1,3)-dset then there exist two vertices x,y € V(G) such that Nglx] C Ngly] and x
is (1,3)-dominated.

Proof. Let G be a graph with a (1,3)-dset D. Then, from Observation 1.4 we know
that there exist a vertex v € V(G) \ D and vertices t,w € D such that Ng(v)ND =
{t}, de(v,w) = 3, and there is no vertex w* € D such that dg(v,w*) = 2. Assume
by contradiction, that every two distinct vertices z,y € V(G) satisfy the condition
Nelz] ¢ Negly]. The vertex v is not a leaf because then Ng[v] C Ng[t]. Thus
dg(v) = k, where k > 2. Let tq,...,tx_1 be vertices adjacent to v and not belonging
to D. Since Ng[v] ¢ Ng[t] there exists a vertex t;, i € {1,...,k — 1} such that
tt; ¢ E(G). Since D is dominating, there is a vertex z € D, such that z # ¢ and z is
adjacent to t;. Then dg (v, z) = 2, a contradiction. O

The converse implication of Theorem 2.2 is not true. That is, the existence of
two vertices z,y such that Ng[z] C Ngly] does not necessarily imply that G has
a (1,3)-dset. Let us consider the graph G, from Figure 1.
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Figure 1: Graph Gj.

Then diam(G;) = 3 and Ng,[rs] = Ng,[r1]. It is easy to check that in every
construction of a dominating set in this graph, we have to pick at least two vertices
from the set N§, (x;), for every vertex x;. This means that each ; is (1,2)-dominated
for any dominating set of G;.

Let u € V(G). If uw is proper (1, 3)-dominated by the set D C V(G) then there
exists a vertex t € D such that the set N&(u) N D = {t} and ut € E(G). This leads
us to the following sufficient condition for the existence of (1, 3)-dsets in graphs.

Theorem 2.3. Let G be a connected graph and diam(G) > 3. Let t,u € V(G) be
vertices of the graph G such that t is adjacent to every vertex from the set N&[u]\{t}.
Then G has a (1,3)-dset and, in particular, u is (1,3)-dominated.

Proof. Let u € V(G), U = NZ[u], and t € V(G) be a vertex adjacent to every
vertex from the set U \ {t}. First, we will show that V(G) \ U # (. Assume by
contradiction that V(G) \ U = 0. Then for every pair of vertices u/,u” € V(G),
d(v',u") < 2. This means that diam(G) < 2, a contradiction. Let us consider the set
D = (V(G)\ U)U{t}. Since V(G)\ U # 0, then there exists a vertex v € V(G)\ U,
such that d(u,v) = 3. Hence because ut € E(G) and |NZ(u) N D| = 1, the vertex u
is proper (1, 3)-dominated by the set D. Moreover, for every vertex ¢’ # ¢ from the
set U, t' is adjacent to ¢t and d(t',v) < 3, so t' is (1, 3)-dominated by ¢ and v. O

Considering the above theorem, we can see that if G’ has diameter at least 3 and
contains a support vertex ¢, then for a leaf © € Ng(t) the condition from Theorem
2.3 is met and we can create a (1, 3)-dset. This leads us to the following corollaries.

Corollary 2.4. Let G be a connected graph and diam(G) > 3. If 6(G) = 1, then G
has a (1, 3)-dset.

Corollary 2.5. Let n > 4 be an integer. Let T, be a tree such that diam(T,) > 3.
Then T,, has a (1, 3)-dset.

In particular, we can see that paths of order at least 4 are graphs that have a
(1, 3)-dset.
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Corollary 2.6. Let n > 4. Then P, has a (1, 3)-dset.

From Theorem 2.2, we find that cycles are a class of graphs that do not have
(1,3)-dsets. For n > 4, we have N¢, [z] ¢ Ng, [y] for any two vertices z,y € V(C,,).
Furthermore, since diam(C5) = 1, this leads to the following corollary.

Corollary 2.7. Let n > 3 be an integer. Then C,, does not have a (1,3)-dset.

By Theorem 2.3, we can see that a vertex u of a graph of diameter at least 3 is
proper (1,3)-dominated if it has a neighbour ¢ adjacent to all vertices which are at
distance at most 2 from w. This condition can be weakened if a vertex at distance 2
from u has a neighbour in the set of vertices at distance 3 from u. Taking this into
account, we obtain the next result.

Theorem 2.8. Let G be a connected graph with diam(G) > 3. The graph G has a
(1,3)-dset if and only if there exist vertices t and u such that the set D' = {t}UUZ (u)
is a dominating set of the subgraph induced by NZ[u).

Proof. Let G be a connected graph and diam(G) > 3. We begin by proving the
necessity of the condition. Let us assume that the graph G has a (1,3)-dset and let
us denote this set by D. Therefore, there is a vertex u € V(G), such that u ¢ D
and u is (1, 3)-dominated by D. Hence |D N Nglu]| = 1. Let t € D and ¢ € Ng(u).
Then, tu € E(G) and by Theorem 2.2 we know that Ng[u] C Ng[t]. So each vertex
2! € Ng(u) is dominated by t. Now let 2% be an arbitrary vertex of the set UZ(u).
Then since the vertex u is proper (1, 3)-dominated, 2* ¢ D. Then at least one of the
following possibilities holds:

(a) 2’t € E(G),
(b) there is a vertex v € D, v # t, such that z?v € E(G).

For each vertex v in case (b), d(u,v) = 3 holds. Therefore, the set D’ = {t} UUZ(u)
is a dominating set of the subgraph induced by Ng[u].

We now prove the sufficiency of the condition. Suppose that there exist vertices
t,u € V(@) such that tu € F(G) and the set {t} UUZ(u) is a dominating set of the
subgraph of G induced by N [u]. For simplicity let us denote D' = {t} U U2 (u) and
let G’ be the subgraph of G induced by N&[u]. Firstly we will show that U(u) # 0.
Suppose by contrary that U2(u) = (). Then since G is connected, G = G’ and
N¢lt] = V(G), and so diam(G) < 2, a contradiction with the assumption that
diam(G) > 3. Thus U2(u) # 0 and |D’| > 2. Moreover, since D' dominates G’,

By Theorem 1.2, each vertex v € NZ[u] \ {t} is (1,4)-dominated by the set D’.
Therefore for each vertex v € NZ[u] \ {t} there are two vertices from D’ such that
one of them is adjacent to v and the other one is within the distance at most 4 from
v. We consider whether D’ (1,3)-dominates every vertex in NZ[u] \ {¢} or not.
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Case 1. Let us assume that each vertex in NZ[u]\ {t} is (1, 3)-dominated by the set
D'. Let D = (V(G) \ N&[u]) U {t}. Note that U2(u) C D. The vertex u is
adjacent to t, and there exists a vertex w € U3 (u) such that d(u,w) = 3,
thus v is (1,3)-dominated by the set D. Then every vertex from the set
V(G)\ D is (1,3)-dominated by D and u is (1, 3)-dominated by D. Hence
D is (1,3)-dset of G.

Case 2. Let us assume that there exists a vertex v € NZ[u] \ {¢} which is (1,4)-
dominated but not (1,3)-dominated by D’. Let U* be the set of such
vertices, and note that |UL(v)ND'| =1, [UZ(v)ND'| =0, [U(v)ND'| =0
and |U&(v) N D'| > 1. As the vertex u is (1, 3)-dominated by D', it follows
that u ¢ U*. Each vertex v € U* is adjacent to t. Otherwise, since D’ is
dominating, v would be adjacent to some w € U2 (u), and as d(v,u) < 2
and ut € E(G), it would follow that d(v,t) < 3, which would mean that v

is (1, 3)-dominated by D', a contradiction.

Let w € U3 (u) and P = (po, p1, p2, p3, P4) be a v—w geodesic, with v = py
and w = py. Note V(P) C NZ[u]. We define a; = d(u,p;) for i = 0,... 4,
with consecutive terms differing by at most 1. Since v € NZ[u] \ {¢,u},
we have ag € {1,2}, and a4 = 3 because py = w € UZ(u). Because
consecutive values of a; differ by at most 1, and p3 € N3[u], az € {2,3}.
Suppose az = 3. Thus p3 € UZ(u) C D’ with d(v,p3) = 3, a contradiction
to |[U2(v) N D’| = 0. Therefore, a3 = 2 and p3 € UZ(u). Let W* =
{z € U(u) : d(v,z) = 3,v € U*}. Note that p3 € W* so W* # ). We
define D* = D' U W*. We will show that D* is a (1,3)-dset of G. Let
z € V(G)\ (D*UU*). Since z is (1,3)-dominated by D', then it is also
(1,3)-dominated by D*, since D’ C D*. Let v € U*, then by definitions of
D* and W*, we have that |[UL(v) N D*| = [{t}| = 1, |U&(v) N D*| = 0 and
\US(v) N D*| = [W*| > 1. Hence, v is (1, 3)-dominated by D*, and finally,
D* is a (1, 3)-dset of G. O

Now it is easy to see that the graph from Figure 1 does not have a (1, 3)-dset since
there do not exist two adjacent vertices satisfying the condition from Theorem 2.8.

Recently, Bednarz and Pirga in [6] introduced and studied the existence of perfect
(1,2)-dominating sets. A subset D C V(G) is a perfect (1,2)-dominating set of G
if every vertex x outside D has exactly one neighbour in the set D and there is a
vertex u € D such that dg(z,u) = 2. The following theorem shows that an analogous
definition for the (1, 3)-dominating set makes no sense.

Theorem 2.9. If D is a

(1,3)-dset of a graph G, then there exists a vertex of G
outside D which is not (1,3

1
)-dominated by D.

Proof. Let G be a graph, and D be a (1,3)-dset of G. Then by Observation 2.1,
diam(G) > 3. By the definition of a (1, 3)-dset, there exists a vertex v € V(G) \ D
which is (1, 3)-dominated by D, and so there are vertices d;,ds € D such that dyv €
E(G) and d(v,dy) = 3. Consider a v — dy geodesic: v, vy, va,dy. Note vy € V(G)\ D,
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otherwise v is not (1, 3)-dominated. By the definition of a geodesic d(v, dy) = 2 and
so vy is not (1,3)-dominated. O

2.1 Application of (1,3)-dsets

Imagine a scenario in which we want to place two types of heat generating machines
in a hall. Each machine needs two sensors: one very close (up to distance 1) and
one farther away (up to distance 3) as a backup. Type one machines work at low
temperatures and use standard sensors. Type two machines are much hotter and
require a specialised sensor; standard ones cannot be placed near them.

Spatial rules:

e Distance < 1: at least one sensor for every machine.
e Distance 2: no standard sensors near type two machines.
e Distance < 3: at least one backup sensor.

Economically, type two machines are far more profitable, so the company wants to
place as many of them as possible while respecting the constraints. If this is feasible,
the set of sensors corresponds to (1,3)-dset; otherwise to (1,3)-dsets, where:

e cvery machine has a neighbour in the dominating set,
e no vertex from the dominating set is at distance 2 from a type two machine,
e at least one vertex from the dominating set is at distance 3.

Assume the analysed layout is shown in Figure 2. The company aims to maximize

Tr T T X5

T11
X1
Ty T2
€3
*——=0
Z9 xg T12  T13

Figure 2: Graph model representing potential machine placement locations.

the number of type two machines. A possible arrangement is shown in Figure 3,
where type two machines are marked with red squares at x7,z11,x13 and type one
machines are marked with blue ones at the remaining vertices. Figure 4 shows the
corresponding sensor placement: blue circles represent standard sensors, and red
circles represent heat resistant sensors. In this layout, high temperature resistant
sensors must be installed at positions x4, x5, and x5, while a standard sensor can
be placed at x3. Each machine is monitored by a nearby sensor (distance 1 or the
same position) and by a second sensor placed at distance at most 3. In particular,
every type two machine has one sensor in its neighbourhood and another exactly at
distance 3, satisfying the required monitoring constraints.
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Figure 3: Graph model representing example of machine placement locations.
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Figure 4: Graph model representing sensor placement locations.
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