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Abstract

In recent work, Amdeberhan and Merca considered the integer partition
function a(n) which counts the number of integer partitions of weight n
wherein even parts come in only one color (i.e., they are monochromatic),
while the odd parts may appear in one of three colors. One of the results
that they proved was that, for all n > 0, a(7n 4+ 2) =0 (mod 7). In this
work, we generalize this function a(n) by naturally placing it within an
infinite family of related partition functions. Using elementary generating
function manipulations and classical ¢-series identities, we then prove
infinitely many congruences modulo 7 which are satisfied by members of
this family of functions.

1 Introduction and Background

A partition of a positive integer n is a finite sequence of positive integers A =
(A1,...,A;) with Ay +--- + X; = n. The ), called the parts of A, are ordered
so that

(1)

Aj.
We denote the number of partitions of n by p(n); for example, the partitions of n = 4
are

4), (3,1), (2,2), (2,1,1), (1,1,1,1),

which means p(4) = 5. More information about integer partitions can be found in [3].
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Recently, Amdeberhan and Merca [I] considered the function a(n) which is de-
fined by

- n (0%
;a(n)q . (2)

where (A;q)s = (1 — A)(1 — Aq)(1 — Ag®)(1 — Ag?) ... is the usual ¢-Pochhammer

symbol. It is straightforward to see that (2]) can be rewritten as

2

- —:9)% (@05 _ (a5 _ fF
2ol = (q,Q)oo (0%  (@od  fF )

n=0
where we have used the shorthand notation f;, := (¢*; ¢*)s. It is also clear that

(% ¢*)% _ 1
(0% (%0 oo(q; 4?)2

from this generating function identity we see that a(n) counts the number of inte-
ger partitions of weight n wherein even parts come in only one color (i.e., they are
monochromatic), while the odd parts may appear in one of three colors [12} /A298311].
(This interpretation of a(n), along with a few others, appears in the paper of Amde-
berhan and Merca [1].) Thus, for example, a part of the form 53 in such a partition
means the part has weight 5 and is endowed with the color 3. Within this context,
the ordering of the parts () mentioned above is no longer sufficient (as it does not
take into account the possible colors). Thus, to construct these “colored” partitions,
we define the following ordering on colored parts: a, > ., exactly when a > 8 or
when a = 8 and ¢; > ;.

As an example, we see that a(3) = 16 thanks to the following colored partitions
in question:

(33), (32), (), (2,13), (2,12), (2,11),
(13,13,13), (13,13,12), (13,15, 14),
(13,12, 15), (13,12,1y), (13,14,1y),

(12712712)7 (12712711>7 (12711711)7 (11711711)

For the purposes of this work, we highlight one particular arithmetic property
which is satisfied by a(n).

Theorem 1.1 (Corollary 7, [1]). For alln >0, a(7n+2) =0 (mod 7).

We note that Amdeberhan and Merca prove Theorem [[L1] as a corollary of the
following theorem which they prove using the Mathematica package RaduRK of
Smoot [14]:

Theorem 1.2. We have

(e 9]

Za (Tn+2)q

n=0


https://oeis.org/A298311
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1 14

While this result clearly implies Theorem [LLT], the technique used to prove Theo-
rem is somewhat unsatisfying. One of the primary goals of this work is to provide
a truly elementary proof of Theorem [Tl (We note in passing that Guadalupe [§]
has also provided an elementary proof of Theorem [[1] using a result from Cooper,
Hirschhorn, and Lewis [5]. The proof which we provide below is also elementary, and
follows from standard generating function manipulations and theta function results.
Moreover, our proof fits within the context of the other congruence proofs that we
will provide in this paper.)

We now define an infinite family of functions ay(n) as the number of partitions of
n wherein even parts come in only one color, while the odd parts may be “colored”
with one of k colors for fixed k > 1. Clearly, a;(n) = p(n), the unrestricted integer
partition function described above, while az(n) = a(n) of Amdeberhan and Merca.
(We note, in passing, that as(n) = p(n), the number of overpartitions of weight n
[6, 11].) Using (B]) as a template, we then know that

00 k—1
Zak(n)qn = 2k; . (4)
n=0 fl
We can now state our main theorem.
Theorem 1.3. For alln > 0,
a1(Tn+5)=0 (mod 7), (5)
az(Tn +2)=0 (mod 7), (6)
as(Tn+4) =0 (mod 7), (7)
as(7Tn+6) =0 (mod 7), and (8)
a7(fn+3)=0 (mod 7). 9)

Note that Theorem [Tl is (@) above.

As an aside, we briefly highlight the work of Srinivasa Ramanujan on congruence
properties satisfied by the partition function p(n) [I3]. In his groundbreaking work,
Ramanujan proved that, for all n > 0,

p(bn+4) =0 (mod 5),
p(Tn+5)=0 (mod 7), and (10)
p(1ln+6) =0 (mod 11).

(Given the comments above, we see immediately from (I0) that (E) holds.) Readers
who are interested in elementary proofs of Ramanujan’s congruence results for p(n)
mentioned above, as well as generalizations, may wish to consult the work of the first
author [10].
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In Section 2 we collect the tools necessary for proving Theorem [[L3l In Section [3]
we then prove Theorem [[L3l All of our proofs are elementary and follow from classic
results in g—series along with straightforward generating function manipulations.

2 Necessary Tools

The set of tools that we require to complete each of our proofs is rather small. First,
we require the following well-known classical g—series identity.

Lemma 2.1 (Jacobi). We have

o0

=3 ()f @k + 1)g D
k=0

= J0(q") +qJi(q") + ¢*T5(¢")  (mod 7)
where J;, 1 = 0,1,3, are power series with integer coefficients.

Proof. For an elementary proof of the equality above, see [10, (1.7.1)]. To obtain the
congruence statement above, we follow the argument in [I0, Section 3.4]. Note that

k(k + 1)
2

and k(k+1)/2=6 (mod 7) if and only if £ = 3 (mod 7). In this case, the coefficient
2k+1 =0 (mod 7). Hence, modulo 7, the only terms that remain must be of the form
g™, q" or ¢”713 for some nonnegative integer j. The congruence above follows. [

Remark 2.2. Note that Jy(¢"), ¢J1(¢"), and ¢3J3(¢") are the same as Jy, J;, and J;
in 10, (3.4.1)].

=0,1,3,6 (mod7)

We also require three results that appear in [10, Chapter 10].

Lemma 2.3. We have

5 o
f_12 — Z (6n+ 1)qn(3n+1)/2
2

n=—oo

Aoq") + aAi(q") + ¢°As(¢")  (mod 7), (11)

112JZ 3n+2
3n+1 n(3n+2)
) E ( )q

n=—oo

Bolq") + qBi(¢") + ¢°Bs(¢") (mod 7), and (12)

5 [e.9]
f_22 _ Z (_1)n<3n+1)qn(3n+2)

1

n=—oo

=Co(q¢") +qCi(¢") + ¢°Cs(q")  (mod 7), (13)

where each A;, B;, and C; is a power series with integer coefficients.
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Proof. For proofs of the identities above, see [10, (10.7.3), (10.7.6), and (10.7.7)],
respectively.
To see the congruences, note first that, for any integer n,

n(3n+1)/2=0,1,2,5 (mod 7).

Moreover, n(3n +1)/2 = 2 (mod 7) if and only if n = 1 (mod 7). In this case, the
coefficient 6n + 1 = 0 (mod 7). Hence, modulo 7, the only terms that remain must
be of the form ¢”,q™*, or ¢"/*5 for some nonnegative integer j. This yields the
congruence in ([II]). Next, note that, for any integer n,

n(3n+2)=0,1,2,5 (mod 7).

Moreover, n(3n 4+ 2) = 2 (mod 7) if and only if n = 2 (mod 7). In this case, the
coefficient 3n +1 = 0 (mod 7). Hence, modulo 7, the only terms that remain must

be of the form ¢”/,¢™*!, or ¢/ for some nonnegative integer j. This implies the
congruences in both (I2) and (I3). O

To close this section, we note a pivotal congruence result which follows from the
Binomial Theorem and congruence properties of certain binomial coefficients.

Lemma 2.4. For a prime p and positive integers a and b, we have

S =t (mod p).

3 Elementary Proof of Theorem

We can now provide elementary proofs of each congruence in Theorem thanks to
the work completed in the previous section.

Proof of Theorem [L.3.
Proof of ({)). Note that

ial(n)q” = fl = ;—{; = “;—16 (mod 7) from Lemma 2.4]
n=0 1 1 7
_ A
fz
_ (Jolg) + qu(f) + @ J(d"))” (mod 7)
7

using Lemma 21 Note that it is not possible to obtain a term of the form ¢™*3

when the last expression above is expanded. Congruence (Bl follows.

As noted earlier, this particular congruence is simply a restatement of Ramanu-
jan’s congruence stated in ([I0). We include the proof above since it fits naturally
with the other proofs we provide here.
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Proof of ([@). Since
N w_ I3
Z az(n)q" = 73,
n=0 1

we know that replacing ¢ by ¢ immediately yields

a (n)q2n _ _
n=0 ’

B
= @ (mod 7)
(Bo(q") +qB1(q") + ¢°Bs(q")) (Co(q") + qCi(q") +q°Cs(q"))

f14 (mod 7)

using (I2) and (I3). It is not possible to obtain a term of the form ¢?(™+2) = ¢7(2n)+4
in the last expression above, so (@) follows.

Proof of (7). We see that

S =B BB BB i
n=0

Cf A fz
_ (Ao(g") +qAi(d") + ¢°As(q")) (Colg") + ¢Ci(q") +°C5(q")) (mod 7)
N 7

again using (1) and (I3). We cannot arrive at a term of the form ¢™™ in the last
expression above once this expression is expanded, so () follows.

Proof of (§)). In this case, we see that

o0 4 2 r4 2 r4

nz_oag)(n)q” = % = f}f} = flf? (mod 7)

(Ao(q™) + ¢*Ai(g") + ¢"°As(¢")) (Bo(q") + gBi(q") + ¢°Bs(q"))
f7

using (II)) (with ¢ replaced by ¢?) and ([I2)). It is not possible to obtain a term of
the form ¢ in the last expression above, so () follows.

Proof of ([@)). Lastly,

(mod 7)

o0 6 312 312
nz;aq(n)q” = ;—j? = (];?17) = (];z: (mod 7)
_ (B(@) + P T(e) + ¢°T3(q"))’ (mod 7)

f7

from Lemma 211 (with ¢ replaced by ¢?). Because we cannot obtain a term of the
form ¢™*3 from the last expression above, we know that the congruence (@) follows.
O
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4 Final Remarks

We close this note with two sets of thoughts. First, Theorem can be easily
extended to an infinite family of results in the following way.

Corollary 4.1. For all 7 > 0 and alln > 0,

a7j+1(7n + 5) =0 (IHOd 7),
arj4+3(Tn+2) =0 (mod 7),
azj+4(Tn+4) =0 (mod 7),
azj4+5(Tn+6) =0 (mod 7), and
azj+7(Tn+3) =0 (mod 7)
Proof. Note that for any j and k,
Za7j+k(n)q = QUT
n=0 1
75 k—1
=42 . J2
EA iy
= f—ffl : 216: (mod 7)
o h
_Juy n
= = Zak(n)q :
f7 n=0

The result then follows thanks to Theorem and the fact that %4 is a function
7

of ¢". O

While Corollary [4.1] may not seem impressive given the ease with which it is
proved, the fact remains that this corollary provides an infinite collection of congru-
ences modulo 7 for this family of functions. Moreover, it is not obvious (a priori)
from the definition of the partitions in question that such divisibilities modulo 7 will
persist as the number of colors on the odd parts increases without bound.

Second, we note that one might ask what happens when the role of the even parts
and the odd parts is switched, that is, if the odd parts are monochromatic and the
even parts can appear in k different colors. In that case, the generating function is
given by

()" _ (o 1

@9k (@ak(@ )i (60)(a? )5t
This family of functions has been studied recently; see the work of Amdeberhan,
Sellers, and Singh [2] as well as subsequent work of Guadalupe [9] and Das, Maity,
and Saikia [7]. Indeed, the case k = 2 of the above family of functions was studied
in 2010 by Chan [4] who developed a cubic analog of Ramanujan’s most beautiful
identity.
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