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Abstract

Let P,, X C,, be the strong product on P, and C,,, where P,, and C,, are
the path and the cycle on m and n vertices, respectively. In 2018 Ouyang,
Wang, and Huang conjectured that the crossing number of P,, X C), is
(m — 1)n for m > 3 and n > 3. In this paper we confirm the correctness

of the conjecture, and we determine the crossing number of a spanning
graph of P, X C,.

1 Introduction

One of the concepts characterizing how far a non-planar graph is from being a planar
graph is its crossing number. Apart from its graphic interest, crossing number finds
applications in other fields, such as VLSI design [1], discrete geometry [4]. However,
determining the crossing number of a graph is not easy work. For general graphs,
Garey and Johnson [3] have proved that it is NP-complete to determine whether the
crossing number of a graph is at most k. For more about the crossing number of
graphs, one can refer to [2,8].

Let G; and G4 be two disjoint graphs. The strong product on GGy and G4, denoted
by G1 X G, is the graph with vertex set {(x,y) : x € V(G;) and y € V(Gq)} and
edge set {(z1,y1)(z2,y2) : 1 = 22 and y1ys € E(Gy) or y; =y and z129 €
E(Gy) or x1x9 € E(Gy) and 1192 € E(Ga)}.

Let P, be the path of s vertices, where s > 1. Let C; be the cycle of t vertices,
where t > 3. In 2013, Kles¢ et al. [5] studied the crossing number of the strong
product on two paths. They showed that the crossing number of P3X P, is n — 3 for
n > 3, and they conjectured that the crossing number of P,,X P, is (m—1)(n—1)—4
for m,n > 4. The author [6] proved that the conjecture is true except for m = 4 and
n = 4. Ouyang, Wang, and Huang [7] explored the crossing number of P,, X C), in
2018. They obtained the theorem below.
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Theorem 1.1 [7] cr(Pa X C,) =n forn > 3.
Subsequently, they proposed the following conjecture.
Conjecture 1.2 [7] ¢r(P,XC,) = (m —1)n form >3 andn > 3.

This paper confirms the correctness of Conjecture 1.2 in Section 2. In the paper,
we always suppose that P,, = ujus...u,, and C,, = vivs...v,v;, where m > 2 and
n>3. Fori=1,2,...,mand j =1,2,...,n, the vertex (u;, v;) is usually labeled by
zi i It zi12i41,0 and 24112, are removed from P, M), fori =1,2,...,m —1, then
we obtain a spanning subgraph of P,, X ), which is denoted by F,,,. We observe
that F,,, is also a supergraph of P,, X P,. In Section 3, we intend to explore the
crossing number of F,,, to understand the gap between cr(F,,,) and cr(P, X C,)
as well as the gap between cr(F,, ) and cr(P, X P,).

The rest of this section deals with some terminology for crossing numbers and
graph theory.

A good drawing of a graph G is a representation of GG in the plane which satisfies
the following conditions: (1) Each edge is represented by a simple continuous curve
which does not pass through any point representing a vertex other than its ends,
(2) no two adjacent edges cross each other, (3) no two edges cross each other more
than once, (4) each intersection of edges is a crossing rather than tangential, and (5)
no three edges cross in a common point. In this paper a drawing is always a good
drawing, unless stated otherwise.

The crossing number of the drawing Il of a graph G, denoted by cr(Il), is the
number of edge crossings in II. The crossing number of G, denoted by cr(G), is the
minimum integer k£ such that G has a drawing with k£ edge crossings. A drawing II
of G is optimal if cr(I1) = cr(G).

A graph H is a subdivision of G if H is isomorphic to G or H can be obtained
from G by inserting vertices of degree two on some edges. Obviously, c¢r(H) = cr(G)
if H is a subdivision of G. A vertex of G is called a branch vertex if its degree is at
least three in GG. For a bipartite graph F', if the vertex set V (F) is written as X UY,
then our meaning is that both X and Y are two independent sets of F'.

2 The crossing number of P, X C,

This section starts with a lemma on an upper bound for cr(F,, X C,,).
Lemma 2.1 [7] cr(P,XC,) <n(m—1) form >2 and n > 3.
A (good) drawing of P,, X C), is shown in Figure 1.
In order to obtain a lower bound for ¢r(P,, X C,,), let us start with two lemmas.

Lemma 2.2 Let H be a subgraph of a connected graph G which is isomorphic to a
subdivision of K5, and let ) be a subgraph of H which is isomorphic to a subdivision
of K4. Then some edge in Q) is crossed in any drawing of G.
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Figure 1: A drawing of P,, ¥ C,.

Proof. Let ® be a drawing of G. Since H is isomorphic to a subdivision of K3, the
drawing of ® restricted in H has at least one crossing.

Suppose that v, v, v3 and v, are the four branch vertices of (). Then those are
also the branch vertices of H. If some edge of () is crossed by another edge of @,
then the lemma holds. Otherwise, the drawing of ® restricted in () divides the plane
into four regions in which one is unbounded. Suppose that vy is the fifth branch
vertex of H. No matter which region the vertex vj is in, there is at least one edge of
@ which is crossed by some edge of E(H) — E(Q) by the Jordan curve theorem. [

By a similar argument to that in the proof of Lemma 2.2, one can show the lemma
below.

Lemma 2.3 Let H be a subgraph of a connected graph G which is isomorphic to a
subdivision of K33, and let () be a subgraph of H which is isomorphic to a subdivision
of Ko3. Then some edge in Q) is crossed in any drawing of G.

We intend to obtain a lower bound for ¢r(P,, K C,,). We need the following result.
Lemma 2.4 [4] The crossing number of the complete graph Kg is three.

The lemma below gives a lower bound for er(P,, X C,,).
Lemma 2.5 cr(P,XC,) > (m—1)n form >2 and n > 3.

Proof. For an arbitrary fixed n(> 3), we use the induction on m to show that
cr(Pn ®C,) > (m — 1)n. If m = 2, the inequality holds by Theorem 1.1. Assume
that cr(P,XC,,) > (k—1)n, where k > 2. Let ® be an optimal drawing of P X C,.

If n = 3, let G be the subgraph of P, X C, induced by all vertices in the set of
{21, 29, zi3]i = 1,2}. We observe that G is isomorphic to the complete graph K.
By Lemma 2.4, there are three crossings in G. Let D' = 231299223221. Then D’ is a
3-cycle in which any two edges can not cross each other in ®. So we can delete three
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edges in E(G) — E(D’) to decrease three crossings in ®. Notice that the obtained
graph has a subgraph isomorphic to P, X C,,. Then cr(®) > 3+ 3(k — 1) = 3k.

We now suppose that n > 4. For ¢+ = 1,2,...,n, let Q); be the subgraph of
Py+1XC), induced by the four vertices 21 ;, 21,11, 22, and 29,11, where the addition in
the second indices is read modulo n. Then @); is isomorphic to K4 fort =1,2,... n.

Let D1 = 21,172,271,2722,1%1,1 be a CYCIG n Pk+1IEC'n. Let R1 = Z21,271,3 - - - ”1,n”1,1 and
Ry = 209293 ... 22,221 be two paths in P, 1XC,,. Then the subgraph H; of P,1XC,
induced by all edges in E(D; U Ry U Ry) U {21 3223} is isomorphic to a subdivision
of K33, where the branch vertex set of Hy is {211, 212, 223} U{%21, 222, 213}. Let H]
be the subgraph of H; induced by all edges in E(D; U R;). Then Hj is isomorphic
to a subdivision of Ky3. By Lemma 2.3, some edge e; in Hj is crossed in ®. We
consider two cases.

Case 1 The edge e; is in D;.
Since D; has four edges, there are four cases to consider.
Case 1.1 The edge e; is the edge 2;122,1.

In this case e; is first deleted, and then the obtained drawing is denoted by ®f.
Let Gy be the graph corresponding to ®]. So G; contains the two edges 221212
and 291299 as well as the two paths 2121 ,21n—1... 213 and 29123123223 3%2,3. Thus
(G has a subgraph isomorphic to a subdivision of K5 with the branch vertex set
of {221,212, 229, 213, 223} which contains 2. By Lemma 2.2, some edge in Qs is
crossed in @7.

We now apply the following operations which are denoted by Operation Class 1.

(1) If someone of 21,2222, 212213, 21,2723 and 222713 is crossed in (I),17 then it is
deleted, and go to (4). Otherwise, go to (2).

(2) If 209203 is crossed in @, then it is redrawn such that it nears to the path
2997212723 in @) and it crosses at most one edge in Sy, where Sy = {212211, 212221,
212213}, since the degree of z; 5 in G is five. If the new drawing of 2229 3 have not
any crossing, then go to (4). Otherwise, the edge in Sy crossed by 23925 3 is removed
and go to (4). If 29529 3 has no crossings in @}, then go to (3).

(3) The edge 21 3223 must be crossed in ®}. Subsequently, 21 3223 is redrawn such
that it nears to the path 2; 321 220 3 in ®] and it crosses at most one edge in Sy, where
Sy = {z12211, 212%2.1, 212722} If the new drawing of z; 325 3 have not any crossing,
then go to (4). If the new drawing of z; 32235 has one crossing, then the edge in Sy
crossed by 213223 is deleted and go to (4).

(4) Let @4 be the obtained drawing, and let G5 be the graph corresponding to @Y.

Notice that the edges 211222, 22,1222, 22,2223, and 21 322 3 are preserved in G. We
observe that Gy must contain one of the edge 29223 and the path 23921 2213, and
that G2 has the path 2z99259233234224 and the path 29929121 n210-1...214. S0 Gy
has a subgraph, say B, isomorphic to a subdivision of K5 with the branch vertex set
of {2229, 223, 224, 213, 214} which contains @)3. For example, if G5 contains the edge
299713, then B is shown in Figure 2.
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Figure 2: The graph B.

By Lemma 2.2, some edge in Q)3 is crossed in ®,. We then proceed with a similar
argument to that for (). Then we obtain the drawing ®} which corresponds to the
graph G3. If n = 4, then we do not proceed with the following argument. Otherwise,
(G5 has a subgraph isomorphic to a subdivision of K5 which contains ()4 by a similar
argument as G. Subsequently, ()4 is discussed as ()3, and so on. The procedure does
not stop until the drawing ®/ _, is obtained. Let G,,_; be the graph corresponding
to @/ ;.

We observe that G,_; contains the edge z; 1292, the cycle D3 = 21 1290221210211
and the path R = 229293...22,-1. We also observe that G,_; has a path, say
Ry, which is one of the edge 29,121, and the path 25,121 ,-121,. S0 G,—1 has a
subgraph H, isomorphic to a subdivision of K3 3, where the set of the branch vertices
of HQ is {2171, 22,1, ZQ’n_l} U {22’2, ARY Zgjn}. See Figure 3.

Let H)} be the graph obtained from H; by deleting the vertex zy,. Then HJ is
isomorphic to a subdivision of Ky3. By Lemma 2.3, some edge e; in HY is crossed
in the drawing of @], restricted in Hj.

Z2,n—1

Z1,n,

Figure 3: The graph H, in which R3 and R, are two paths.

If e is some edge in {z02211, 221210, 211210} U E(R4), let @/, be the obtained
drawing. Let G, be the graph corresponding to ®/. Then G, has a subgraph
isomorphic to a subdivision of P, X C,,. By the assumption, c¢r(P, X C,) > n(k —1).
So cr(®) > er(®)) +n > kn.

If any edge in {292211, 221210, 211210} U E(Ry) is not crossed, then es is 221229
or some edge of Rs. If €5 is 291299, then it is removed. In this case the obtained graph
contains the path 2921 121,221, which has a subgraph is isomorphic to a subdivision
of P, X C),. Otherwise, ey is some edge of R3 which is crossed by some edge es,
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where eg is one of 29,211, 220221, and 29 ,20,—1. If €3 is 29,21 1, then it is removed,
which will bring forth a graph isomorphic to a subdivision of P,XC,,. If e3 is 22,221
or 23,%2n—1, then es is also deleted. Considering that the path 23,21 121,221 or
the path 29,21121 , 4221 exists, the obtained graph has a subgraph isomorphic
to a subdivision of P, X C),. Proceeding with a similar argument as in the previous
paragraph, we have that cr(®) > cr(®)) +n > kn.

Case 1.2 The edge e; is 22121 2.

In this case e; is first deleted. We also denote @) by the obtained drawing, and
let G be the graph corresponding to ®|. Then G; contains the path 29121121 2.
Thus G; has a subgraph isomorphic to a subdivision of K5 which contains )5 as in
Case 1.1. Next, we proceed with a similar argument to Case 1.1. Then cr(®) >
cr(®)) +n > kn.

Case 1.3 The edge e; is 21 129.0.

Proceeding with a similar argument as in Case 1.1, we obtain the graph G,,_;
which has the edge 21 1221. We consider two cases.

Case 1.3.1 2322 is an edge of G,,_;.

If G),—1 has the edge 21 2222, then G,,_; has a subgraph isomorphic to a subdivision
of Hy. Proceeding with a similar argument as in Case 1.1, we have that cr(®) >
kn. Otherwise, G,_; has the edge z;2223. In this situation, G,,_; has the path
212%23%22. If n = 4, then G,_; has a subgraph isomorphic to a subdivision of
K5 with the branch vertex set of {z11,291, 214,224,223} If n > 4, then G,_;
has a subgraph isomorphic to a subdivision of K33 with the branch vertex set of
{711,221, 221 }U{Z1,n, Z2.n, 22,3 }. Subsequently, we proceed with a similar argument
to that in Case 1.1. Then cr(®) > kn.

Case 1.3.2 2,22 is not an edge of G,_;.

In this case G,—1 has the edge 22121 2. Let F, be the subgraph of G),_; induced
by 2n vertices 211,212, ..., 210,221,222, -.,%n,. LThen F, has the cycle 251225 ...
Zonzen. Fori=1,2,...,n—1, let Q) be the graph obtained from ; by deleting the
edges 21,i4122,11 and 222211

In the process of obtaining G,,_1, we apply Operation Class I or similar operations
to Operation Class I n — 1 times. For the convenience of argument, those n — 1
operations are denoted by OP;,OP,,...,OP,_;. We have the following observations.

Observation 1. For ¢+ = 1,2,...,n — 1, there is at most one edge which is
deleted after Op; has been applied.

Observation 2. Fori=1,2,...,n—1, there are at most two edges in @); which
are removed.

Observation 3. Fori=1,2,...,n—2, there is at most one edge in @;; which
is deleted if two edges in Q! are removed.

Observation 4. For i = 1,2,...,n — 2, if two edges in @), are removed, then
the deletion of one edge is caused by applying Op;.1.



D. MA / AUSTRALAS. J. COMBIN. 95 (3) (2026), 389-404 395

Fori=1,2,...,n—1, let [; be the number of all edges in @} which are removed
in the process of obtaining G,,_;. Clearly, [y = 2 and [,_; < 1. By Observations 1
and 2, we have the following claim.

Claim 1. Fori=1,2,...,n—1, 0 <[; <2. Moreover, Z?;llli <n-1.
For the graph F,,, we have the claim below.
Claim 2. F,, has some subgraph isomorphic to a subdivision of Kj 3.

Suppose on the contrary that the above claim does not hold. We first consider
l,—1. Since l,,_1 = 0 or 1, we consider two cases.

Case 1.3.2.1. [,_; =0.

If I,_o <1, then F,, has the edge 29,221 ,—1 or the path 23, 221,221 ,-1. SO
F,, has a subgraph isomorphic to a subdivision of K33 with the branch vertex set of
{ng_g, Z1,n;, ng} U {Zl,n—b Z2.n—15 22’1}, a contradiction.

If l,_o = 2, and if F,, has one of 29,921 -1 and 2,221 n—221,n—1, then there is
a contradiction by a similar argument as the above paragraph.

We now suppose that [,,_o = 2, and that F,, has neither the edge 29,221 ,-1
nor the path 29, 221,221 ,—1. In this situation, F,, has the edge 21 ,,_222,-1. Con-
sidering that [; = 2, we have that n # 4. Otherwise, Z?:lli > 4, which violates
Claim 1.

-1

We now suppose that n > 5. Since Y . 'l; < n — 1, there is some j such that
[; =0, where 2 < 5 <n — 3. Let k be the largest number such that [, = 0, where
k <n-—3. If n =75, then k = 2. In this situation, GG,,_; has a subgraph isomorphic to
a subdivision of K33 with the branch vertex set of {291, 213, 223} U{z1.2, 222, 224}, &
contradiction. If n > 5, thenl; > 1for j = k+1,...,n—=3. If {11 = 2, then [, =1
by Observation 4. Notice that the removed edge in @, is caused by Opy3, and
that ;.3 > 1. So lx13 = 1, and so on. At last, [,,_5 < 1, a contradiction.

If lx41 = 1, then the deleted edge in @, is caused by Opyy1, since [ = 0.
If Ix,o = 2, then we proceed a similar argument as the case that [y, = 2, which
follows that I,_o = 1, a contradiction. So ly42 = 1. Furthermore, [; = 1 for
j=k+3,...,n—3. Thus Z::kllz =n — 1 — k, which implies that Zf;llli <k.

If Iy <1, then F,, has one of 2z ,_1211 and 29121 5—1215. If F}, has the edge
21 k+1%22,k+2, then F, has a subgraph, say 73, which is isomorphic to a subdivision
of K33 with the branch vertex set of {zax—1, 21441, 22611} U {21k, 22k, 22442}, 2
contradiction. Otherwise, F), has the edge 2; jy121 k42, since ly4; = 1. Considering
that lp4o = 1, I, has one of 2 p1222 p42 and 2z py229 k3. Then F,, has a subgraph
isomorphic to a subdivision of 77, a contradiction. Refer to Figure 4. Hence l;,_, = 2.
In this situation, if F}, has one of 23 121 and 29 121 k121, then F), has a subgraph
isomorphic to a subdivision of K33 by a similar argument as the above. We now
suppose that [}, has neither z; ;121 ; nor 29,121 k—121,5. S0 [}, contains zj ;122 .

Since [; = 2 and [;_; = 2, we have that there is some ¢ such that [, = 0, where
2 < ¢ < k—2. Furthermore, we can suppose that c is the largest number. Proceeding
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Figure 4: Rj is one of 29121 % and 29,121 gp—121% and Rg = 22 5—1224-2 - - - 22 k+3-

with a similar argument as the case that [,_; = 0 and [,,_o = 2, we have that either
F,, has a subgraph isomorphic to a subdivision of K33 or [y = 0. If I = 0, then
[3 =1 or 2. Next, we proceed with a similar argument to that for [,. Then F,, either
has a subgraph isomorphic to a subdivision of K33 or l;_1 = 1, a contradiction.

Case 1.3.2.2. [,_; = 1.

In this case, F), has one of zy,_122, and z;,-121,22,. Considering that [; = 2
and Z?:_lll,- < n — 1, we have that there is some s such that [, = 0, where 2 <
s < n — 2. Let t be the smallest number such that [; = 0, where t > 2. If n = 4,
then ¢t = 2. In this situation, F,, has one of 213224 and 2 3214224. So F, has a
subgraph, say T, isomorphic to a subdivision of K33 with the branch vertex set of
{z2.1, 213,223} U {212, 222, 224}, a contradiction. We now suppose that n > 5. Then
l; >1forj=2,3,...,t—1. It [,_; = 2, we first consider that ¢ > 3. In this situation,
the two deleted edges are caused by applying Op;_; and Op;. So l;_o = 1. Moreover,
the deleted edge in @Q)}_, is caused by applying Op;_5. Furthermore, [;_3 = 1, and so
on. At last, [; = 1, a contradiction.

If t =2, then [;_; = 1; = 2. We now argue I3. If [3 < 1, then F}, has a subgraph
isomorphic to a subdivision of 75, a contradiction. So I3 = 2. In this situation, if F},
has one of 2 3224 and z; 321 422 4, then F,, has a subgraph isomorphic to a subdivision
of T, a contradiction. So F;, has the edge 23321 4. Notice that Z?;llli <n-—1. Then
there is some t’ such that {y = 0, where 4 <t < n —2. We can suppose that t' is the
smallest number. If ¢’ > 4, then we proceed a similar argument to that in the above
paragraph, which implies that I3 = 1, a contradiction. If ¢ = 4, then I, is argued as
l, and so on. Finally, either F,, has a subgraph isomorphic to a subdivision of K33,
or one of [, 1 =0 and [,,_; = 2 holds, a contradiction.

If l,_1 = 1, then F,, has one of 29, 121, and 2241214121 In this situation,
li+1 is argued. If [;41 < 1, then F, has one of 2241921441 and 2944021 14221 ¢41.
So F, has a subgraph isomorphic to a subdivision of K33 with the branch vertex
set of {2941, 21,041, 22441} U {214, 224, 22442}, & contradiction. So [ = 2. Since
Zleli > t, we have that Z;::lﬂlz < n—1—t. Then there is some g with [, = 0, where
t+2 < qg<n—2. We can suppose that ¢ is the smallest number. Next, we proceed
with a similar argument as [;, and so on. Then F;, either has a subgraph isomorphic
to a subdivision of K33 or one of [,_; = 0 and [/,_; = 2 holds, a contradiction. So
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Claim 2 holds.

Let Hjs be a subgraph of F),, which is isomorphic to a subdivision of Ks33. We
delete some edge e3 in Hz which is crossed in G,_; to obtain the drawing &/ . It
is not hard to find that G,,_1 — e3 has a subgraph isomorphic to a subdivision of
P, X C,. Then cr(®) > cr(®) +n > kn.

Case 1.4. The edge e; is 21 229.9.

Let G’ be the graph obtained from G by removing e;. Then G contains two
edges 229211, 222721 and two paths 290203... 20,221 and 2292213 ... 210211 S0 G}
has a subgraph isomorphic to a subdivision of K5 with the branch vertex set of
{#22, 211,221, #1,n, 22.n} Which contains @),,. Next, we proceed with a similar argu-
ment to Case 1.1. The difference is that Q,, Qn_1,..., Q2 will be discussed in this
order in the case. Thus cr(®) > cr(®)) +n > kn.

Case 2. The edge e; is not in D;.

Then e; is some edge in Ry = 2z192213...210211. Without loss of generality,
suppose that e; is 21,2141, where 2 < ¢ < n and the addition is read modulo
n. We also denote ®) by the drawing obtained from ®; be deleting e;, and let
(1 be the graph corresponding to ®}. Then G; contains the path 21,112,241
So GG has a subgraph isomorphic to a subdivision of K5 with the branch vertex
set of {29, 21441, 2211, 21,142, 22442} Which contains (;41. Next, we proceed with a
similar argument as in Case 1.1. The difference is that Q; 1, Qiio, ..., Qirn_1 Will
be discussed in this order in the case, where the addition is read modulo n.

Therefore, cr(®) > kn. By the arbitrariness of n, we conclude that cr(F,,XC,,)

>
(m — 1)n for m > 2 and n > 3. 0

By Lemmas 2.1 and 2.5, we have the following result.

Theorem 2.6 cr(P,XC,) = (m—1)n form >2 and n > 3.

3 The crossing number of £, ,

It is easy to obtain a drawing of F}, ,, with (m —1)(n —1) crossings from the drawing
shown in Figure 1. For example, a drawing of F} 4 is shown in Figure 5. So we have
the following lemma.

Lemma 3.1 ¢r(F,,) < (m—1)(n—1) form >2 and n > 3.
We now study the crossing number of £ ,,. First, we obtain a lemma below.

Lemma 3.2 Let G be the graph obtained from Fy,, by deleting the edges z1 121, and
29122, and adding the edges z1 129, and z9121,,. Then G is isomorphic to Fs,,

Proof. Let D1 = 21,1721,2 - - - A1,n—172,n%1,1 and D2 = 22,1722 .--22n—-1R1,n%2,1 be two
cycles in G. Let D] = 211212 .. Z1in—121n211 and Dy = 201209 .. 221220221 b€
two cycles in F3,,. Define a mapping ¢ from V(D; U Dy) to V(D] U Dj) as follows:

(1) Fori=1,2,....,n—1, p(21;) = 21,; and p(22;1) = 22,;.
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Figure 5: A drawing of F) 4.

(2) p(21.n) = 22m, and @(22n) = 211-

Then ¢ is a bijective mapping from V(D; U Ds) to V(D] U D}). Notice that the
subgraph of F;, induced by the vertices 21,1, 2201, 21,n and 2y, is isomorphic to
K,. Then it is not hard to check that ¢ is an isomorphism from G to Fy,. 0O

Lemma 3.3 cr(Fy,) >n—1 forn > 4.

Proof. We first show that cr(Fz4) > 3. Let ® be an optimal drawing of F54. Let
(Q); be the subgraph of Fb4 induced by the four vertices 21, 224, 2141 and zg,;1; for
1= 1,2,3. Suppose that Rl = 292,371,4%1,1, R2 = 292,3224%21, and Rg = Z21,272,3%2,2-
Then Q1 U{ Ry, Ry, R} is isomorphic to a subdivision of K5 with branch vertex set of
{#11, 221, 212, %22, 22,3}. By Lemma 2.2, some edge e; in @; is crossed in ®. Let @) be
the drawing obtained from ® by deleting e;, and let G; be the graph corresponding
to ®}. Then G; contains one of the two paths 21 221 1222 and 27 222 1205. We consider
two cases.

Case 1 The edge e; is not the edge 21222 2.

In this case, there are two cases to consider.

Case 1.1 The edge e; is neither 2121 2 nor 231229.

Then G; has two paths 224214211212 and 294221220. In this situation, G,
has a subgraph isomorphic to a subdivision of K5 with the branch vertex set of
{z1.9, 202, 213, 22,3, 224} which contains (). By Lemma 2.2, some edge ey in @)y is
crossed in ®]. Let &) be the drawing obtained from ®| by removing ey, which
corresponds to the graph Gy. If ey is the edge 213223, then G5 has the cycle
Dy = z12203299213%12, and Go contains one of zj 1299 and 297212. Without loss
of generality, suppose that G5 contains 21 ;292. So G5 has a subgraph isomorphic to
a subdivision of K33 with the branch vertex set of {z1 2,222,204} U {211, 21,3, 223}
Thus er(®}) > 1, which implies that cr(®) > 3. If ey is not the edge 213223, then
Go has one of the two paths 213212223 and 2 32209223 as well as (3. Since one of
211722 and 212291 is in G2, we have that Gy has a minor isomorphic to K5 with
the branch vertex set of {211, 212,213,223, 214,224}, {211,222, 21,3, 223, 21,4, 224},
{2271, 22,2, 21,3, 22,3, 21,4, 22’4}, or {22’1, 21,2, 21,35, 22,3, 21,45 2274}. Hence CT((I)/2) Z 1, which
means that cr(®) > 3.

Case 1.2 The edge e; is one of 21 1212 and 29 1292.
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Without loss of generality, suppose that e; is 2z91222. Then G contains the
paths 211212213, 211222223, and 21 1221224. So Gy has a subgraph isomorphic to a
subdivision of K5 with the branch vertex set of {211, 21,3, 22,3, 21 4, 22.4 } Which contains
Q3. By Lemma 2.2, some edge e3 in @3 is crossed in ®). We also denote by @
the drawing obtained from @/ by deleting e;. Let Gy be the graph corresponds
to ®,. Then Gs contains one of the two paths 213204203 and z13214223. S0 Ga
has a subgraph isomorphic to a subdivision of K33 with the branch vertex set of
{712,202, 214} U{211, 21,3, 223} Or {212, 222, 204} U {211, 21,3, 223}. Thus cr(®) > 1,
which implies that cr(®) > 3.

Case 2 The edge e; is the edge 21 2225.

In this case we also denote by (G the graph obtained from G by deleting e;.
Obviously, G; has three paths 211212213, 21,1222%23, and 211221224. Proceeding
with a similar argument as in Case 1.1, we have that cr(®) > 3.

We now use induction on n to show that cr(Fs,) > n — 1. If n = 4, then the
proposition holds by the former paragraphs. Assume that the proposition is true if
n = k, where k > 4. We now consider the case that n = k 4+ 1. Suppose that II is
an optimal drawing of F5 ;1. The graph ) is defined as in the first paragraph in
the proof. By the similar argument to that in the first paragraph in the proof, some
edge in @) is crossed in II.

If some edge in E(Q1) —{z12%22} is crossed in I, then it is deleted. Let II' be the
obtained drawing, and let H be the graph corresponding to II". Then H contains the
two edges 211212 and 291222 Or two edges 211222 and 29121 2. If the former occurs,
then H has a subgraph isomorphic to a subdivision of Fy;. If the latter occurs,
then H also has a subgraph isomorphic to a subdivision of F;j by Lemma 3.2. By
the induction assumption, c¢r(H) > k — 1, we have that cr(Il) > k. If any edge in
E(Q1) — {z12222} is not crossed in II, then z; 2295 must be crossed in II. Next, the
edge 21 2229 is redrawn such that it nears to the path 2221 1229 in II which crosses
exactly 211221 or have not any crossing, since the degree of 2, in H is four. If the
former occurs, then 2z;122; is deleted. Otherwise, there is nothing to do. Let II”
be the obtained drawing, and let H’ be the graph corresponding to I1”. Then H’
has a subgraph isomorphic to a subdivision of F;,j;. By the induction assumption,
cr(H') > k—1. So er(Il) > k. Hence cr(Fy,) > n—1for n > 4. 0

Lemma 3.4 ¢r(F,,,) > (m—1)(n—1) form >2 and n > 4.

Proof. For an arbitrary fixed n(> 4), we use the induction on m. The base case is
that m = 2. By Lemma 3.3, ¢r(F,,) > n—1. Assume that cr(Fy,,) > (k—1)(n—1),
where k£ > 2. Suppose that II is an optimal drawing of Fj, ;.

Fori=1,2,...,n—1, let Q; be the subgraph of Fj; , induced by the four vertices
214y 224, #1441 and 2o ;41. Clearly, @, is isomorphic to K4 fori=1,2,...,n—1. Asin
the proof of Lemma 3.3, it can be found that Fj,, has a subgraph isomorphic to a
subdivision of K5 which contains ). So some edge in ) is crossed in Il by Lemma
2.2. We apply the following operations which are denoted by Operation Class II.
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(1) If one of 21,1221, %1,171,2, 21,1222 and 221212 is crossed in H, then it is deleted,
and go to (4). Otherwise, go to (2).

(2) If 212292 is crossed in II, then it is redrawn such that it nears to the path
219211222 in I1. If the new drawing of 21 2222 has no crossings, then go to (4).
Otherwise, 21 2222 can be redrawn such that it exactly crosses 211221, since the
degree of z;1 in Fjy1,, is four. Subsequently, 21 ;29 is deleted, and go to (4).
If 21 9295 has no crossings in II, then go to (3).

(3) The edge 221222 must be crossed in II by Lemma 2.2. Subsequently, it is
redrawn such that it nears to the path 29121122 2. If the new drawing of 25 1229
have not any crossing, then go to (4). Otherwise, 291222 can be redrawn such
that it exactly crosses z;11212. Next, the edge 211212 is deleted and go to (4).

(4) Let IT} be the obtained drawing, and let G be the graph corresponding to IT}.

Then cr(Il}) < er(Il) — 1, and Gy contains the path 25129221 2 and one of 23121 2
and 21211212 In addition, G; contains the two paths 23129521 5-1...213 and
291%31%32%33%2,3. S0 G1 has a subgraph isomorphic to a subdivision of K5 with
the branch vertex set {291,212, 222, 21,3, 22,3} which contains Q2. By Lemma 2.2,
some edge in Q)9 is crossed in II}. Next, we proceed with similar operations to Op-
eration Class I. Then we obtain drawing I, with cr(Il5) < er(II}) — 1. Let G
be the graph corresponding to II,. If n = 4, then we do not proceed with the
following argument. Otherwise, we observe that G5 contains the paths 2222321 3,
2922212202 nZ1m—1 - - - 214, ANd 22923223323 4224. S0 Go has a subgraph isomorphic
to a subdivision of K with the branch vertex set {222, 213, 22,3, 214, 224} Which con-
tains Q3. Subsequently, ()3 is argued as ()7, and so on. After (),_o has been dealt
with, let II/, , be the obtained drawing, and let GG,,_s be the graph corresponding to
I .

We now consider G,_o. We observe that G,,_» has the path 29, _922,-3...221,
and one of 239211 and 29222121 1. Without loss of generality, suppose that G,,_, has
the edge 222%71,1- Since Gn_g has the paths 22n—222n—3 - -22221,1%1,n and
29 n—2%3 n—2%3 n—173n%2.n, We have that G,_s has a subgraph isomorphic to a subdivi-
sion of K5 with the branch vertex set {z2,,—2, 2111, 21,0, 22.n—1, 22.n} Which contains
Qn—1. So some edge e in @, is crossed in I/ _, by Lemma 2.2. Subsequently, e is
deleted. Let II! ;| be the obtained drawing, and let G,,_; be the graph correspond-
ing to II/,_,. If e is not the edge 22,122, then G, has a subgraph isomorphic to
a subdivision of Fj . If e is the edge 2z2,-122,, then G, _; has the path the path
29 n—121,n%2mn- 90 Gp_1 also has a subgraph isomorphic to a subdivision of Fy,,. Then
er(Il ) <er(Il,_5) —1 < er(Il) — (n—1). Hence cr(Il) > er(Il),_;) 4+ (n—1). Since
cr(Il_;) > (k—1)(n — 1), we have that cr(II) > k(n — 1). By the arbitrariness of
n, we have that cr(F,,,) > (m —1)(n —1) for m > 2 and n > 4. 0

The theorem below follows from Lemmas 3.1 and 3.4 directly.
Theorem 3.5 cr(F,,,) =(m—1)(n—1) form > 2 and n > 4.

The only missing case is £}, 3. We now explore it.
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221

21,2 22,2

21,3 23,2

Figure 6: A drawing of Fj 3.

Lemma 3.6 cr(F,3) <m—1 form > 2.

Proof Two (good) drawings of F, 3 and Fj3 are shown in Figures 6 and 7, respec-
tively. So er(F3) <m —1if m =2 or 3.

Z3,1

22,2

i

Figure 7: A drawing of Fj 3.

If m > 4, then we give a drawing of F},, 3 which is similar to that of [} 3 shown in
Figure 7. Let D1 = 2p—12%m,1%m,3%m—1,2. We first draw the cycle D; in the plane such
that each edge is represented by a segment. Thus D; can be viewed as a triangle.
For the convenience of discussion, let [ be the bisector of the angle £z, 1 2m—1,2%m.3-

The vertex z,, 2 is first placed at the mid-point of z,, 12, 3. If m = 0(mod 2) and
m > 6, then z,,_32,..., 232, 212, 222, - . ., Zm—2,2 i this order are put in the line [ in
the interior of D; such that z,,_39 is near to z,,_;2. If m =4, then 2z, and 25 in
this order are placed in the line [ in the interior of D; such that z; 5 is near to z35. If
m = 1(mod2), then 2,,,_39,..., 229, 212, 232, - - ., Zm—22 i1 this order are put in the
line [ in the interior of D; such that z,,_39 is near to z,,_1 2. Next, the two segments
L, and Ly are drawn in the interior of D;, where L; connects 215 to 2,1 and Ly
connects 21 9 to 2, 3. The vertices 211,221, ..., 2n—1,1 in this order are placed in the
segment L; such that z; is near to z; . Simultaneously, 213,223, ..., Zm—1,3 in this
order are placed in the segment Ly such that z; 3 is near to 2.



D. MA / AUSTRALAS. J. COMBIN. 95 (3) (2026), 389-404 402

Let D2 be the cycle 212211221 - - - Bm—1,1"m,12m,22m,3%m—1,3 - - - £2,321,321,2- Ifm=
0(mod 2), then the edge z;;2;3 is drawn in the interior of Dy such that it passes
between z;_1 9 and z;419 for i = 3,...,m — 1, and z;;2;3 is drawn in the exterior of
D, such that it passes between z;_1 9 and 2,119 for ¢ = 2,4,...,m — 2. In addition,
the edge 2,123 is drawn in the exterior of D;, and the edge 211213 is drawn in
the interior of Dy such that it passes between z; 5 and 2z95. For ¢ = 2,4,...,m — 2,
the edges Zi,2%i1, 2322135 2i,2%i—1,1, 2i,2%i—1,3, %i,27i+1,1 and 2i2%i+1,3 are drawn in the
interior of DQ. If m Z 6, then the edges Zi2%i1, 232213, 2i,2%i—1,1, 2i,2%i—1,3y %i,2%i+1,1
and z;92;413 are drawn between the interior of D; and the exterior of Dy for i =
3,5,...,m—3. Subsequently, the edges 2,,—122m—11, 2m—122m—13, Zm—1,22m—2.1, and
Zm—1.2%m—23 are also drawn in the interior of D; and the exterior of Dy. If m = 4,
then 232231, 232233, 232221, and 232293 are drawn between the interior of D; and
the exterior of Dy. In addition, the edges z1 2291 and z; 2293 are drawn between
the interior of Dy and the exterior of Dy, and the edges 2zp, 22m—11 and 2z, 22m—13
are drawn in the interior of Dy. For ¢ = 3,5,...,m — 1, the edges z;2%,_12 and
Zi2%i+1,2 are drawn such that they cross exactly z;_1 12,1 and z; 12411, respectively.
In addition, z;9229 is drawn in such a way that it crosses 233213 only. Thus a
drawing of F}, 3 is completed which has 2 - mT_Q + 1(=m — 1) crossings in this case.
For example, the drawing of F} 3 is shown in Figure 8.

Figure 8: A drawing of F} 3.

If m = 1(mod 2), then the edge z;12;3 is drawn in the interior of Dy such that
it passes between z;_19 and 2412 for i = 2,4,...,m — 1, and z;12;3 is drawn in
the exterior of Dy such that it passes between z;_;9 and 2,419 for ¢ =3,...,m — 2.
In addition, the edge 21213 is drawn in the exterior of D, such that it passes
between z;9 and 29 and the edge 2,12, 3 is drawn in the exterior of D;. For
t=3,5,...,m—2, the edges 2,221, 2223, Zi2%i-1,1, %i,2%i-1,3, Zi2%i+1, and 2; 22413
are drawn in the interior of Dy. For ¢ = 2,4,...,m — 3, the edges z;22i1, 2i2%3,
2i92%i-11, Zi2%i-13, Zi2%it11 and 222413 are drawn between the interior of D; and
the exterior of DQ. In addition, the edges Zm—122m—1,1y @m—1,2"m—1,3, “m—1,22m—2,1,
and 2z,,_122m_23, are also drawn between the interior of D; and the exterior of D,.
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Subsequently, the edges 212221, 212223, 2m 22m—1.1, and z,, 22,13 are drawn in the
interior of Dy. For ¢ = 4,...,m — 1, the edges z;22;_12 and 2;22;412 are drawn
such that they cross exactly z;_112;1 and z; 12411, respectively. In addition, 23921 2
is drawn such that it crosses 211213 only, and 239239 is drawn such that it exactly
crosses 231231. Thus a drawing of F}, 3 is completed which has 2 - mT’l(: m — 1)
crossings in this case. O

Lemma 3.7 cr(F,3) >m—1 form > 2.

Proof We use the induction on m to show that c¢r(F,, 3) > m — 1. The base case is
that m = 2. Since F3 3 has a subgraph isomorphic to a subdivision of K5, we have
that CT‘(F273) Z 1.

Assume that cr(Fy3) > k — 1, where k£ > 2. Let ® be an optimal drawing of
Fii13. Let @ be the subgraph of Fj.3 induced by the four vertices 21,221, 21,2
and zp5. Then @) is isomorphic to Ky. It is easy to find that Fj.; 3 has a subgraph
H isomorphic to a subdivision of K5 which contains () as in the proof of Lemma 3.4.
By Lemma 2.2, some edge e in () has at least one crossing in ®. Delete e from Fj 4 3.
If e is not the edge 23,1229, it is obvious that Fj; 3 — e has a subgraph isomorphic to
F 3. If e is the edge 291229, then there is a path 251211220 in @ —e. So Fip13 — ¢
has a subgraph isomorphic to a subdivision of Fj 3. Hence, cr(Fy413) > cr(Fy3) + 1.
By the inductional assumption, cr(Fy3) > k — 1. So ¢r(Fyi13) > k. Therefore,
cr(Fs) > m—1 for m > 2. 0

The theorem below follows from Lemmas 3.6 and 3.7 directly.
Theorem 3.8 cr(F,,3) =m—1 form > 2.

By Theorems 3.5 and 3.8, the crossing number of F,, ,, is determined.

Remark: Forany j € {1,2,...,n—1}, let H; be the graph obtained from P,, X C,
by deleting z; 241 j+1 and 241 2 j41 for 2 = 1,2,...,m — 1, then H; is isomorphic
to Fn. Thus er(H;) = cr(Fpn). If m > 3 and n > 4, the crossing number of F,, ,,
is m — 1 less than that of P,, X C,, and is 4 greater than that of P, X P,.
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