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Abstract

Given a simple, finite, nonempty graph G = (V(G), E(G)), a vertex
subset D C V(@) is said to be a dominating set if every vertex v € V(G)—
D is adjacent to a vertex in ). The independent domination number
i(@) is the minimum cardinality among all independent dominating sets
of G.. Since determining the domination number for general graphs is NP-
complete, we focus on the class of k-trees. Favaron established a tight
upper bound for 1-trees, while Campos and Wakabayashi determined a
tight upper bound for maximal outerplanar graphs, a subclass of 2-trees.
We generalize these results and establish a tight upper bound for the
independent domination number of k-trees for all £ € N.

1 Introduction

Throughout this paper, we consider only simple, finite, and nonempty graphs. We
begin by introducing some definitions and terminology. Let G = (V(G), E(G)) be a
simple, finite, nonempty graph. Given a vertex v € V(G), the (open) neighbor-
hood of v, denoted by Ng(v), is the set of all vertices adjacent to v; that is, Ng(v) =
{u:uv € E(G)}. The closed neighborhood of v is defined as Ng[v] = Ng(v)U{v}.
The degree of v € V(G) is given by dg(v) = [{u: uwv € E(G)}| = |Ng(v)|. A j-,5-,
and j -vertex is a vertex of degree exactly 7, at least j, and at most j, respectively.
Given a graph G, a graph H is a subgraph of G if the vertex and edge sets of
H are subsets of those of G; that is, V(H) C V(G) and E(H) C E(G). If H is a
subgraph of G, we write H C G. Given a nonempty subset of vertices S C V(G), the
induced subgraph defined by S, denoted by G[S], is the subgraph having vertex
set V(G[S]) = S and containing all edges from G that connect vertices in \S; that is,
E(G[S]) = {w € E(G) : u,v € S}.
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A dominating set of a graph G is a vertex subset D C V(G) such that ev-
ery vertex v € V(G) — D is adjacent to a vertex in D. If D is both dominating
and independent, we say D is an independent dominating set. The independent
domination number, denoted i(G), of G is the minimum cardinality among all
independent dominating sets of GG, that is, the size of a minimum independent dom-
inating set. Domination and independent domination have applications across many
areas such as network monitoring, resource allocation, and infastruction planning,
where the goal is efficient coverage of the network. Domination number of graphs has
been an active research topic for several decades. Garey and Johnson [10] showed
that determining the domination number of general graphs, known as the dominating
set problem, is NP-complete. As determining the domination number can be very
difficult, it is of interest to focus on particular classes of graphs. In particular, we
focus on the class of k-trees and provide a tight upper bound on the independent
domination number of k-trees for all £ € N.

The domination number v(G) and the independent domination number i(G) are
closely related graph parameters. It is well known that v(G) < i(G), since every
independent dominating set is a dominating set. Allan and Laskar [1] showed that
equality holds for claw-free graphs; however, in general, the gap between these pa-
rameters can be arbitrarily large. Many classical results in the literature focus on
bounding v(G). In contrast, fewer results are known for i(G), especially in struc-
tured graph classes such as k-trees and their subclasses. This motivates the study of
whether techniques developed for v(G) can be adapted to the independent domina-
tion setting.

A tree is a graph in which any pair of vertices is connected by exactly one path,
that is, a connected graph with no cycles. Many aspects of trees and tree-related
graphs have been studied extensively in graph theory. In 1969, Beineke and Pippert
[4] generalized trees into the concept of k-trees. For k € N, a k-tree on n > k + 1
vertices is defined as follows: (1) The smallest k-tree is the complete graph Kj. ;.
(2) Given a k-tree G, a new k-tree can be constructed by adding a new vertex and
joining it to the vertices of a k-clique subgraph in G. Following this definition, we
can see that the class of 1-trees is exactly all trees. Although Beineke and Pippert
defined k-trees for all k, the concept of a 2-tree was introduced one year earlier in
1968 by Harary and Palmer [12].

Figure 1: Constructing 2-trees from existing 2-trees

The concept of k-trees has many applications in computer science, chemistry,
biology, and engineering. In particular, 2-trees are simple, maximal series-parallel
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graphs, and can play significant roles in communication and electrical network prob-
lems. Planar 3-trees, also known as Apollonian networks, are used in models of force
chains in granular packings, hierarchical road systems, electrical supply networks
[2], and neuronal systems [14]. We note that some papers define a k-tree as a tree
with maximum degree k; however, throughout this paper, we refer to Pippert’s and
Beineke’s definition of k-trees. Further studies on k-trees can be found in [6] and [16].

2 Preliminary Results

Favaron [7] determined an upper bound on the independent domination number of
1-trees in respect to the graph’s order and its number of vertices of degree one.

Theorem 2.1. [7] If T' is a tree with n vertices and ¢ vertices of degree 1, then

i(T) < ";“g.

In general, this bound is tight for trees. Consider a caterpillar graph G con-
structed by adding a pendant vertex to each vertex on the path P,,. Then G has 2m
vertices and m vertices of degree one. By Theorem 1, i(G) < 25 — m. However,
for each pendant vertex v; for 1 < ¢ < m, every independent dominating set of G
must contain either v; or its neighbor. As the closed neighborhoods N[v;]N Nv;] = 0

for i # j, it follows that i(G) > m. Thus, i(G) = m.

Figure 2: The caterpillar graph on 2m vertices.

vy 1 Um

A graph is outerplanar if it admits a planar embedding in which all vertices lie on
the boundary of the outer face. A maximal outerplanar graph is an outerplanar graph
to which no edge can be added without destroying outerplanarity. Equivalently, it is
an outerplanar graph in which every bounded face is a triangle. In 2013, Tokunaga
[18] and Campos and Wakabayashi [5] independently proved an upper bound on the
domination number of maximal outerplanar graphs.

Theorem 2.2. [18, 5] Suppose G is an n-vertex mazximal outerplanar graph with
n > 3 having ¢ vertices of degree 2, then

n+/¢

V(G) < {TJ :
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Campos and Wakabayashi also provided families of maximal outerplanar graphs
to demonstrate that their upper bound was tight in general. While Campos and
Wakabayashi’s proof method considered the graph’s internal triangles, Tokunaga’s
proof instead relied on a simple coloring method. As maximal outerplanar graphs
form a subclass of 2-trees, a natural question is whether this bound and technique
can be extended to 2-trees, and more broadly, to all k-trees.

We emphasize that Tokunaga’s result applies to the domination number v(G) on
maximal outerplanar graphs, whereas in this work we consider the independent dom-
ination number i(G) on the broader class of k-trees. The independence requirement
introduces additional constraints that are not present in the classical domination
setting, and the extension from maximal outerplanar graphs to general k-trees re-
quires a more general structural argument. In this paper, we generalize and adapt
Tokunaga’s coloring-based method to establish results for independent domination
of k-trees for all k € N.

3 Main Results

To extend Tokunaga’s coloring-based approach beyond maximal outerplanar graphs,
we first show that every k-tree has a suitable (k + 2)-coloring.

Lemma 3.1. Given a k-tree G with at least k + 2 wvertices, there exists a proper
(k+2)-coloring such that for all (k+1)"-vertices v € V(G), Ng[v] contains all k+2
colors.

Proof. We proceed by induction on n = |V(G)|. For n = k + 2, G consists of a
k-vertex attached to a (k 4 1)-clique. In particular, G contains two k-vertices and
k vertices of degree exactly k + 1. As each (k + 1)-vertex is adjacent to all vertices
of G, its closed neighborhood must contain all £ + 2 colors. The lemma holds true
when n = k 4+ 2. Suppose n > k + 2. Let G be a k-tree on n vertices and fix a k-
vertex x € V(G). It follows that G — x is a k-tree as well. By induction hypothesis,
there exists a proper (k + 2)-coloring of G — x such that the closed neighborhood
of each (k + 1)*-vertex contains all k& + 2 colors. We will construct a such proper
(k + 2)-coloring of G by using the proper (k + 2)-coloring of G — = as a base. Let
Ne(z) = {u1,ua, ..., ur}. We consider two cases:

Case 1: dg_.(u;) = k for some 1 < ¢ < k.

Then dg(u;) = k + 1. In particular, there exists only one such u;. It follows that
G[Ng—z|u]] = Kiy1. Thus, Ng_,[u;] must contain exactly (k + 1) colors. Hence,
there exists one remaining color that we may assign x in order to form a proper
(k + 2)-coloring of G such that that Ng[u;] contains all k 4 2 colors.

Case 2: dg_n(u;) >k for all 1 <i <k.

Then for each 1 < i < k, Ng_,[u;] contains all k+2 colors. As G is a k-tree, then
G[Ng(z)] =2 Kj and Ng(x) € Ng_g|u;]. Hence, Ng(x) contains exactly k colors,
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leaving two color options for . We may assign = one of the two remaining colors to
form a proper (k + 2)-coloring of G. O

As the closed neighborhood of every (k + 1)*-vertex in G contains all distinct
k + 2 colors, we obtain the following corollary.

Corollary 3.2. Suppose a k-tree G has a proper (k+ 2)-coloring C' such that for all
(k4 1)*-vertices v € V(G), Ng[v] contains all k + 2 colors. Let Z, C V(G) contain
all vertices of the color class p in C' for 1 <p < k+ 2. Then Z, is independent and
dominates all vertices of G, except possibly k-vertices.

Using Lemma 1 and Corollary 1, we proceed with stating and proving our main
result. Let V¢ = {v € V(Q) : dg(v) = k} be the set of all vertices with degree k.

Theorem 3.3. Given a k-tree G on n vertices,
. n+ |VE|
G)<|———|.

e = { k+ 2

Furthermore, this bound is tight.

Proof. As i(G) only takes on natural number values, it suffices to prove i(G) <

n+| V¢ ~ : k+1)+(k+1
k‘+§‘ If n="k+1, then G = Ky and i(G) =1 < (Jr]liéJr) = 2;sz2 :kiﬁ—i—l.
Hence, assume n > k+ 1. By Lemma 1, there exists a proper (k+ 2)-coloring C' of G
such that the closed neighborhood of each (k + 1)*-vertex contains all k& + 2 colors.
For 1 <p <k+2, let Z, C V(G) contain all the vertices with color p. For each p,

define S, = V,¢ — N[Z,]; that is, S, is the set of vertices in V¥ not dominated by Z,.

For each v € V,¥, G[N[v]] & K}, by the construction restrictions of a k-tree.
Hence, N|[v] must contain exactly k + 1 colors. Therefore, each v is not dominated
by exactly one color of C'. It follows that each v belongs to only one S,. Hence,
S, NS, =0 for p # ¢q. Furthermore, as n > k + 1, no pair of distinct k-vertices
are adjacent. By Corollary 1 and our construction of S,, Z, U .S, is an independent
dominating set of G for each 1 < p < k4 2. Thus for each p, i(G) < |Z, U S,|.

As S,N S, =0 for p # g, we have

k+2 k+2 k+2

S NZUS| =D 12| + ) 1S =n+ V7).
p=1 i=1 i=1

We may consider the average size of our independent dominating sets across the
k + 2 color classes. Therefore,

n -+ |VkG|

B
(G) < — Zi US| =
@ v -t
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A k-path is a k-tree with exactly two k-vertices. To prove the tightness of Theo-
rem 3.3, consider a k-path P with vertex set V(P) = {v; ;|1 <1i <t¢,1 <j <k} for
some t € N such that G[{vi1,vi2,...,vik—1,vix}] = Kj for each 1 <i <+¢. Then P
has kt vertices and contains exactly ¢ vertex disjoint k-clique subgraphs. Construct
a k-tree P’ by attaching a k-vertex x; for each p to the disjoint k-clique subgraph
formed by {v;1,vi2,..., 051,01} of P. (See Figure 3 for an example where k = 3
and t = 4.) Since Np/[x;] N Np[x;] = ( for distinct i # j, then any minimum domi-
nating set of I of P’ must contain at least one vertex from N|[z;] for each 1 <i <.

Hence i(P') > ¢. By Theorem 3, i(P’) < i L I (2 S Ay Hence, i(P') = t.

k+2 k+2

V4,3

Figure 3: Constructing a 3-tree from the 3-path with ¢t = 4.

4 Concluding Remarks and Future Work

Throughout this paper, we refer to the recursive definition of the k-tree; however,
there exists an equivalent characterization based on treewidth. The treewidth of a
graph is the minimum width among all possible tree decompositions of GG, where the
width of a decomposition is one less than the size of its largest bag. A graph is called
a partial k-tree if it has treewidth at most k. A k-tree is exactly an edge maximal
partial k-tree. One natural route of future work is to extend our results to the broader
class of partial k-trees. Examples of partial k-trees problems and applications have
been studied by Granot and Skorin-Kapove [11], Telle and Proskurowski [17], and
Araki et al. [3]. Furthermore, it is known that k-trees are chordal graphs with
chromatic number k£ + 1. The use of vertex colorings in our approach is therefore
natural in this setting. More generally, since every k-tree is k-degenerate, it would be
of interest to investigate whether similar techniques can be extended to the broader
class of k-degenerate graphs.

Another natural route is to determine the independent bondage number of k-
trees. Given a nonempty graph G, an edge subset B C FE(G) is an independent
bondage set if the deletion of the edges in B results in a strictly larger independent
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domination number; that is i(G — B) > i(G). The independent bondage number
b;(G) is the minimum size of an independent bondage set. The independent bondage
number has only been studied in depth in recent years. In 2018, Priddy, Wang,
and Wei determined the exact value for some classes of graphs. Pham and Wei
[15], as well as Gamlath, Reid, and Wei [8], established constant upper bounds for
planar graphs with minimum degree at least three. In a separate paper, Gamlath,
Pham, and Wei [9] obtained upper bounds for planar graphs under girth constraints.
Additionally, Kerdjoudj and Chellali [13] determined upper bounds under certain
cycle conditions. As most k-trees are not planar, it is of interest to see if bounds can
be determined for k-trees.
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