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Abstract

In this paper we introduce strongly connected t-colorings, which allow
us to extend the concept of a connected Ramsey number to the ¢-color
setting, when ¢ > 3. After proving some general results concerning such
colorings, we determine the exact values of the connected Ramsey num-
bers (K1), re(K13, K14, K14), 72(Py), 73(Ps), and r2(Pg), where K,
denotes a star of order n + 1, and P, denotes a path of order n. The
paper concludes with some lower bounds, a conjecture, and a discussion
concerning future directions of research.

1 Introduction

A t-coloring of K, (the complete graph of order p) is a map

fiE(K,) — {1,2,...,t}.

ISSN: 2202-3518 ©The author(s). Released under the CC BY 4.0 International License



M. BUDDEN ET AL./ AUSTRALAS. J. COMBIN. 95 (2) (2026), 364-380 365

The t-color Ramsey number r(Gq,Ga, ..., Gy) is the least p € N such that every
t-coloring of K, contains a monochromatic copy of GG; in color 4, for some 4 such that
1 < i <t. In the “diagonal” case G; = G5 = --- = (G}, we shorten the notation to
r*(G1). A current account of known Ramsey numbers can be found in Radziszowski’s
dynamic survey [16]. In this paper, we consider a variation of t-color Ramsey numbers
by restricting our attention to t-colorings of K, in which the subgraphs of order p
spanned by edges in each color are connected. Before stating our main results, we
must present the relevant definitions and background.

A t-coloring of K, is called a connected t-coloring if the subgraphs of order p
spanned by edges in each of the ¢ colors are connected. While a t-coloring is not
assumed to be surjective, a connected t-coloring is surjective by definition. In 1978,
Sumner [17] defined the (2-color) connected Ramsey numberr.(G1, Ge) to be the least
p € N such that every connected 2-coloring of K, contains a subgraph isomorphic to
G in color 1 or a subgraph isomorphic to G in color 2 (see also [3], [4], [6], |7], [8],
and [15]). Our goal in this paper is to develop connected Ramsey theory when ¢ > 3
colors are used.

A vertex v in a connected t-coloring of K, is called a removable vertez if the
coloring induced by V(K,) — {v} is also a connected t-coloring. Theorem 11 of [2]
(and the discussion immediately following Theorem 11) implies that when p > 5,
every connected 2-coloring of K, has a removable vertex. Sumner [17] pointed out
that from this result, it follows that if r.(G1, G2) = p and n > p, then every connected
2-coloring of K, contains a red copy of Gy or a blue copy of GG5. As this property
is required for proving upper bounds for connected Ramsey numbers, we must start
by considering if such a property holds for connected t-colorings when ¢t > 3. To
answer this question, we first show that connected t-colorings exist for sufficiently
large complete graphs. Along with many other constructions that we will consider in
this paper, this requires the use of certain known factorizations of complete graphs,
which we now review.

The following two theorems can be found in Kénig’s book [14] (Theorems 2 and 7
of Chapter XI) and Harary’s book [9] (Theorems 9.1 and 9.6). Recall that a 1-factor
of a graph G is an independent set of edges that span G. A Hamiltonian cycle (path)
in a graph G is a cycle (path) that spans G.

Theorem 1.1 (|9], [14]). For every k € N, the complete graph Ko factors into 2k—1
1-factors.

Theorem 1.2 ([9], [14]). For every k € N, the complete graph Koy factors into k
Hamiltonian cycles.

From Theorem 1.2, if we take a factorization of Ky, into Hamiltonian cycles
and remove a single vertex, the resulting Ky is factored into Hamiltonian paths.
This leads to the following corollary (see also Theorem 2.3.3 of [12]).

Corollary 1.3 ([12]). For every k € N, Ky, can be factored into k Hamiltonian
paths.
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Since a vertex in Ko, has degree 2k — 1, it is a leaf in exactly one of the Hamiltonian
paths, and an internal vertex in the other £ — 1 Hamiltonian paths. We now use
this corollary to show that connected t-colorings exist for complete graphs that are
sufficiently large.

Proposition 1.4. Lett > 2 andp > 1. If f: E(K,) — {1,2,...,t} is a connected
t-coloring, then p > 2t. Moreover, for every p > 2t, there exists a connected t-
coloring of K,,.

Proof. Let t > 2 and p > 1. If a connected t-coloring of K, exists, then there exists
a spanning tree spanned by edges in each color class. Such a spanning tree has size
p—1, from which it follows that t(p—1) < (’2’) This inequality is equivalent to p > 2t.
The second statement follows from the well-known fact that K5 can be decomposed
into ¢ Hamiltonian paths (e.g., see Corollary 1.3), and sequentially adding in vertices,
joining them to the existing complete graph using at least one edge in each color,
produces a connected t-coloring of K, for all p > 2t. ]

Unfortunately, when ¢ > 3 and p > 2t, not every connected t-coloring of K,
contains a removable vertex (for example, see Figure 1). In fact, for ¢ > 3, any

Figure 1: A connected 3-coloring of K7 that lacks a removable vertex.

connected t-coloring of K, (p > 2t) in which two of the colors span paths of order p
which do not have any leaves in common will lack removable vertices. Our solution
to this issue is to restrict our attention to connected t-colorings that possess the
property we need to prove upper bounds for the corresponding Ramsey numbers.

When p > 2t, we define a strongly connected t-coloring of K, to be a connected t-
coloring f : E(K,) — {1,2,...,t} that contains a sequence of vertices xy, o, . .., T,
where k = p — 2t, such that the restricted colorings

fo: BK, — {a1, 00, ome}) — {1,2,. 8},

given by f, = f] Kp—{z1,02,...a¢}» are connected for all 1 < ¢ < k. With such a coloring,
x1 is a removable vertex for f and for £ > 1, z, is a removable vertex for the (strongly)
connected t-coloring f,_;. By convention, we say that a connected t-coloring of Ko
is a strongly connected t-coloring. Of course, every connected 2-coloring is a strongly
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connected 2-coloring, but this statement is not true when ¢ > 3. Now we show that
strongly connected t-colorings exist for complete graphs that are sufficiently large.

Proposition 1.5. For every p > 2t, there exists a strongly connected t-coloring
of K.

Proof. We have already noted that Ky, can be decomposed into ¢ Hamiltonian paths,
from which it follows that there is a strongly connected ¢-coloring of Ky;. To obtain
a strongly connected t-coloring of K, when p > 2t, start with a strongly connected
t-coloring of Ky and sequentially add p — 2t vertices, joining each of them to the
existing complete graph using at least one edge in each color. Reversing this sequence
of vertices produces a sequence of removable vertices, showing that the resulting
coloring is strongly connected. O]

When ¢t > 3, define the t-color connected Ramsey number r.(G1,Gs, ..., G;) to
be the least p € N such that every strongly connected t-coloring of K, contains
a monochromatic copy of G; in color ¢ for some 7 such that 1 < ¢ < ¢t. In the
diagonal case G; = Gy = --- = Gy, we shorten the notation to r‘(G;). Since every
strongly connected ¢-coloring of K, is a t-coloring of K, it follows that for any graphs
G1,Go, ..., Gy,

T‘C(Gl,GQ,...7Gt) ST(G17G27...,G,5). (].)

When equality holds in (1), we say that (G, Ga, ..., Gy) is Ramsey-connected.

Denote by K ,, P,, and C,, the star of order n + 1, the path of order n, and the
cycle of order n, respectively. In Section 2, we prove that

(K ) = t(n—1) 41 if ¢ and n are both even
AT t(n— 1) + 2 otherwise,

when ¢ > 3 and n > 3, extending the ¢ = 2 case that was determined in [4]. In
the non-diagonal case, we also show that r.(K; 3, K14, K14) = 9. In Section 3, we
turn our attention to paths, proving that r3(P;) = 6, r3(P5) = 7, and r2(Ps) = 8.
We conclude with Section 4, in which we provide strongly connected 3-colorings that
imply the lower bounds 73(P;) > 10, r3(FPg) > 11, and r3(C,) > 10.

2  Multicolor Connected Ramsey Numbers for Stars

In 1973, Burr and Roberts [5] determined the multicolor Ramsey number for stars,
generalizing the 2-color result of Harary [10]. They showed that if ¢ > 2 and

ni, na,...,n; € N, exactly k£ of which are even, then
N—t+1 ifk>2iseven
T(Kl,n1aKl,n27-..,Kl,nt)_{ N—t+2 ifk=0or kis Odd, (2)

t
where N = > n;. Monochromatic copies of K 5 are trivially contained in connected

i=1
t-colorings of K, when p > 2¢, so we only consider stars that have at least three
leaves as the arguments of connected Ramsey numbers.
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When ¢ = 2, it was shown in [4] that (K,,, K1,,) is Ramsey-connected. We
now turn our attention to the evaluation of (K ,) when ¢t > 3.

Theorem 2.1. Ift > 2 and n > 3, then

Ky ) = t(n—1)+1 ift and n are both even
TelB1n) = t(n—1)+2 otherwise.

Proof. This theorem was proved for ¢ = 2 in Theorem 2.1 of [4], so assume that
t > 3. The upper bounds for rt(K,) follow from Inequality (1) and Equation (2).
The theorem will follow from providing strongly connected critical colorings that
imply the lower bounds. We break the proof into cases, based on the values of t > 3
and n > 3.

Case 1: Let n = 3. We will construct a strongly connected ¢-coloring of Ko q
that avoids a monochromatic copy of K 3. By Theorem 1.2, Ky can be factored
into ¢ Hamiltonian cycles. Assign a unique color to each Hamiltonian cycle, resulting
in every vertex being incident with exactly two edges in each of the ¢ colors. For
example, see Figure 2 for the t = 3 case. Removing a single vertex results in a

Figure 2: A (strongly) connected 3-coloring of K7 that lacks a monochromatic K 3.

connected t-coloring of Ko, which is strongly connected by definition. Since we have
provided a strongly connected t-coloring of K41 that avoids a monochromatic K g,
it follows that r%(K73) > 2t + 2.

Case 2: Suppose that n > 5 is odd. We will construct a strongly connected ¢-
coloring of K(,_1),41 that avoids a monochromatic K;,. Let X = {z1,29,. .., T}
and for each j € {1,2,...,(n — 3)/2}, define the set Y; := {y/ | i € {1,2,...,2t}}.
Let Y ::}/IU}/QU"'UYV(n_g)/Q.

For the edges joining X to Y, color all edges with the forms a:zyf 4oc_p and a:zyf +20—3
(where j € {1,2,...,(n—3)/2} and the indices in the subscripts are reduced modulo
2t) with color ¢ € {1,2,...,t}. At this point, each of the vertices in X are incident
with exactly n — 3 edges in color ¢ and each of the vertices in Y are incident with
exactly 2 edges in color c¢. For example, Figure 3 shows the case where t = 3 and
n=>o.

Introduce a vertex v and consider the subgraph induced by X U {v}, which has
order 2t + 1. By Theorem 1.2, this subgraph factors into ¢ Hamiltonian cycles, each
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Figure 3: The edges joining X to Y in the case where t = 3 and n = 5.

of which we color with a unique color. So, each vertex in X is now incident with
n—1 edges in each color and vertex v is incident with exactly two edges in each color.
The subgraph induced by Y U {v} has order ¢(n — 3) + 1, which is odd. Applying
Theorem 1.2 again, we see that this subgraph can be factored into @ Hamiltonian
cycles. Color exactly ”T’?’ Hamiltonian cycles with each of the ¢ colors. Each vertex
in Y U {v} is now incident with exactly n — 1 edges in each color.

The t-coloring of Ky(,—1)41 with vertex set X UY U {v} that we have constructed
is strongly connected. This is because we can first remove vertex v, then one-by-one,
we can remove the vertices in Y, with the resulting ¢-coloring being connected at
each stage. It follows that ri(Ky,) > (n— 1)t + 2.

Case 3: Suppose that n > 4 is even and t is even. We will construct a strongly
connected t-coloring of K(,_;), that avoids a monochromatic K;,. For each j €
{1,2,...,t}, define X; = {xl,xQ} and Y} = {y/ |ie{1,2,...,n—3}}. Let X =
X1UX2U UXtandY_YiUYéU UY%

For the edges that join X to Y, color all edges of the forms a:lyj el and x2y
with color ¢ (where ¢ € {1,2,...,t} and the superscripts are reduced modulo t).
At this point every vertex in X is incident with exactly n — 3 edges in each color,
and each vertex in Y is incident with exactly 2 vertices in each color. For example,
Figure 4 shows the case where ¢t =4 and n = 6.

j+c—1

Now consider the subgraph induced by X. Since |X| = 2¢, Corollary 1.3 implies
that X factors into ¢ Hamiltonian paths. Coloring each of these paths in color
c€{1,2,...,t} results in every vertex in X being incident with n — 1 edges in t — 1
of the colors and n — 2 edges in one of the colors.

Next, consider the subgraph induced by Y. Since ¢(n — 3) is even, Theorem 1.1
implies that Y factors into ¢(n —3) — 1 1-factors. Coloring n — 3 1-factors in each of
the colors 1,2,...,t — 1, and n — 4 1-factors in color ¢ results in every vertex in Y
being incident with n — 1 edges in colors 1,2,--- ;¢ — 1 and n — 2 in color ¢.

The resulting ¢-coloring of Ky(,—1) with vertex set X UY is strongly connected as
we can sequentially remove each of the vertices in Y, and at each stage in the removal
process our t-coloring remains connected. Since the coloring lacks a monochromatic
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Figure 4: The edges joining X to Y in the case where t =4 and n = 6.

K, it follows that rL(Ky,) > t(n — 1) + 1.

Case 4: Assume that n > 4 is even and t is odd. We will construct a strongly
connected t-coloring of K(,_1y4; that avoids a monochromatic K;,. As with the
previous case, for each j € {1,2,...,t}, define X; = {z], 2} and Y; = {¢/ | i €
{1,2,...,n—=3}}. Let X = X; UXoU,---UX;and Y =Y, UYoU, - UY,.

For the edges that join X to Y, color all edges of the forms #]y/**™" and xjy/*!
with color ¢ (where ¢ € {1,2,...,t} and the superscripts are reduced modulo ¢). At
this point every vertex in X is incident with exactly n — 3 edges in each color, and
each vertex in Y is incident with exactly 2 vertices in each color. For example, Figure
5 shows the case where t = 3 and n = 6.

Now introduce a vertex v and consider the subgraph induced by X U {v}, which
has order 2t + 1. By Theorem 1.2, this subgraph factors into ¢ Hamiltonian cycles,
each of which we color with a unique color. So, each vertex in X is now incident
with n —1 edges in each color and vertex v is incident with exactly two edges in each
color.

The subgraph induced by Y U {v} has order ¢(n — 3) + 1, which is even. By
Theorem 1.1, Y U {v} factors into ¢(n — 3) 1-factors. Coloring n — 3 1-factors with
each of the colors 1,2,...,t results in v being incident with exactly n — 1 edges in
each color and every vertices in Y being incident with exactly n — 1 vertices in each
color.

The resulting t-coloring of Ky;,—1)4+1 with vertex set X UY U {v} is strongly

connected. This is because we can first remove the vertex v, then one-by-one, each
of the vertices in Y, with the resulting t-coloring being connected at each stage. Since
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the coloring lacks a monochromatic K ,, it follows that r%(K;,) > (n—1)t+2. O

While the general connected Ramsey number 7.(Ky,,, Kip,, ..., K1y,) is not
determined here, we do provide one non-diagonal case with the next theorem.

Theorem 2.2. TC(K1’37K174, K1’4) = 9.

Proof. Since r(Ky 3, K14, K14) = 9, by Inequality (1) and Equation (2), it suffices to
provide a strongly connected 3-coloring of Ky that avoids a K 3 in color 1 and a K 4
in colors 2 and 3. Begin with a K§g, which can be factored into 3 Hamiltonian paths
by Corollary 1.3 (see Image (A) in Figure 6). Each vertex is a leaf in exactly one of
the Hamiltonian paths. Color the Hamiltonian paths distinct colors, letting vertices
a and b be the leaves in the Hamiltonian path in color 1 (red), vertices ¢ and d be
the leaves in the Hamiltonian paths in color 2 (blue), and vertices e and f be the
leaves in the Hamiltonian path in color 3 (green). Introduce vertices u and v. Color
edges au and bv with color 1, color edges bu, cu, du, av, dv, and cv with color 2, and
color edges eu, fu, ev, fv, and uv with color 3. The result is a connected 3-coloring
of Ky in which vertices u and v can be sequentially removed, resulting in connected
3-colorings at each stage (see Image (B) in Figure 6). Thus, we have produced a
strongly connected 3-coloring of Ky that avoids a K 3 in color 1 and a K 4 in colors
2 and 3. It follows that TC(KLg, K1’4, K174) Z 9. ]
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Figure 6: A (strongly) connected 3-coloring of K¢ in which the subgraph spanned
by edges in each color is a Hamiltonian path, and a strongly connected 3-coloring
of Kg that lacks a red K 3, a blue K 4, and a green K1 4.

3 Diagonal 3-Color Connected Ramsey Numbers for Paths

In 1974, Trving [13]| proved that r3(P;) = 6. From Inequality (1), it follows that
r3(P;) < 6. By Proposition 1.4, we see that r3(P,) > 6, giving us our first multicolor
connected Ramsey number for paths:

T?(P4) = 6.

As we will only consider strongly connected 3-colorings of K, for the remainder of
this section, we assume that the colors used are red, blue, and green. The subgraphs
spanned by the red, blue, and green edges of a strongly connected 3-coloring of K,
will be denoted as G, G4, and G, respectively. The mazimum degree of a graph G,
is given by

A(G) := max{deg,(z) | z € V(G)},
where deg(z) is the degree of the vertex x € V(G). We now provide a simple lemma

before moving on to the evaluation of other connected Ramsey numbers for paths.

Lemma 3.1. In every strongly connected 3-coloring of K,, the mazimum degree of
each subgraph G, Gy, and G4 is at most p — 3.

Proof. If a vertex in one of G,, Gy, or G is incident with p—2 (or more) edges of the
same color, it would become an isolated vertex in one of the other monochromatic
subgraphs. This contradicts the assumption that G,, Gy, and G, are connected. [

In [18], it was shown that 3(P5) = 9 and *(Ps) = 10. We consider the corre-
sponding connected Ramsey numbers in the following two theorems, showing that
(Ps, Ps, Ps) and (P, Ps, Ps) are not Ramsey-connected.

Theorem 3.2. r3(P;) = 7.
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Proof. The lower bound is established from the (strongly) connected 3-coloring of
K¢ shown in Figure 7. It follows that r2(P5) > 7.
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Figure 7: A (strongly) connected 3-coloring of Kg that avoids a monochromatic Ps.

To establish the reverse inequality, consider a strongly connected 3-coloring of K.
By the pigeonhole principle, some color must appear on at least 7 edges. Without
loss of generality, assume that |E(G,)| > 7. Since G, is connected, but is not a tree,
it must contain a cycle C,. If £ > 5, then C, contains a P5 as a subgraph. If / = 4,
there must be some additional red edge that joins the C} to a vertex not in the C}
(since G, is connected) and a red Ps can be formed (see Image (A) in Figure 8).

(a) £ =4 (b) £=3

Figure 8: The subgraph G, contains a cycle Cy with £ =4 or £ = 3.

Finally, assume that ¢ = 3, denote the vertices in the red C5 by x1, x9, and x3,
and denote the remaining vertices by v, y2, y3, and y4. If there exists a red path of
the form z;y,y, (where j # k), then this path, along with the other two vertices in
the Cs, form a red Ps. If no such path exists, then each y; must join to the Cs with
a red edge. By Lemma 3.1, A(G,) < 4, from which it follows that there exists z;,
T, Yj, and y; such that z;y; and x,,y; are red, with ¢ # m and j # k (for example,
see Image (B) in Figure 8). These vertices, along with the other vertex in the red
Cs, form a red Ps. It follows that r2(Ps) < 7. O

Theorem 3.3. r3(P;) = 8.
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Proof. The lower bound is established from the strongly connected 3-coloring of

K7 shown in Figure 9 (observe that vertex 7 is a removable vertex). Therefore,
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Figure 9: A strongly connected 3-coloring of K7 that avoids a monochromatic P

To establish the reverse inequality, consider a strongly connected 3-coloring of
Kg. Since |E(Ks)| = 28, one of G,, Gy, and G, must have size at least 10 by the
pigeonhole principle. Without loss of generality, assume that |E(G,)| > 10. Since
the size of G, is greater than 7, it must contain a cycle. Let Cy be such a cycle. If
¢ > 6, then G, contains a red Cg, which contains a red F;. We break the rest of the
proof into cases based on the size of /.

Case 1: Suppose that £ = 5. Then the red C5 must have a red pendant edge since
the coloring is connected. Such an edge, along with the vertices in the Cj, form a
red Fs.

Case 2: Suppose that £ = 4. Let the red Cy be given by xgxiz92379 and label
the other vertices by vo, y1, ¥2, and ys. If any red path of the form z;y;yx (j # k)
exists, then yy; ;%112 12%;43 is a red P (here, the indices are reduced modulo 4).
If no such red path exists, then the subgraph induced by {yo,y1,y2,y3} does not
contain any red edges, and each y; must join via a red edge to some z;. If for any
Jj €40,1,2,3}, y;x; and y;x;41 are red, then y;z; 112,407 37;y; is a red Cs, reducing
the argument back to that of Case 1. If for j # k, y;z; and yzz;1; are red, then
YkTig1TiroTirax;y; is aved Ps. It follows that the only red edges joining {vo, y1, y2, y3}
to {xg, x1, T2, x3} join to vertices that are not adjacent in the Cy. Without loss of
generality, suppose that all such edges only join to the vertices x; and x3. Consider
two subcases.

Subcase 2.1: Suppose that zy23 is red. By Lemma 3.1, A(G,) < 5, from which it
follows that at most two red edges join {yo, y1,y2, y3} to each of 21 and x3. Without
loss of generality, suppose that yozs, y123, Y221, and ysz; are red (see Figure 10).
Since no additional red edges can join {yo,y1,y2,ys} to {z1, 23} and |E(G,)| > 10,
it follows that xgxo must be red. Then yoxrszzorer1ys is a red Fg.

Subcase 2.2: Suppose that x1x3 is not red (without loss of generality, assume that
it is blue). Since A(G,) < 5, it follows that not all of yo, 71, ¥2, and y3 can join
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Figure 10: The strongly connected 3-coloring of Kg that corresponds with Subcase
2.1 of the proof of Theorem 3.3.

to one of x; and x5 via red edges. Without loss of generality, suppose that yyxs
and ysxq are red. If xgxy is red, then yorszzorox1y3 is a red FPs. So, assume that
ZToxy is not red. In order for GG, to have size at least 10, two of the vertices from
{Y0, Y1, Y2, y3} must join to {xy, z3} with two red edges and the other two must join
with one red edge. Without loss of generality, suppose that yoxs, y123, 1171, Y23,
yox1, and yzx; are red (see Figure 11). In order for the 3-coloring to be connected,
both ypx; and ysx3 must be green. However, this results in the blue edge x5 being
isolated, contradicting the assumption that we are considering a strongly connected
3-coloring.

Figure 11: The strongly connected 3-coloring of Kg that corresponds with Subcase
2.2 of the proof of Theorem 3.3.

Case 3: Suppose that ¢ = 3 and no red cycle exists with length more than 3.
Suppose that a red C5 is given by zoxix210. If we remove the edges xoz; and zgxo,
then the resulting red subgraph still has order 8 and size 8 (although it may no
longer be connected). As such, it contains another cycle, which must necessarily be
a C3. So, G, contains at least two Cs-subgraphs. If they have an edge in common
(see Image (A) in Figure 12), then together, a red Cy can be formed, contradicting
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the assumption in this case. If they are disjoint (see Image (B) in Figure 12), some
red path must join them together, from which a red FPs can be formed. If they have
a single vertex in common, say xy (see Image (C) in Figure 12), then assume that
the other vertices in the second triangle are x3 and x4 and the vertices not in the
triangles are given by yq, y1, and ys. Now, xy can join to at most one of ¥y, y;, and

Dol Ot
&7 ee e ilc
@ ® @ B @

(a) Common edge (b) DlSJOlIlt (¢) Common vertex

Figure 12: A strongly connected 3-coloring of Kg that contains two red Cs-
subgraphs.

yo with a red edge since A(G,) < 5. Also, if the subgraph induced by {yo, 1,92} is a
red K3, then it is disjoint from the subgraph induced by {xo, 21, 22}, and falls under
the subcase we just argued. So, assume that the subgraph induced by {yo,v1,y2}
contains at most two red edges. Since |E(G,)| > 10, at least one red edge must join
{1, 29, 23,24} to {yo,y1, 42} allowing for a red Py to be formed.

In all cases, we see that a red Py is formed. It follows that r?(FPs) < 8, completing
the proof of the theorem. n

4 Conclusion

We conclude by describing some directions for future work in connected Ramsey the-
ory. With regard to stars, the cases completed so far lead to the following conjecture.

Conjecture 4.1. Fort > 2 and n; > 3, where 1 < i <t, (K14, K1y, .., Kip,) is
Ramsey-connected.

Our work in Section 3 might lead one to conjecture that 73(P,) = n + 2 when
n > 4. However, we now give two strongly connected 3-colorings that disprove this
possibility. In Figure 13, a strongly connected 3-coloring of Ky is given in which a
monochromatic P; is avoided. Observe that vertices 7, 8, and 9 can be sequentially
removed, creating a connected 3-coloring at each step. It follows that r2(Pr) > 10.

For the path Ps, consider the connected 3-coloring of Kjy shown in Figure 14.
Observe that the vertices 7, 8, 9, and 10 can be sequentially removed, resulting in a
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Figure 14: A strongly connected 3-coloring of Kjg that avoids a monochromatic Py

connected 3-coloring at each step. It follows that it is strongly connected, and since
this 3-coloring avoids a monochromatic Py, we obtain the lower bound 73(Ps) > 11.

Besides the 3-color strongly connected Ramsey numbers for paths, one could also
consider the case of cycles. In 1984, it was shown that r3(Cy) = 11 [1]. In Figure 15,
a 3-coloring of Ky is given that avoids a monochromatic C}.

Observe that vertices 7, 8 and 9 can be sequentially removed, resulting in a
connected coloring at each step. This coloring, along with Inequality 1 implies that

10 < 73(Cy) < 11,

Now that connected Ramsey theory has been extended to the multicolor setting,
one can consider other standard variations. For example, for 1 < s < t, the weakened
connected Ramsey number r&'(G) can be defined to be the least p € N such that
every strongly connected t-coloring of K, contains a subgraph isomorphic to G that
is spanned by edges using at most s colors (cf., [11]). When s = 1, this definition
agrees with that of the usual connected Ramsey number and these numbers exist
since

ref(G) < r(G),

[
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Figure 15: A strongly connected 3-coloring of Kg that avoids a monochromatic Cy.

for all s such that 1 < s < ¢.

In [15], star-critical connected Ramsey numbers were considered when ¢t = 2.
To define them when ¢ > 3, denote by K, Ll K the graph formed by taking K,
and a single vertex, and joining them with exactly k edges. The star-critical con-
nected Ramsey number ri(Gq, Ga, ..., Gy) is then defined to be the least k such that
K, c1,Gs,....co)—1 U K1), contains a monochromatic copy of G; in color 7, for some i
such that 1 < i <t. These numbers always exist since

Koo (G1,Gape Gy -1 W (GGG -1 = B (G1,Go,G1)-

A good starting point for determining the values of some multicolor star-critical
connected Ramsey numbers would be to consider the cases of the connected Ramsey
numbers determined in this paper.
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