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Abstract

A chord of a cycle is an edge between two non-consecutive vertices of
the cycle, and a chorded cycle is a cycle containing at least one chord.
Let k be a positive integer. Finkel (2008) proved if G is a graph of
order at least 4k with the minimum degree at least 3k, then G contains
k disjoint chorded cycles. In this paper, when the order of a graph is
sufficiently large, we improve Finkel’s result by considering a Fan-type
degree condition.

1 Introduction

We consider only finite undirected simple graphs in this paper. A chord of a cycle
is an edge between two non-consecutive vertices of the cycle, and a chorded cycle is
a cycle containing at least one chord. The study of cycles has a long and important
history. Building on these ideas, investigation of chorded cycles has seen a great
deal of development over the last twenty years. Building on this development, we
determine a Fan-type degree condition for the existence of disjoint chorded cycles in
a graph.

For a graph G, dg(u) is the degree of a vertex w in G, §(G) is the minimum
degree of G, and we define 09(G) = min{dg(u) + dg(v) |u,v € V(G),uv ¢ E(G)}
and 03(G) = 0o when G is a complete graph. A set of subgraphs of G is said to be
disjoint if no two of them have any common vertex in G. The distance between two
vertices u and v in G is denoted by distg(u, v).

Let k be a positive integer. Corradi and Hajnal [1] proved if G is a graph of order
at least 3k with §(G) > 2k, then G contains k disjoint cycles. Enomoto [2] and Wang
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[9] independently extended the result of Corradi and Hajnal showing, if |G| > 3k and
09(G) > 4k — 1, then G contains k disjoint cycles. Fan [3] considered a new degree
condition to improve known sufficient conditions for a graph to be Hamiltonian, called
a “Fan-condition”: u(G) = min{max{dg(u),dg(v)}|u,v € V(G),distg(u,v) = 2},
and p(G) = oo when G is a complete graph. Zhang and Yan improved the result of
Corradi and Hajnal by considering a Fan-type condition:

02(G) = min{max{dg(u),dg(v)} |u,v € V(G),uv ¢ E(G)},
and 0?(G) = oo when G is a complete graph.

Theorem 1.1. (Zhang and Yan [10]) Let k be a positive integer, and let G be a graph
of order n > 3k + 2. If 02(G) > 2k, then G contains k disjoint cycles.

Finkel proved the following theorem on the existence of k disjoint chorded cycles.

Theorem 1.2. (Finkel [4]) Let k be a positive integer, and let G be a graph of order
n > 4k. If §(G) > 3k, then G contains k disjoint chorded cycles.

In this paper, when the order of a graph is sufficiently large, we improve Finkel’s
result (Theorem 1.2) as Corradi and Hajnal’s result about §(G) was improved by
Zhang and Yan.

Theorem 1.3. Let k be a positive integer, and let G be a graph of order n > 12k —5.
If 02(G) > 3k, then G contains k disjoint chorded cycles.

Remark 1.4. The degree condition of Theorem 1.3 is sharp. Consider a complete
bipartite graph Gy = K3j,_1.,,_3k41, with sufficiently large n = |G1|. Then 0%(G;) =
3k — 1. However, G; does not contain k disjoint chorded cycles, since any chorded
cycle must contain at least three vertices from each partite set. Thus o3(G) > 3k
for a graph G is necessary.

Since 0?(G) > 6(G) for a graph G, Theorem 1.3 strengthens Theorem 1.2 when
the order of GG is sufficiently large. Moreover, there exists a graph that satisfies the
condition of Theorem 1.3, but does not satisfy the condition of Theorem 1.2, and
still contains £ disjoint chorded cycles. Consider a graph (G5 obtained by deleting
an arbitrary edge from a complete bipartite graph Ksj ,,—sx, with sufficiently large
n = |Gs|. Then §(G3) = 3k — 1 and 0%(G3) = 3k. By Theorem 1.3, G contains k
disjoint chorded cycles, whereas Theorem 1.2 cannot be applied to G5. In fact, G5
contains k disjoint chorded cycles.

For other related results on disjoint chorded cycles in graphs, we refer the reader
to [6, §].

Let G be a graph, H a subgraph of G, and X C V(G). For u € V(G), the set of
neighbors of u in G is denoted by Ng(u), and we denote dg(u) = |[Ng(u)|, Ng(u) =
Ng(u) NV(H), and dg(u) = |[Ng(u)|. Also we denote dy(X) = > oy du(u). If
H = G, then dg(X) = dg(X). The subgraph of G induced by X is denoted by
(X)¢g or, more simply, by (X) if the graph G under discussion is clear. Let G — X =



R.J. GOULD ET AL./AUSTRALAS. J. COMBIN. 95 (2) (2026), 317-334 319

(V(G) = X)gand G— H=(V(G) = V(H))g. If X = {x}, then we write G — z for
G — X. If there is no fear of confusion, then we use the same symbol for a graph
and its vertex set. For two disjoint X,Y C V(G), E(X,Y) denotes the set of edges
of G connecting a vertex in X and a vertex in Y. Let () be a path or a cycle with a
given orientation and x € V(Q). Then 2™ denotes the first successor of 2 on @ and
x~ denotes the first predecessor of x on Q. If z,y € V(Q), then Q[z,y] denotes the
path of @ from x to y (including = and y) in the given orientation. We also write
Q5] = Qlz*,y), Qle,y) = Qlw,y ], and Q(z,y) = Qa*,y ] It C s a cycle, say
C = x129 - - xyx1, We assume that an orientation of C is given such that x5 is the
successor of x1. For two disjoint graphs G and G5, G U G5 denotes the union. For
an integer ¢ > 3, a cycle of length ¢ is called an ¢-cycle. For z,y € V(G), we denote
by xPy a path connecting x and y on G. For terminology and notation not defined
here, see [5].

2 Lemmas

For a positive integer r, let C1,...,C, be r disjoint chorded cycles in a graph G.
We say that C,...,C, is minimal if G does not contain r disjoint chorded cycles
C1,...,Cl such that |J_, V(C))| < Uiz, V(C)|.

Lemma 2.1. Let G be a graph of order at least 6, and let C' be a 4-cycle in G. If
do(x) +de(y) > 7 for z,y € V(G — C), then there exists a vertex z € V(C') such
that xz € E(G) and (V(C — z) U{y}) contains a chorded 4-cycle.

Proof. Let C = z12923242;. First, suppose that do(z) = 4. Then de(y) > 3. Without
loss of generality, we may assume that {21, 22, 23} C Ngo(y). Then x2z4 € E(G), and
(V(C — z4) U{y}) contains a 4-cycle yz12923y with chord yz;. Next, suppose that
de(y) = 4. Then de(x) > 3. Without loss of generality, we may assume that
zz; € E(G). Then (V(C — z) U {y}) contains a 4-cycle yzo2324y with chord yzs.
Thus this lemma holds. O

Lemma 2.2. ([7, Lemma 3.2]) Let r > 1 be an integer, and let L = {C4,...,C.}
be a minimal set of v disjoint chorded cycles in a graph G. If |C;| > 7 for some
1 <4 <r, then C; has at most two chords. Furthermore, if C; has two chords, then
these chords must be crossing.

Lemma 2.3. ([7, Lemma 3.3]) Let r > 1 be an integer, and let L = {C4,...,C.} be
a minimal set of r disjoint chorded cycles in a graph G. Then dc,(z) < 4 for any
1 <i<rand anyz € V(G —_, Ci). Furthermore, for some C € L and some
reV(G—-Ui_,C), if do(z) =4, then |C| =4, and if de(z) = 3, then |C| < 6.

Lemma 2.4. ([7, Lemma 3.6]) Suppose that there exist at least five edges connecting
two disjoint paths Py and Py with |Py U Py| > 7. Then there exists a chorded cycle
in (P, U Py) not containing at least one vertex of (P, U Py).

Lemma 2.5. ([7, Lemma 3.7]) Let Py, P, be two disjoint paths, and let uy,us (uy #
ug) be in that order on Py. Suppose that dp,(u;) > 2 for each i € {1,2}. Then there
exists a chorded cycle in (Py[uy, us] U Ps).
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Lemma 2.6. Let k > 2 be an integer, and let G be a graph. Suppose that G does not
contain k disjoint chorded cycles. Let {C,...,Cx_1} be a minimal set of k—1 disjoint
chorded cycles in G, L = Uf:ll Ciy, H=G—L, and X = {1, 29,23, 24} C V(H).
Suppose that there exists a path connecting x1 and xo in H — {x3,24} and there
exists a path connecting xs and x4 in H — {x1,22}. Then dc,(X) < 12 for each
1<i<k-—-1.

Proof. Suppose not, then d¢, (X) > 13 for some 1 <4y < k — 1. By Lemma 2.3,
dCiO (zj) <4 for each 1 < j < 4. Then there exists at least one vertex x € X with
de;, (x) = 4. By Lemma 2.3, |C;,| = 4. Let C;, = v1v9v3v4v1. We show the existence
of two disjoint chorded cycles in (H U Cy,), and then G contains k disjoint chorded
cycles, a contradiction. It is sufficient to consider the following three cases.

Case 1. X contains three vertices of degree 4 and a vertex of degree at least 1.

Without loss of generality, we may assume that de, (1) > 1 and dc, (z;) = 4 for
each 2 < j < 4. Let zyv; € E(G). By the assumption of this lemma, there exists a
path connecting z; and x5 in H — {z3,24}. Then 1 Pxsvsvizy is a cycle with chord
Tovp. Since dCio(xj) = 4 for each j € {3,4}, x3vsx v4xs is a cycle with chord vzvy.
Thus there exist two disjoint chorded cycles in (H U C;,).

Case 2. X contains two vertices of degree 4, a vertex of degree 3, and a vertex of
degree at least 2.

Without loss of generality, we may assume that dc, (x1) > 2. First, suppose that
dc;, (r2) = 3. Then, without loss of generality, we may assume that v; € Ng, (72)
for each 1 < 57 < 3. Assume that v; € NCiO (z1). Then zProvovix; is a cycle
with chord zyv;. Since dg, (z;) = 4 for each j € {3,4}, vs,vs € Ng, (). Then
r3v3r4v4x3 is a cycle with chord wsvs. Thus there exist two disjoint chorded cycles
in (HUCj,). Hence vy € Ng, (21). By symmetry, v € Ne, (21). Since dg, (1) > 2,
v € Ng,, (1). Then 1 Pxovivemy is a cycle with chord zovy. Since vs, vy € Ne,, ()
for each j € {3,4}, x3vsxyvaws is a cycle with chord wzvy. Thus there exist two
disjoint chorded cycles in (H U C;,).

Next, suppose that d¢, (3) = 3 or dg, (v4) = 3. Without loss of generality, we
may assume that dg, (z3) = 3. Then dg, (v2) = 4 and d¢, (z4) = 4. Without loss
of generality, we may assume that v; € N¢, (x3) for each 1 < 5 < 3. Assume that
v1 € N, (z1). Then zyPxovevixy is a cycle with chord zyv;. Since de;, (x4) = 4,
r3Pryvgvsxs is a cycle with chord x4v3. Thus there exist two disjoint chorded cycles
in (HUCj,). Hence v € Ng, (z1). By symmetry, v € Ng, (21). Since dg, (71) > 2,
vy € Ncio(atl), and since dc,_ (x2) = 4, v1,v9 € NCZ.O(I'Q). Then x1Pzoviv9x; IS a
cycle with chord xavy. Since dg,, (r4) =4, v3,04 € Ne,, (z4). Then z3Pr v 0523 is a
cycle with chord z4v3. Thus there exist two disjoint chorded cycles in (H U Cj,).

Case 3. X contains a vertex of degree 4 and three vertices of degree 3.

Without loss of generality, we may assume that dc, (z1) = 4. Then dg, (z;) =
3 for each 2 < j < 4. Since dCiO (x3) = 3, there exist two consecutive vertices
Vjos Vjot1 € NCiO<£L'3) for some 1 < jo <4, with vs = v;. Let v1,v3 € Ne,, (x3). Since
do,, (v4) = 3, v1 € Ng, (24) or vg € Ng, (74). If v1 € Ne, (24), then z3Prsv 0973 is
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a cycle with chord zzvy. If vy € N, (x4), then x3Pxsv9vixs is a cycle with chord
z3vg. Since dg, (71) = 4, v3,v4 € Ng, (21). Since dg, (v2) = 3, v3 € Ng, (z2) or
vs € N, (x9). If vy € Ne,, (x2), then xqPzyvsvszy is a cycle with chord zqvs. If
vy € NCiO (x2), then x1Pryvsvsz is a cycle with chord zyv4. Thus there exist two
disjoint chorded cycles in (H U Cj,).

]

3 Proof of Theorem 1.3

Let k, G, n be as defined in Theorem 1.3. Since k is a positive integer and n > 12k—5,
we have n > 7. Suppose, to the contrary, that G does not contain k disjoint chorded
cycles. If G is a complete graph, then Theorem 1.3 holds. Thus we may assume
that G is not a complete graph. Suppose that & = 1. Then, since o3(G) > 3k,
we have 07(G) > 3. Thus there exists a vertex ug € V(G) with dg(ug) > 3. Let
{uy,u2,u3} € Ng(up). Let P = vyvy...v, be a longest path in G. Then |P| > 3.
Suppose that |P| = 3. If ujus € E(G), then ujusugug is a longer path than P, a
contradiction. Thus we may assume that ujuy ¢ F(G). By the ¢?(G) condition,
de(u1) > 3 or dg(uz) > 3. Since P is a longest path of order 3 in G, this is a
contradiction. Thus |P| > 4. Assume that viv, € E(G). By the ¢}(G) condition,
without loss of generality, we may assume that dg(v;) > 3. Since P is a longest
path in G, there exists a chorded cycle containing vy in (V(P)). Thus v1v, € E(G).
Let C' = vvy...vv1. If vyv,01 € E(G), then C is a cycle with chord vyv,-1 in G.
Thus we may assume that v1v, 1 € E(G). By the 0%(G) condition, dg(vi) > 3 or
de(vp—1) > 3. Since v,_1Vp_3 ... V10, is a longest path in G, we have dg_p(v,_1) = 0.
Thus C'is a cycle with chord in G. This is a contradiction.

Suppose that k > 2. Let G be an edge-maximal counter-example. Let zy € E(G)
for some z,y € V(G), and define G’ = G + zy, the graph obtained from G by adding
the edge zy. Since G’ is not a counter-example by the edge-maximality of G, G’
contains k disjoint chorded cycles C1,...,Ck. Without loss of generality, we may
assume that zy ¢ Uf;ll E(C;), that is, G contains k — 1 disjoint chorded cycles. Let
L = U;:ll Ci;, H=G — L, and P, = x125...x5 be a longest path in H. We may
assume that H does not contain a chorded cycle, otherwise G' contains k disjoint
chorded cycles, a contradiction. Since G’ contains k disjoint chorded cycles, we have
|H| > 4. Choose (Y, ...,Cy_1 such that

Al) |L] is as small as possible,

A2) subject to (A1), |P| is as large as possible,

A3) subject to (Al) and (A2), 3 oy (g de(x) is as large as possible, and
Ad) subject to (A1)~(A3), 3 cy(p,) da(®) is as small as possible.

Since G’ is not a counter-example, we note that |Py| > 4.

(
(
(
(

Claim 3.1. Ifdg(u) < 3k—1 and dg(v) < 3k —1 foru,v € V(G), then uv € E(G).

Proof. By the 03(G) condition, this claim holds. O
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Claim 3.2. |H| > 7.

Proof. Suppose that |H| < 6. Assume that |C;| < 12 for each 1 <7 < k — 1. Since
|G| > 12k — 5 by the assumption, it follows that |H| > (12k —5) —12(k—1) =7, a
contradiction. Thus |C;,| > 13 for some 1 < iy < k — 1. Without loss of generality,
we may assume that C is a longest cycle in L with chord. Then |C;| > 13, and
de, (v) < 2forany v € V(H) by (A1) and Lemma 2.3. By Lemma 2.2, C; has at most
two chords, and if C'; has two chords, then these chords must be crossing. Thus, since
|H| < 6 by our assumption, it follows that |E(H,C})| < 12. Let |Cy| = t (> 13),
and X = {v € V(C}) |dg(v) > 3k}. If | X| <t — 4, then there exists a 4-cycle with
chords in (V(C4)) by Claim 3.1. This contradicts (Al). Thus we may assume that
| X| >t — 3. Then we take a vertex set X' C X with | X'| =¢ — 3.
Suppose that k£ = 2. Then L contains only one cycle C, and since ¢t > 13,

|E(X',H)| = da(X') — de, (X') > 3k(t — 3) — (2(t — 3) + 4)
=3kt — Ok — 2t +2 =6t — 18 — 2t +2
=4t — 16 > 52 — 16 = 36.

Since 12 > |E(Cy, H)| > |E(X’, H)|, this is a contradiction.
Next, suppose that k£ > 3. Since |H| < 6 and d¢, (v) < 2 for any v € V(H),

|E(X', L = CY)| = do(X") = do, (X) — du(X7)
>3k(t—3)—(2(t—3)+4)—2-6
=3t(k — 1)+t — 9k — 10,

and since t > 13,

Btk —1)+t—9% —10=(3t—9)(k—1)+t—19> (3t —9)(k— 1) — 6
> (3t —9)(k — 1) — (3t — 9)
= (3t — 9)(k — 2).

Since L — C contains k — 2 disjoint chorded cycles, we have |E(X’,C")| > 3t — 9 for
some C" in L —C}. Let h = max{dc(v) |v € X'}. Let v* be a vertex of X’ such that
der(v*) = h. If h < 3, then |E(X',C")| <3 x (t —3) = 3t —9, a contradiction. Thus
we may assume that A > 4. By the maximality of Cy, |C'| < |Cy] = t. It follows
that h = der(v*) < |C'| <t. Since t > 13,

E(X'—{v"},")| = |[E(X",C")| —der(v") > (3t —8) — ¢
=2t — 8> 18. (1)

Since h = der(v*) > 4, let vy, vq, v3,v4 be four distinct neighbors of v* in that order
on C'. Note that vy, vy, vs3,v4 partition C’ into four intervals C'[v;, v;11) for each
1 <1 <4, with vs = v;. By (1), there exist at least 18 edges from C; — v* to C".
Thus C'[vj,, viy4+1) for some 1 < 4y < 4 contains at least 5 of these edges. Without
loss of generality, we may assume that iy = 4, that is, C’[vg,v1). Then by Lemma
2.4, ((Cy —v*) U C'[vyg,v1)) contains a chorded cycle C not containing at least one
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vertex of ((C7 — v*) U C’[vyg, v1)). Note that CY = v*C'[vy, v3]v* is a cycle with chord
v*vy, and it uses no vertices from C’[vy,v1). Thus there exist two disjoint chorded
cycles C1,CY in (Cy U C') such that |C7| + |CY| < |Cy| + |C'|, contradicting (Al).
Hence Claim 3.2 holds. O

Claim 3.3. |P| = |H]|.

Proof. Suppose that |P| < |H|. Let P, = y1y2...y; (t > 1) be a longest path in
H — P,. We first claim that

there exists a vertex yo € V(H — Py) with dg(yo) < 3. (2)

By the maximality of P, dy_(p,up,)(y;) = 0 for each ¢ € {1,t}. Suppose that
|P,| > 3. Since H does not contain a chorded cycle, dp,(y;) < 2 for each i € {1,t}.
By Lemma 2.5, dp, (y;,) < 1 for some ig € {1,¢}. Thus dg(y;,) < 2+1 = 3. Suppose
that |Py| = 2. Then t = 2 and dp,(y;) = 1 for each ¢ € {1,2}. By Lemma 2.5,
dp, (yi,) <1 for some iy € {1,2}. Thus dy(y;,) < 1+ 1= 2. Suppose that |P| = 1.
Then t =1, dp,(y1) = 0, and dp, (y1) < 2. Thus dg(y1) < 2. Hence (2) holds.

Next, we claim that

dg(z;) > 3k for each i € {1, s}, and dg(yy) < 3k — 1. (3)

Suppose that dg(yo) + da(z4,) > 6k for some iy € {1, s}. Without loss of generality,
we may assume that i = 1. Since dy(yo) < 3 by (2), and dy(z;) < 2,

dr(yo) + di(21) = da(yo) + da(x1) — (du(yo) + du(x1))
>6k—(3+2)=06(k—1)+1.

Thus dc, (yo) + dc;, (z1) > 7 for some 1 < jo < k — 1. Then dc; (y0) > 4 or
do, (z1) > 4. By (A1) and Lemma 2.3, we have |Cj)| = 4. By Lemma 2.1, there
exists a vertex z € V(C},) such that x1z € E(G) and (V(C}, — z) U {yo}) contains
a chorded 4-cycle, say C7 . Replacing Cj, in L by C7 , we consider the new H'.
Then zxizy...xs is a longer path in H’ than P;. This contradicts (A2). Thus
da(yo) + dg(z;) < 6k — 1 for each i € {1,s}. If dg(yo) < 3k — 1, then since
02(G) > 3k, dg(x;) > 3k for each i € {1,s}. Thus (3) holds. Hence we may
assume that dg(yo) > 3k. Since dg(yo) + da(z;) < 6k — 1 for each i € {1,s}, we
have dg(z;) < 3k — 1. By Claim 3.1, z;2; € E(G). Note that |P| > 4. Since
Ts_1Ts_9...T1T, is a longest path in H, we have dg(xs—1) < 3k — 1 by the above
arguments. By Claim 3.1, zy2,_1 € E(G). Then z1x5 ... x4z is a cycle with chord
xr1Ts 1, a contradiction. Thus (3) holds.
Next, we claim that

dg(y) <3k —1forany y € V(H — P,), and |H — P;| < 3. (4)

Suppose that dg(y') > 4 for some vy € V(H — P;). Since H does not contain a
chorded cycle, we have dp, (y') < 2, and dy_p,(y') > 2. Thus there exists a path of
order at least 3 in H — P;. Since Po(= y1ys ... y;) is a longest path in H — P;, we have
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|P,| > 3. Since H does not contain a chorded cycle, dp,(y;) < 2 for each i € {1,t}.
By Lemma 2.5, dp,(y;,) < 1 for some iy € {1,t}. Note that dy_(pup,)(¥i,) = 0.
Thus dg(yi,) < 2+ 1 = 3. Without loss of generality, we may assume that iz =
1. If dg(y1) > 3k, then since dg(x1) > 3k by (3), da(y1) + de(z1) > 6k. Since
dg(y1) < 3 and dy(x;) < 2, by the same arguments as the proof of (3), we have
de,, (y1) +dc, (v1) > 7 for some 1 < jo < k—1. By Lemma 2.1, there exists a longer
path than P;, a contradiction. Thus we may assume that dg(y1) < 3k — 1. Since Py
is a longest path in H and |P2| > 3, we have x;y1 ¢ E(G) for each i € {2,s — 1},
and since dg(y;) < 3k — 1, dg(x;) > 3k. We show that

there exist two distinct vertices uy,us € V(H) — {x1, x5} such that dg(uy) > 3k,
dp(ug) < 3 for each ¢ € {1,2}, and there exists a path connecting 1 and u;  (5)

in H — {ug, x5} and a path connecting ug and zs in H — {x1,u1}.

Suppose that dy_p,(z2) = 0 and dy_p,(zs_1) = 0. Then we let u; = x5 and
Uy = Ts—1. Since dg(y1) < 3k —1, dg(up) > 3k for each ¢ € {1,2}. Since H does not
contain a chorded cycle, dg(ug) < 3 for each £ € {1,2}.

Suppose that dg_p (z2) > 1 and dy_p,(zs_1) = 0 or dy_p,(x3) = 0 and
dy_p,(rs_1) > 1. By symmetry, we may assume that dg_p, (x2) > 1 and dg_p, (z5_1)
= 0. Then there exists a vertex u € V(H — P;) with zou € E(G), and we let vy = u
and uy = xs_;. Since P; is a longest path in H and |P;| > 3, we have u; ¢ V(P,).
Since w1y1 € E(G), dg(ur) > 3k. Since ujxars . ..z, is a longest path in H, we have
di(ur) < 2. Also, we have dg(uz) > 3k and dg(us2) < 3.

Suppose that dy_p,(x2) > 1 and dy_p,(xs_1) > 1. Then there exist vertices
u,u" € V(H — Py) such that zou’ € E(G) and z,_1u” € E(G). If ' # u”, then we
let uy = v’ and us = w”. Thus we may assume that v’ = u”. If |P| =4 (s = 4),
then xxou'x314 is a longer path than P;, a contradiction. Thus we may assume that
|Pi| > 5. Suppose that dy_p (x3) > 1. Let z3w € E(G) for w € V(H — Py). If
w = o, then rixowxswy ... 24 is a longer path than P;. Thus we may assume that
w # u'. Then zyxou'z, 175 5. .. x3w is a longer path than P;, a contradiction. Thus
dy_p (r3) = 0. Since z3y; € FE(G), dg(zs) > 3k. We prove that dp, (z3) = 2. If
z3xy € E(G), then zyx9u'xs 125 o ... 2327 is a cycle with chord xex3, a contradiction.
If z3z,, € E(G) for some 5 < rg < s—1, then xox3...xs 1u'xs is a cycle with chord
T3, a contradiction. If z3x, € F(G), then x1x9u'xs 124 o ... 237, is a longer path
than P;, a contradiction. Thus dp, (z3) = 2. Since dy_p,(z3) =0, dg(z3) = 2. Then
we let u; = ¢/ and uy = 3.

By the above choices of u; and uy, we note that there exists a path connecting x;
and u; in H — {us, x5} and a path connecting us and =5 in H — {x1,u; }. Therefore,
(5) holds.

Let X = {x1,us,us, zs}. Then, by (5),

dp(X) = da(X) — du(X)
>4-3k—(24+3+3+2)=12k—-10
=12(k—-1)+2.
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Hence doio (X) > 13 for some 1 < iy < k — 1. Since X satisfies the conditions of
Lemma 2.6 by (5), this inequality contradicts Lemma 2.6. Hence dy(y) < 3 for any
y € V(H — Py). Similar to (3), we have dg(y) < 3k — 1 for any y € V(H — Py),
and by Claim 3.1, H — P, is a complete graph. Since H does not contain a chorded
cycle, we have |H — P;| < 3. Thus (4) holds.

Since dy(x;) < 2 for each i € {1, s}, we have

dL($1) + dL($s> = dg(l’l) + dg(iﬂs) — (dH(xl) + dH(.TS))
>2.3k—(2+42)=6(k—1)+2.

Thus dg, (71) + dc, (zs) > 7 for some 1 < ip < k — 1. Without loss of generality,
we may assume that ig = k — 1. Then d¢, ,(z1) > 4 or d¢,_,(z5) > 4. By (Al)
and Lemma 2.3, we have |Cy_1| = 4. Let Cy_1 = z129232421. By symmetry, we may
assume that de, (1) =4 and {29, 23, 24} € Ne,_, (z5). Then 2023242 is a 4-cycle
with chord x4z3, and zyx129 ... 2,1 is a path of the same length as P;. Note that
da(xs) > 3k by (3). Thus, by (A3), we have

Subclaim 3.3.1. The following statements hold.

(i) For some 2 <iy<s—1, Ne,_,up, (21) C {22, 23, 24, T1, Ty, Ts }, and Ny_p,(z1)
= 0.
(ii) For eachi € {2,s — 1}, Ny_p,(z;) =0 and dg(x;) > 3k.
(111) Let H1 = <H U Ck_1>. Then dH1 (.’L’Q) + dHl(xs—l) S 10.

Proof. If {x;y,xz;,} € Np,(21) for some 2 < iyp < jo < s — 1, then (P, U Cy_q)
contains two disjoint chorded cycles, that is, one is a cycle z12y... 252121 with
chord z;,2; and the other is a cycle xs2923242s with chord zsz3, a contradiction.
Thus N, ,up,(z1) C {22, 23, 24, T1, Tiy, s} for some 2 < iy < s — 1. Suppose that
Np_p (z1) # 0, and let z1y € E(G) for y € V(H — Py). Then z,29232475 is a 4-cycle
with chord zsz3, and yz1x129 . .. x5_1 is a longer path than P;. This contradicts (A2).
Thus Ng_p, (1) = 0, and (i) holds.

Suppose that Ny_p (x9) # 0. Let xy € E(G) for y € V(H — P;). Then
P] = yxoxws ... x4 is a path in H with |P/| = |Py|. Recall that dg(z1) > 3k by (3),
and dg(y) < 3k —1 by (4). Since erv(P{) da(z) < 3 sev(p) da (), this contradicts
(A4). Thus Ng_p,(x9) = 0. By the 0?(G) condition and (4), we have dg(z2) > 3k.
By symmetry, Ny_p, (2s_1) = 0 and dg(zs—1) > 3k. Thus (ii) holds.

Suppose that dg, (z2) + dp,(xs—1) > 11. Since H does not contain a chorded
cycle, we have dp, (x;) < 3 for each i € {2,s — 1}, and since Ny_p, (z;) = 0 by (ii),
we have dy(x;) < 3. Thus

doy,_, (v2) +dey_, (x5-1) = dp, (22) + dp, (T5-1) — (du(22) + du(25-1))
>11—-(3+3) =5.
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Since |Cy-1| =4, N¢,_,(x2) N Ne,_, (xs-1) # 0. Thus z;, € Ne,_, (22) N Ne,_, (25-1)
for some 1 < iy < 4. If ig = 1, then x1x5 ... 25 12177 is a cycle with chord z9z1, and
Ts292324T 1S a cycle with chord x,23, a contradiction. If ig = 2, then xox3 ... xs2029 is
a cycle with chord x,_129, and x123242121 is a cycle with chord x124, a contradiction.
If ig € {3,4}, then we get a contradiction similar to the case where iy = 2. Thus (iii)
holds.

O

Subclaim 3.3.2. For each 1 <i < k—2, 2(d¢,(z1)+dc,(x9)+de,(xs—1)) +do, (x1) +
dci(l's) S 24.

Proof. Suppose not. Then, for some 1 <1y < k — 2,
2<dci0 (21) + dCz‘O (232) + dcio ('775—1)) + dCiO (1‘1) + dCiO (3:5) > 25. (7)

Thus dc, (21) + dc,, (v2) + de,, (vs-1) > 10 or dg, (1) + dc, (vs) > 7.

First, suppose that dc, (z1) + dc, (zs) > 7. Then de, (z1) > 4 or d¢, (v5) > 4.
By (A1) and Lemma 2.3, we have |C;,| = 4. Let C;, = wjwowswaw;. Without loss
of generality, we may assume that dc, (z1) = 4 and {ws, w3, ws} C Ng, (75). We
claim that Ne, (x2) N Ncio(ﬂfs—l) = (). Suppose not. We prove that there exist two
disjoint chorded cycles in (P, U C;,), and then G contains k disjoint chorded cycles,
a contradiction. Assume that w, € N, (z2) N Ne,, (xs—1). Then xizy...xs qwixy
is a cycle with chord zowq, and x,wowswszrs is a cycle with chord z ws. Assume
that wy € Ne,| (x2) N Ne,, (xs—1). Then zoz3. .. xswoxs is a cycle with chord z,_qws,
and rjwzwswizy is a cycle with chord zywy. If wy, € Ne, (z2) N Ne,, (xs—1) for
some jo € {3,4}, then we can prove the existence of two disjoint chorded cycles in
(P, U C,), similarly. Thus the claim holds. Then dc;, (x2) + de;, (xs—1) < 4. Since
|Ciy| = 4, we have dc, (21) < 4 and dg, (v;) < 4 for each j € {1, s}. Hence,

2do, (21) + do (22) + dey (2m1)) + de (1) + doy (2,) < 204+ 4) + 4+ 4= 24,

This contradicts (7).

Next, suppose that dc, (21) + do, (¥2) + de, (¥s-1) > 10. Then dg, (v) > 4 for
some v € {z1, 22, 25_1}. We show that |C;)| = 4. If v € {x9, 251}, then by (Al)
and Lemma 2.3, we have |C;,| = 4. Thus we may assume that v = z;. Recall that
de,_,(x1) = 4. Then C]_, = 129232471 is a 4-cycle with chord z;23. Replacing Cy_;
in L by C_;, we consider the new L’ not containing 2. Since dc, (1) > 4, we have
|Ci| =4 by (A1) and Lemma 2.3. Let C;, = wjwowzw,w;.

We prove that there exist three disjoint chorded cycles in (V(Py) U V(C;,) U
V(Ck-1)). Then G contains k disjoint chorded cycles, a contradiction. Since |Cj,| =
4, dCiO (Zl) + dCz‘O (LL'Q) + dCiO (ms_l) S 12.

CASE (A). de, (21) + des, (02) + doy, (24-1) = 12,

In this case, d¢, (v) = 4 for each v € {21, 22,751}, and by (7), we have

de

7,

(1) +de, (75) > 1. (8)
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First, we claim that dc, (z1) = 0. Assume that zyw; € E(G). Then z12s ... x5 w24
is a cycle with chord xowq, zjwowswyzy is a cycle with chord zyws, and zszo232424
is a cycle with chord zsz3. Thus zyw; ¢ E(G). Similarly, xjw; € E(G) for each
2 <i < 4. Thus the claim holds. Next, we claim that d¢, (zs) = 0. Assume that
zswi € E(G). Then xoxs . .. xswixs is a cycle with chord zs_qwy, T120232471 is a cycle
with chord x;23, and zjweowswyz; is a cycle with chord zjws. Thus z,uy € E(G).
Similarly, zsw; ¢ E(G) for each 2 <i < 4. Thus the claim holds. Since dc, (z;) =0
for each i € {1, s}, this contradicts (8).

CASE (B) dcz.o (Zl) + dcio (272) + doio (1‘8_1) =11.
In this case, {dc, (21), dc,, (72),dc, (zs-1)} = {4,4,3}, and by (7), we have

de,, (v1) + dc,, (z5) > 3. 9)

Case 1. dg, (21) = 3.

3

In this case, d¢, (72) = dc, (7s-1) = 4. Without loss of generality, we may assume
{w1, we, w3} C Ng, (21). We claim that dc, (v1) = 0. Assume that z,w; € E(G).
Then x1x9wq 2121 is a cycle with chord xqw,, xs_wowswsx,_1 is a cycle with chord
Ts_qws, and Tsze232475 is a cycle with chord z5z3. Thus 3wy ¢ FE(G). Similarly,
riw; € E(G) for each i € {2,3}. If xywy € E(G), then x125 ...z, qwyxy is a cycle
with chord xowy, zywiwowszy is a cycle with chord zjwsy, and 42923247, is a cycle
with chord zsz3. Thus the claim holds. If z,w, € E(G), then xoxs. .. xw s is a
cycle with chord z_jwy, 1129232471 is a cycle with chord x123, and zyw,wows3z; is a
cycle with chord zjw,. Thus zswy & E(G). Since dc, (1) = 0, we have d¢, (z5) > 3
by (9). Then Ne,, (xs) = {wy,wy,w3}. Thus zows. .. s qwswyxs is a cycle with
chord z,_jwy, 12923241 is a cycle with chord x; 23, and x,w;ziwsx, is a cycle with
chord wjws.

Case 2. dg, (72) = 3.

In this case, d¢, (21) = dc, (v5-1) = 4. Without loss of generality, we may assume
{wi, wy, w3} C Ng, (72). We claim that dg, (z1) = 0. Assume that z,w; € E(G).
Then x5 ... x,_jwyixy is a cycle with chord xowy, zywowswsz; is a cycle with chord
zyws, and Ts292324%5 is a cycle with chord zsz3. Thus zyw; ¢ E(G). Similarly,
ryw; € E(G) for each j € {2,3}. If 2wy € E(G), then x121wzwaxy is a cycle with
chord zywy, Toxs ... x5 jwowixy is a cycle with chord xs_jwy, and xs20232475 is a
cycle with chord z,z3. Thus the claim holds. If z,w; € E(G), then zozs. .. wswi2o
is a cycle with chord x,_wq, 120232471 is a cycle with chord 23, and zywowzw,z;
is a cycle with chord zjws. Thus z,w, € E(G). Similarly, zsw; ¢ E(G) for each
i € {2,3}. Thus dc, (z5) < 1. Since dg, (21) = 0, dg, (vs) > 3 by (9). This is a
contradiction.

Case 3. dg, (vs5-1) = 3.

We can prove this case similar to Case 2.

CASE (C) dcio (21) + dcio (SCQ) + dcio (l’sfl) =10.
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In this case, by (7), we have
ey (1) + des, (@) 2 5. (10)

Case 1. {dc, (21),dc, (v2),dc; (vs-1)} = {4, 4,2}
Subcase 1.1. dg¢, (21) = 2.
In this case, d¢, (z2) = do, (v5-1) = 4.
(i) The vertex z; is adjacent to consecutive vertices on Cj,.

In this case, without loss of generality, we may assume that w;,wy € Ng, (21)-
Since x,20232z47, is a cycle with chord x,23, we show the existence of two disjoint
chorded cycles in ((V(Py) — {zs}) UV(Cy,) U {z1}). Assume that zyw, € E(QG).
Then z1zwew; 1 is a cycle with chord z;wy, and xowsxs_ w4, is a cycle with chord
wawy. Thus zywy ¢ E(G). Similarly, zywe ¢ E(G). Assume that xyws € E(G).
Then xjwswyzrexy is a cycle with chord xows, and zs jwizywezs 1 is a cycle with
chord wywy. Thus zyws ¢ E(G). Similarly, zywy ¢ E(G). Thus de, (z1) = 0.
By (10), dg, (vs) > 5. This contradicts |Cj, | = 4.

(i) The vertex z; is not adjacent to consecutive vertices on Cj,.

In this case, without loss of generality, we may assume that w, w3 € Ne,, (21).
Assume that zywy; € E(G). Then zxwizix; is a cycle with chord zjwq, and
Ts_1Wow3wyTs_1 18 a cycle with chord x,_jws. Also, x 2023247, is a cycle with
chord zs23. Thus zywy ¢ E(G). Similarly, ziws ¢ E(G). Then de, (z1) < 2.
By (10), dc;, (xs) > 3. Suppose that zyws € E(G). Then xizowjwex; is a cy-
cle with chord zswy. Since dcio(l’s) > 3, zsws € E(G) or zswy € E(G). 1If
zrsws € E(G), then x4 jxsw3wyzs 1 is a cycle with chord z,_jws, and if z,wy € E(G),
then x,_jz,wswsx,_1 is a cycle with chord z,_jw,. Also, we consider a chorded cycle
Cr-1. Thus zywy € E(G). By symmetry, zywy € E(G). Thus de, (z1) = 0. By (10),
dc;, (xs) > 5. This contradicts |Cj, | = 4.

Subcase 1.2. dc, (z2) = 2.

In this case, dc,, (z1) = de,, (rs—1) = 4. Since x4292324 is a cycle with chord xz23,
we show the existence of two disjoint chorded cycles in ((V(P) — {zs}) UV(C;,) U
{21
(i) The vertex x5 is adjacent to consecutive vertices on Cj,.

In this case, without loss of generality, we may assume that wi, wy € Ng, (72).
Assume that zyw; € E(G). Then zyxs ... xs_qwix; is a cycle with chord zyw;, and
Z1wew3wyz s a cycle with chord zyws. Thus zyw, € E(G). Similarly, zyws & E(G).
Assume that zyws € E(G). Then xjwswsziz; is a cycle with chord zjws, and
TowiTs 1waks is a cycle with chord wywe. Thus zyws ¢ E(G). Similarly, xjwy &
E(G). Thus dg, (71) = 0. By (10), d¢, (z5) > 5. This contradicts |Cj,| = 4.

(ii) The vertex x5 is not adjacent to consecutive vertices on Cj,.

In this case, without loss of generality, we may assume that w;, w3 € Ne,, (x2).
Assume that 27w, € E(G). Then xyxy ... 2, qwix; is a cycle with chord zow, and
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Z1wew3wyz1 s a cycle with chord zyws. Thus zyw, € E(G). Similarly, zyws ¢ E(G).
Assume that zyws € E(G). Then xjwowsziz; is a cycle with chord zjwe, and
Tolg...Ts qwawiTy is a cycle with chord z,_qw;. Thus zywe ¢ E(G). Similarly,
z1wy ¢ E(G). Thus dg, (v1) = 0. By (10), d¢, (xs) > 5. This contradicts |Cy,| = 4.

Subcase 1.3. dc¢, (z5-1) = 2.

In this case, we get a contradiction by the same arguments as Subcase 1.2.
Case 2. {dc, (21),dc, (22),dc; (vs-1)} = {4, 3,3}
Subcase 2.1. dc, (1) = 4.

In this case, de, (z2) = dc, (zs-1) = 3. Without loss of generality, we may assume
that Nc, (x9) = {wy, we,ws}. Since wsz9232475 is a cycle with chord 23, we show
the existence of two disjoint chorded cycles in ((V(Py) — {zs}) UV (Cy,) U {z1}).

(i) Ne,, (25-1) = {w1, wa, w3}

Assume that zyw; € E(G). Then x5 ... x5 jwizy is a cycle with chord xqw,
and zjwowswyzy is a cycle with chord zjws. Thus zyw, € E(G). Similarly, zyws &
E(G). Assume that zywy € E(G). Then zy2s...25 1wz is a cycle with chord
Towy, and zywswawi 21 is a cycle with chord zywy. Thus 1wy € E(G). Assume that
riwy € E(G). Then zzywswyxy is a cycle with chord zywy, and xowy s jwozs is
a cycle with chord wywy. Thus zywy € E(G). Therefore, de, (z1) = 0. By (10),
dc;, (s) > 5. This contradicts |Cj, | = 4.

(i) Ne,, (75-1) = {wi, wz, ws} or Ne, (v5-1) = {wa, w3, w4}

By symmetry, it is sufficient to prove the case where N¢, (75-1) = {w, wa, w4}
Assume that zywy; € E(G). Then xixs...z,_qwiz; is a cycle with chord zywy,
and zjwowswyz; is a cycle with chord zyws. Thus zyw; € E(G). Assume that
riwy € E(G). Then z12y... 25 qwexy is a cycle with chord zows, and zywswaws 21
is a cycle with chord zjw,. Thus xjwy € E(G). Assume that zyws € E(G). Then
r1xawowsxy is a cycle with chord zows, and zywsrs w2y is a cycle with chord
wiwy. Thus zyws € E(G). Assume that zywy € E(G). Then ziziwswyx; is a
cycle with chord zjwy, and xox3 ... 2, qwow s is a cycle with chord x,_jw;. Thus
z1wy ¢ E(G). Therefore, dc, (z1) = 0. By (10), dg, (vs) > 5. This contradicts
’Ci0’ =4.

(iii) Ne,, (v5-1) = {ws, w3, ws}.

Assume that zyw; € E(G). Then xixowowix; is a cycle with chord xow;, and
21W3Ts_qwyzy 18 a cycle with chord wswy. Thus zyw, ¢ E(G). Similarly, ziws &
E(G). Assume that xjwy € E(G). Then xizowswex; is a cycle with chord xaws,
and zjwyTs w4z is a cycle with chord wywy. Thus zyws € E(G). Assume that
riwy € E(G). Then zyzywswyzy is a cycle with chord zjwy, and xexs ... 5 jwiwaems
is a cycle with chord @aw;. Thus zyws ¢ E(G). Therefore, dc, (z1) = 0. By (10),
dc;, (s) > 5. This contradicts |Cj, | = 4.
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Subcase 2.2. dc, (z2) = 4.

In this case, dc,, (rs_1) = dc,, (z1) = 3. Without loss of generality, we may assume
that Ne,, (xs—1) = {wy, we,ws}. Since xsz923247 is a cycle with chord zz3, we show
the existence of two disjoint chorded cycles in (V(Py) — {zs}) UV(C;,) U {z1}).

(i) NCZ'O(Zl) = {w1, w2, ws}.

Assume that zyw; € E(G). Then zzywowyxy is a cycle with chord zyw;, and
Toly ... Ts 1W3W4Ts is a cycle with chord zows. Thus zqyw; ¢ E(G). Similarly, zws ¢
E(G). Assume that 1wy € E(G). Then x1zjwjwyxy is a cycle with chord zywq, and
Tolg...Ts qW3W4Ts is a cycle with chord zows. Thus zywe ¢ E(G). Assume that
riwy € E(G). Then zireswswyry is a cycle with chord xowy, and zs_qwiziwers q
is a cycle with chord wywy. Thus z1wy ¢ E(G). Therefore, d¢, (z1) = 0. By (10),
dc;, (s) > 5. This contradicts |Cj, | = 4.

(ii) Ny, (21) = {w1, we, wa} or Ne, (21) = {ws, w3, wy}.

By symmetry, it is sufficient to prove the case where Ng, (21) = {wi, wz, w4}
Assume that zyw; € E(G). Then xiz;wswix; is a cycle with chord zyw;, and
Toly...Ts qW3WaTs is a cycle with chord xs_jwy. Thus 1wy ¢ E(G). Assume that
r1wy € E(G). Then zywew; z1x1 is a cycle with chord zywe, and xexs . .. x5 jw3wzs
is a cycle with chord zows. Thus xywe ¢ E(G). Assume that z;ws € F(G). Then
r1xawawsxy is a cycle with chord xows, and zs_jwiz;wexs 1 is a cycle with chord
wiws. Thus xyws € E(G). Assume that zywy € E(G). Then xixowswazy is a cycle
with chord zowy, and xs_qw; zywexs 1 is a cycle with chord wywsy. Thus zywy & E(G).
Therefore, dc, (71) = 0. By (10), d¢, (z5) > 5. This contradicts |Cj,| = 4.

(iii) Ne,, (21) = {w1, w3, wa}.

Assume that zyw; € E(G). Then xyzjwwix; is a cycle with chord zjw,, and
ToX3 ... Ts 1WoW3To is a cycle with chord xs jws. Thus xyw, € E(G). Similarly,
riws ¢ E(G). Assume that xjwy € E(G). Then xjxs...xs jwox; is a cycle
with chord zows, and zywswswz; is a cycle with chord zjwy. Thus xjwy & E(G).
Assume that zywy € E(G). Then xiz;wiwyx; is a cycle with chord 2wy, and

ToXs ... Ts_1W3WaTo 18 a cycle with chord zs_jwy. Thus zywy € E(G). Therefore,
dc;, (1) = 0. By (10), d¢, (z5) > 5. This contradicts |C;,| = 4.

Subcase 2.3. dc¢, (z5-1) = 4.

In this case, d¢, (72) = dc, (21) = 3. Without loss of generality, we may assume
that NCiO ([L’Q) = {’LUl, Wy, wg}.

(1) NCiO (Zl) - {wlaw%w?)}'

Assume that zyw; € E(G). Then zyzywowqxy is a cycle with chord zjw;, and
Tol3 ... Ts qWaw3Ts is a cycle with chord x,_jws. Also, x,2023241 is a cycle with
chord z4z3. Thus zyw; € E(G). Similarly, zqyws € E(G). Assume that zyws € E(G).
Then xqzyw wex is a cycle with chord zyws, and xoxs. .. s jwswszs is a cycle with
chord x,_jws. Also, zsz0232475 is a cycle with chord xgz3. Thus zywy € E(G).
Therefore, dc, (1) < 1. By (10), dg, (7s) > 4. Then x12923247; is a cycle with
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chord 123, xowi2z1woxy is a cycle with chord wyws, and x,_x,wswsx,_ 1 is a cycle
with chord x,_jws3, a contradiction.

(i) Ney, (21) = {w1, wa, wa} or Ne, (21) = {wa, w3, wa}.

By symmetry, it is sufficient to prove the case where ch.o(zl) = {wy, wy, wy}.
Since xgz02324x5 is a cycle with chord x4z3, we show the existence of two disjoint
chorded cycles in ((V(Py) — {zs}) UV(Cy,) U {z1}). Assume that 2w, € E(G).
Then z1zywewyxy is a cycle with chord zywq, and xozs . .. x,_jwawszs is a cycle with
chord z,_jws. Thus zyw; € E(G). Assume that xjwy € E(G). Then xjxowswexy
is a cycle with chord xows, and zywix,_qwsz; is a cycle with chord wyw,s. Thus
riwy € E(G). Assume that ;w3 € E(G). Then xjxwowsz; is a cycle with chord
Tows, and zjwixs w4z is a cycle with chord wywy. Thus zyws € E(G). Assume
that zywy € E(G). Then z1z1wywyzy is a cycle with chord zjwy, and xowsxs w3z
is a cycle with chord wows. Thus x1wy ¢ E(G). Therefore, dc, (z1) = 0. By (10),
dc;, (s) > 5. This contradicts |Cj, | = 4.

(111) NCiO (Zl) = {’l,Ul, w3,w4}.

Since rs2923247, is a cycle with chord z423, we show the existence of two disjoint
chorded cycles in ((V(Py) —{zs})UV(C;,)U{z1}). Assume that zyw, € E(G). Then
T1x2wy 2121 is a cycle with chord xwq, and x,_jwowswsxs_1 is a cycle with chord
zs_qws. Thus xyw; ¢ F(G). Similarly, zyws € E(G). Assume that xywy € E(G).
Then z1xwiwsyxy is a cycle with chord xows, and zywsxrs w42y is a cycle with chord
wawy. Thus 1wy € E(G). Assume that zywy € E(G). Then xyz1wjwyzy is a cycle
with chord zjwy, and xewsxs jw3xs is a cycle with chord wewsz. Thus zywy & E(G).
Therefore, d¢, (71) = 0. By (10), dc, (x5) > 5. This contradicts |Cj,| = 4.

O
Let
H1 - <HU Ck_1>,
k—2
dy =Y {2(de, (1) + de,(x2) + de, (z4-1)) + de, (1) + de, ()}, and
i=1

dy = 2(dm, (21) + dm, (22) + dp, (v5-1)) + dp, (21) + da, (25).

By (3), (6), and Subclaim 3.3.1 (ii), we have dg(z1) > 3k and dg(z;) > 3k for each
j€{1,2,s —1,s}. By Subclaim 3.3.2, d; < 24(k — 2). Since |Cx_1| = 4, dy, (x1) =
di(z1) +de,_, (x1) < 2+ 4 = 6. Similarly, dy, (z5) < 6. By Subclaims 3.3.1 (i) and
(iii), do < 2(6 + 10) + 6 4+ 6 = 44. Thus we have

24k S 2(dg(z1) + d(;(SBQ) + dg(l"s_l)) + dg(l"l) + dG([Es)
=dy +dy < 24(k — 2) + 44 = 24k — 4.

This is a contradiction.

Claim 3.4. Let X = {z € V(P,)|dg(z) > 3k}. Then |X| < 3.
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Proof. Suppose that |X| > 4. We claim that we may assume that dg(z,) > 3k.
Suppose that 12, ¢ E(G). By the 03(G) condition, without loss of generality, we
may assume that dg(z1) > 3k. Suppose that zyz, € E(G). By Claims 3.2 and
3.3, we have |P;| > 7. Let C' = xyx9...25x1. Then |C'| > 7. Since H does
not contain a chorded cycle, C' does not have a chord. Thus x5 ¢ F(G). By
the 0?(G) condition, without loss of generality, we may assume that dg(z;) > 3k.
Thus the claim holds. Since z; € X, there exist at least three vertices xz,, z,, z,
(2<p<gqg<r<s)in X. We choose x, such that r is as large as possible. If
r < s—4, then ({xs 3,2, 2,7, 1,2s}) is a complete subgraph of order 4 in H by
Claim 3.1, and contains a chorded cycle, a contradiction. Thus we may assume that
r>s—3.

Case 1. 7 € {s—3,s — 1, s}.

We prove that dp, (z,) < 3 for each r € {s—3,s—1, s}. Suppose that r € {s—1, s}.
Since H does not contain a chorded cycle, we have dp,(z,) < 3. Suppose that
r =s—3. Since dg(x,) < 3k — 1 for each s —2 <1’ <'s, we have z5_sxs € E(G)
by Claim 3.1. If z, 32,1 € E(G), then x4 325 2x,25 125 3 is a cycle with chord
Ts ows 1. If zs_gx, € E(Q), then xy sxs ows 17,25 3 is a cycle with chord x, sx,.
Since H does not contain a chorded cycle, we have dp, (zs—3) < 3. Thus dp, (x,) < 3
for each r € {s — 3,5 — 1, s}, and by Claim 3.3, dy(x,) = dp,(x,) < 3. Then

dp(z1) + di(z,) = de(z1) + de(,) — (da(21) + du(2,))
> 3k + 3k — (243) = 6(k — 1) + 1.

Thus dg, (1) + de, (z,) > 7 for some 1 < 4o < k — 1. Without loss of generality,
we may assume that io = k — 1. Then d¢, ,(z1) > 4 or d¢,_, (z,) > 4. By (Al) and
Lemma 2.3, we have |Cy_1| = 4. Let Cy_1 = 2120232421. Suppose that de,_, (1) >
4 (in fact, de,_,(z1) = 4) and {29, 23, 24} C Ne_, (2,). If de,_, (2,) > 4, then we can
prove this case by the same arguments as d¢, ,(z1) > 4.

We prove that dg(z1) > 3k. Suppose that dg(z1) < 3k. Assume that r €
{s—3,s—1}. Then C]_, = 12923241 is a 4-cycle with chord z;z3, and we consider
the new L’ containing C)_, instead of Cy_;. Let H' = G — L'. By the maximality
of r, we have dg(zs) < 3k. By Claim 3.1, ;21 € FE(G). Thus zox3...2521 is a
longest path (the same length as P;) in H'. Since dg(z1) > 3k and dg(z1) < 3k,
this contradicts (A3). Assume that r = s. Then C}_; = xs2023247 is a 4-cycle
with chord z425, and we consider the new L” containing C}_; instead of Cj_;. Let
H" = G — L". Then zyx125...25_1 is a longest path (the same length as P;) in
H". Since dg(zs) > 3k and dg(z1) < 3k, this contradicts (A3). Thus dg(z;) > 3k.
Let Hy = (H U Cy_1). We prove that dg,(z1) < 6. Suppose that dp,(z1) > 4.
Let Tiyy Lig, Tis € NP1—m1 (21) for 11 < 19 < 13. Then AT Tip 41 - - - Tig21 is a CYCle
with chord z1z;,, and x129232471 is a cycle with chord 723, a contradiction. Thus
dp,(z1) < 3. Since de,_,(#1) < 3, du, (#1) <6.

We have two observations as follows. Since dp, (z;) < 3 for each i € {2,5 — 1},
we have

dpl (Q?Q) + dpl (56'571) <6 (11)
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We prove that for each 1 < j <s—1,
dp,(z;) + dp (Tj41) < 7. (12)

Suppose that dp, (xj,) + dp, (xjy+1) > 8 for some 1 < jo < s — 1. Then dp, (z;,) =4
and dp, (xj,+1) = 4. Let xj,24,,Tj+12, € E(G) for jo +1 < t3 and t; < jo.
Then x4, @441 ... TjyTe,Tey—1 - - - Tjo+1T¢, 15 a cycle with chord zj,2;,41, a contradic-
tion. Thus (12) holds. We show that

z, and x, can be chosen so that dp, (z,) + dp, (z,) < 7. (13)

Let Y = {y € V() |de(y) < 3k —1}. By Claim 3.1, |Y| < 3. Suppose that r = s.
If Y| =0, then we let x, = 29 and xz, = x5y by (11). If |Y| € {1,2}, then since
|Pi| > 7, we can choose the desired vertices z,,z, by (11) and (12). Suppose that
Y| = 3. Then Y consists of three consecutive vertices on Py, otherwise, there exists
a chorded cycle in H by Claim 3.1. Since |P;| > 7, we can choose the desired vertices
Zp, g by (11) and (12). Thus (13) holds.

Suppose that r = s — 1. Then 2z, € Y. Let Y/ =Y — {z,}. If |Y'| € {0,1},
then since |P;| > 7, we can choose the desired vertices z,,z, by (12). If |Y'| = 2,
then since r = s — 1, there exists a chorded cycle in H by Claim 3.1. Suppose that
r=s—3. Then z; € Y for each s —2 < j <'s. Since |P;| > 7, we can choose the
desired vertices z,, z, by (12).

Since H; does not contain two disjoint chorded cycles, N¢, _, (z,) "N, _, (z4) =0
similar to the proof of Subclaim 3.3.1(iii). Thus d¢,_,(z,) + de,_,(z,) < 4. By
(13), du, (xp) + dp,(x,) < 7+ 4 = 11. By regarding x,, x,, x, as To,Ts_1,Ts, WE
have 2(d0i<21) + dCi(Ip) + dcl. (.Tq>) + dcl. (ZEl) + dci (l’r) S 24 for each 1 S 1 S k—2
similar to Subclaim 3.3.2. Also, dp, (1) = dp,(21) + de,_,(x1) < 2+ 4 = 6 and
dm, (z,) = dp () + de,_,(x,) < 3+4 = 7. Thus we have 2(dp, (21) + du, (z,) +
dm, (z4)) + dmy (1) + di, (z) < 2(6 +11) + 6 4+ 7 = 47. Thus 2(dg(z1) + da(xp) +
da(zq)) + da(z1) + da(x,) < 24(k —2) + 47 = 24k — 1. Since dg(z1) > 3k and
de(z;) > 3k for each j € {1,p, g, r}, this is a contradiction.

Case 2. r=5—2.

If dg(zy,) < 3k — 1 for some 1 < iy < s — 3, then x;,x5_1,2;,xs € E(G) by
Claim 3.1, and @;,@y41 - - - sy, is a cycle with chord z; 21, a contradiction. Thus
we may assume that dg(z;) > 3k for each 1 < i < s— 3. If dp, (x5 2) < 3, then
we get a contradiction by the same arguments as Case 1. Thus we may assume
that dp, (xs_2) = 4. Then z; sz, € E(G). If dp,(zs_3) = 4, then z,_s32,1 € E(G)
or zs_sxs € E(G). In both cases, ({xs_3, 759,25 1,25}) contains a chorded cycle.
Thus we may assume that dp, (z5_3) < 3. Then we get a contradiction by the same

arguments as Case 1.
O

Let Y = {y € V(P)|dg(y) < 3k —1}. By Claims 3.2, 3.3, and 3.4, we have
Y| > 4. By Claim 3.1, (Y) is a complete subgraph in H. Thus H contains a chorded

cycle, a contradiction.
|
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