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Abstract

We determine the restricted size Ramsey number 7*(2K5, C,,) for all cycles
C,,. In particular, we prove that

3n+4

(2K, Cy) = { J forn > 7,

filling a gap in the literature where no such values were previously known
beyond n = 5. Our approach is constructive and provides explicit graphs
achieving the bound.

1 Introduction

Given graphs G and H, the classical Ramsey number (G, H) is the smallest integer
r such that every red—blue coloring of the edges of the complete graph K, contains
either a red copy of G or a blue copy of H.

While Ramsey numbers concern the order of complete graphs, size Ramsey-type
problems focus on minimizing the number of edges required to enforce this property.
In particular, the restricted size Ramsey number 7*(G, H) asks for the smallest size
of a graph of order r(G, H) that still guarantees a monochromatic copy of G or H
under any red—blue edge coloring.

Initial results on size Ramsey numbers were obtained by Harary and Miller [4],
and later extended by Faudree and Sheehan [3], who determined all values for graph
pairs of order at most four. The restricted variant was introduced subsequently; for
instance, Lortz and Mengersen [5] studied restricted size Ramsey numbers for forest
pairs of order up to five.

Despite this progress, the values of 7*(2K5, C,,) for cycles C,, of length greater
than five have remained open. In this paper, we completely resolve this problem for
all cycles by providing an explicit construction.
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2 Preliminaries

All graphs considered are finite and simple. For a graph G = (V(G), E(G)), we
denote by v(G) = |[V(G)| and e(G) = |E(G)| its order and size, respectively. For
a vertex v € V(Q), its degree is denoted by degs(v), and the minimum degree of
the graph G is denoted by §(G). A vertex of degree zero is called an isolated verter.
A graph is connected if there is a path between any pair of vertices. The complete
graph on m vertices is denoted by K,,, and C),, denotes the cycle of length m. The
graph 2K, consists of two independent edges. Deleting all edges of a subgraph H
from a graph G is denoted by G — H, and deleting a vertex v from G is denoted by
G — .

For graphs G and H, a graph F arrows (G, H), written F' — (G, H), if every
red—blue coloring of the edges of F' contains either a red copy of G or a blue copy of
H. The Ramsey number r(G, H) is the smallest integer n such that K,, — (G, H).

The restricted size Ramsey number 7*(G, H) is the minimum number of edges in
a graph F' of order r(G, H) satisfying F' — (G, H). Clearly,

(G, H) < (T(GQ’ H)).

Chvétal and Harary [I] found the Ramsey number for 2K, and any graph H with
no isolated vertices. This result gives the order of F' that arrows (2K, H) to find
72Ky, H).

Theorem 2.1 ([1]). For any graph H with no isolated vertices,

(2K, H) v(H)+ 2, if H is complete,
r Y - .
? v(H)+1, otherwise.

Silaban et al. [8, O] investigated restricted size Ramsey numbers for pairs con-
sisting of a matching on two edges, 2K5, and several classes of graphs, including
complete graphs and the cycle Cs.

Theorem 2.2 ([9]). Forn >4,

2
(2K, K,) = (" ;r ) .

Theorem 2.3 ([§]).
f’*(ZKQ, C5> =11.

The same authors also obtained the following important properties.

Lemma 2.4 ([§]). Let H be a graph. Then F' — (2K, H) holds if and only if both
of the following conditions hold:

1. HC F —w for everyv € V(F),

2. HC F — (45 for every C3 C F, where F — C5 denotes the graph obtained from
F by deleting the edges of Cs.
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3 Main results

To begin with, let us prove the following simple fact:

Lemma 3.1.
(2K, C3) = 10.

Proof. Since r(2K,,C3) = 5, any graph witnessing 7*(2K5,C3) must have order 5.
The complete graph K5 has 10 edges and clearly satisfies K5 — (2K, C3), which
implies 7*(2K,, C3) < 10.

For the lower bound, consider graphs of order 5 with 9 edges. Up to isomorphism,
the unique such graph is K5 —e. Let T" be the triangle induced by the three vertices
not incident with the missing edge. Removing the edges of T leaves a graph with no
copy of C. Hence, by Lemma [2.4] we conclude that K5 —e - (2K5,Cs). Therefore,
(2K, C3) > 10.

Combining both bounds yields 7*(2K5, C5) = 10. O

Now we will prove a theorem that will be crucial in the main proof of the article.

Lemma 3.2. Let n > 4 and let H be a connected graph with v(H) = n. If F —
(2Ky, H) and v(F) = r(2K,, H), then

S(F) > 8(H) + 1.

Proof. Let H be a connected graph with v(H) = n > 4 and let F' be a graph of
order r(2K,, H) such that FF — (2K,, H). If H = K,,, then Theorem implies
d(F) > d(H) + 1, and the claim follows.

Assume now that H % K,,. By Theorem we have 7(2K,, H) = n+ 1, and
hence v(F) = n+ 1. Suppose, for a contradiction, that 6(F') < 6(H). Then there
exists a vertex u € V(F) with degp(u) < §(H). If degp(u) = 0, then w is an isolated
vertex and F' — (2K, H) is equivalent to F' — u — (2K, H), which is impossible
since v(F —u) = r(2K,, H) — 1. Hence, we may assume that degp(u) > 1. Let v be
a neighbor of u. Consider the graph /' —v. By Lemma , since F' — (2K5, H), the
graph F' — v must contain a copy of H. However, the degree of v in F' — v satisfies

degp_,(u) <0(H) — 1.

Consequently, F' — v cannot contain a copy of H, since u has too few neighbors
to realize the minimum degree of H. This contradicts the assumption that F' —
(2Ks, H).

Therefore, no such vertex u exists, and we conclude that 6(F) > §(H)+1. O

Lemma 3.3. For oddn > 7,

30+ 3
(2K, C,) = ”; .
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Proof. By Theorem , r(2K,,Cp) =n+ 1.

Case 1: n=1.
Consider the graph F with V/(F') = {w, ..., v7}, cycle vgv1v9v30405060709 and chords
VoUs, V1Vg, V25, v307. This graph contains no triangles, and after removing any vertex,
the remaining graph still contains a cycle of length 7. Thus F — (2K,,C7) and
7(2K,,C7) < e(F) = 12. For the lower bound, any graph F' with v(F) = 8 and
e(F) < 11 satisfies

(S(F) <3= 5(07) + 1.

Therefore, by Lemma 3.2, F' 4 (2K>, C7), and hence #*(2K,, C7) = 12.

Case 2: n > 9 is odd.

For odd n > 9, consider the graph F of order n + 1 shown in Figure [T, with vertex
set V(F') = {vo,...,v,}. The edge set of F' consists of the edges of a cycle C,,;; and
the following additional edges.

,,,,,,,,,,,,,,,,,,,,,,,,,,,,

Figure 1: Graph F with F' — (2K3,C),) for odd n > 9.

e Chords of the first type: {'Ul,'UnTH}, {vg,v%s}, {'Ug,'UnTJr?)}.

e Chords of the second type: {vs,vo}, {vs,vn}, ..., {UnTH, vnTJrg}.

Then |[E(F)| = (n+1)+ 252 +3 = 3253 The graph F' contains no Cj, since each
chord connects vertices whose distance along C,, 1 is at least 3. By Lemma [2.4] it
suffices to show that C,, C F'— v for all v € V(F).

Subcase 2.1: v =v;. A cycle C), in F' — vy is given by

Vo, Vg, . - . 7U(n+3)/2a U3, V2, U(n+5)/2a -y Up, Vo

Subcase 2.2: v =vy. A cycle C), in F — vy is given by

Vo, V1, U(n+7)/25 U(n+5)/2, V(n+3)/2, U3, V4, - - -, U(n+1)/25> U(n+9)/25 - - - , VO-
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(a) Start at v

(b) Start at v4

Figure 2: Cycle C), construction in Subcase 2.3 after removing a vertex v. In the
example shown, (a) corresponds to removing vg and (b) corresponds to removing
v7. Thick edges indicate block-by-block traversal to bypass the removed vertex.

Subcase 2.3: Any other v € V(F) \ {v1,v2, U3, V(n+3)/2: Vint5)/2, Vint)/2}- Depend-
ing on the position of the removed vertex v along the cycle C,,;1, the construction of
a cycle C, in F' — v follows one of two traversal patterns, illustrated in Figure [2| In
the first pattern (Figure[2{(a)), the traversal starts at vo. In the second pattern (Fig-
ure 2|(b)), the traversal starts at vy. In both cases, we traverse the remaining vertices
block by block along the original cycle C), 1, bypassing the removed vertex whenever
necessary. The construction terminates at either v(,41)/2 or v(n49)/2, depending on
the position of v, after which the six special vertices

V1, V2, U3, U(n+3)/2; V(n+5)/25 V(intT7)/2

close the cycle C),.

To prove the lower bound, observe that any graph F' with v(F) = n + 1 and

e(F) < 3L gatisfies

I(F)<3=46(C,) +1.
Therefore, by Lemma [3.2] we conclude that F' /4 (2K>, C,,). m
Lemma 3.4. For even n > 14,

3 4
(200, Cy) = 22
2
Proof. By Theorem 2.1 r(2K,,C,) = n+ 1 for even n > 6. For even n > 14,

consider the graph F of order n + 1 shown in Figure [, with vertex set V(F) =
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Figure 3: Graph F with F' — (2K3,C,,) for even n > 14.

{vo,v1, ..., o5} U {wy, wa, w3, wy} U {z}. Almost all vertices of the graph F|
except z, lie on the following cycle:

Vo, V1, W1, V2, W2, V3, Vg, - - . 7U"T_47 U"T_27w47 0%7 ws, U"T‘W?U”T‘Mv < ey Up—5,00.
The remaining edges of F' are as follows.

e Chords of the first type: {'Ul,'UnT-FQ}7 {vg, vn }, {'Ug,'UnT—Q}.
e Chords of the second type: {vs,vo}, {vs,vn-5}, .-, {vanz;, UnTH}.

e Edges incident with the vertex z: {z, w1}, {z, wa}, {2z, ws}, {z, w4}

The number of edges in F is |[E(F)| =n+ 3+ 2512 + 4 = 32 "and F contains no
triangle. By Lemma [2.4] it suffices to show that C,, C F —v for every v € V(F). By
the symmetries of F', several vertex-deletion configurations are equivalent. Therefore,
in the following case analysis, it suffices to consider one representative from each

symmetry class of vertices.

Case 1: v =z.
After removing the vertex z, the remaining graph contains the cycle C,, described
above.

Case 2: v € {'Ul,wl,U27w2,U3,Ung2,w4,/U%,UJ3,/Un;r2}.
Representative vertices are vy, wy, and vs.

Subcase 2.1: v = vy.
A cycle C), in F' — vy is given by

Uo,'l)n,g—',,...,U)4,Z,w1,...,Ug,?)n;2,...,1}4,'l]0.

Subcase 2.2: v = wy.
A cycle C), in F' — w; is given by

Vo, U1, /Un;»Q , W3, ’U%, Vg, W3, 2, W4, /Un;2 , U3y ... ,Un;x s Un~2F4, ..., V.
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Subcase 2.3: v = v,.
A cycle C), in F' — vy is given by

Vo, V1, W1, 2, W2, ..., Vp-

Case 3: v € V(F) \ {z,vl,wl,vg,wg,vg,v%—z,w%vg,wg,v%z}.

As in the case of odd cycles, we start the construction at the vertex vy or vy,
depending on the position of the removed vertex v. We then traverse the remaining
vertices block by block along the original cycle C,,, bypassing the removed vertex if
necessary. During this traversal, the construction terminates at one of the vertices
Una OT Unga. The final step is to close the cycle through the special vertices vy or
vg. The traversal may terminate at either Uns OF Unta. By the symmetry described
above, it suffices to present the construction when the cycle is closed at vg; the
analogous construction for v, follows symmetrically.

Subcase 3.1: Ending at Una.
A spanning path in F' — v is given by

Un_t, Un2, U3, ., W1, 2, Wi, -+, Ung2, V1, V-

Subcase 3.2: Ending at Uns.
A spanning path in F' — v is given by

U%H?U”T“7w37 U%>U27 W2, U3, ’ULEQ , Wy, 2, W1, V1, Vo-

In both subcases, all vertices of F'— v are visited exactly once, and the last vertex is
adjacent to vy. Hence, by adding the edge joining the endpoints, we obtain a cycle
of length n in F' — v. This completes the proof of the upper bound.

To prove the lower bound, let F' be a graph with v(F) =n+1 and e(F) < 3”2—+2

Since
2e(F) < 3n+2

v(F) = n+1

the average degree of F' is smaller than 3, and thus

< 3,

5(F) <3 =05(Cy)+ 1.

Therefore, by Lemma , we conclude that F' 4 (2K, C,).
Combining the upper and lower bounds, we conclude that

3 4
2Ky, Cy) = n2—l— for even n > 14.
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Cycle C, | 7 (2K, C},)
C, 9
Cs 12
Cy 14
Cho 17
Cia 20

Table 1: Values of #*(2K5, C,) for small even cycles obtained computationally, as
presented in [2].

The above construction and proof establish the exact values of 7*(2K3,C,,) for
even cycles with n > 14. For smaller even n, the values were obtained computa-
tionally using reinforcement learning methods, as presented in [2]. The results are
presented in Table [l Combining the above theorem for n > 14 with these compu-
tational results, we obtain the complete formula for all even cycles with n > 8:

3n+4

’f*(QKQ, On) == 5 s n 2 8.

Combining all the results above, we obtain the complete formula for the restricted
size Ramsey number 7#*(2K5, C,,).

Theorem 3.5. For all integers n > 3,

(10, n=3,

9, n =4,

72*(2K27 CTL) = 1]-7 n = 57
12, n =06,

2, w2
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