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zero forcing number, fort number, and fractional zero forcing number,
establishing a Vizing-like lower bound for the zero forcing number of a
Cartesian product of graphs for certain families of graphs. A family of
graphs achieving this lower bound is exhibited.

1 Introduction

In this work we establish lower bounds for the zero forcing number of the Cartesian
product of graphs under certain conditions. Zero forcing is a process on a graph,
where vertices are either filled or unfilled. An initial set of filled vertices can force
unfilled vertices to become filled by applying a color change rule. While there are
many color change rules (see [13, Chapter 9]), we will use the (standard) zero forcing
color change rule which states that a filled vertex u can change an unfilled vertex w
to filled if w is the only unfilled neighbor of w; this is referred to as u forcing w and
repeated application of this color change rule is referred to as a zero forcing process.
Since the vertex set of a graph is finite, there comes a point in which no more forcings
are possible. If at this point all vertices of the graph G are filled, then we say that
the initial set of filled vertices is a zero forcing set of G. The zero forcing number of
G, denoted Z(G), is the minimum cardinality of a zero forcing set of G.

One of the original applications for zero forcing is to bound the maximum nullity
over all symmetric matrices associated with a graph. More precisely, given a graph
G with V(G) = {1,2,...,n} and edge set E(G), the set of symmetric matrices
associated with G is defined by

S(G) ={A =[ai;] € Sp(R): for all i # j,a;; #0 < {i,j} € E(G)}

where S, (R) denotes the set of n x n real symmetric matrices. Let null A denote the
nullity of A. The mazimum nullity of G is defined by M(G) = max{null A:A€ S(G)}.
The original study [3] showed that the zero forcing number is an upper bound for the
maximum nullity: M(G) < Z(G). The Cartesian product of two graphs G and G’,
denoted GOG, has vertex set V(G) x V(G’), where A x B = {(a,b) : a € A,b € B},
and edge set {(g1,91)(92,93) : 91 = ¢ and gig2 € E(G)} U {(91,91)(92,95) : g1 =
g2 and ¢1g5 € E(G')}. That original study gave an upper bound for the zero forc-
ing number of the Cartesian product of graphs [3]: Z(GOG') < min{Z(G)|V (G")],
\V(G)|Z(G")}. This upper bound is achieved simply by constructing a zero forcing
set of GOG' using the zero forcing sets of G or G'. However, a lower bound is more
elusive as proving a lower bound requires showing that no smaller subset of vertices
can possibly be a zero forcing set.

To approach a lower bound, we can appeal to the next theorem of Hogben, Lin
and Shader.

Theorem 1.1. [I3, Theorem 9.22, Corollary 9.23] Let G and G’ be graphs each of
which has an edge. Then

Z(GOG') > M(GOG') > M(G)M(G') + 1.
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If M(G) = Z(G) and M(G") = Z(G"), then
Z(GOG) > Z(G)Z(G") + 1.
All bounds are sharp.

We consider whether the second bound for Z(-) in Theorem [L] holds for all
graphs. This question was originally asked by Hogben, Lin and Shader in [I3] and
we present it here as a formal conjecture.

Conjecture 1.2. If G and G’ are graphs each containing an edge, then Z(GOG') >
Z(GZ(G') + 1.

If true, this bound would be sharp. We provide examples of large families of
graphs that obtain equality in Section [Bl

These types of bounds on graph products, known as Vizing-like bounds, are not
uncommon in graph theory. Vizing conjectured that v(GOG’) > v(G)v(G') where
7(+) is the domination number [24]. Similar bounds have been found for other graph
parameters; see, e.g., [20].

As a tool to study Conjecture [[L2] we develop an alternative view of zero forc-
ing using hypergraph transversals. A hypergraph transversal (or edge cover) is a
set of vertices that intersects every edge. We will let 7(H) denote the transversal
number of the hypergraph H, which is the cardinality of the minimum transversal.
Brimkov, Fast and Hicks first gave this alternative characterization of zero forcing
in the context of forts [§].

A fortis a nonempty subset of vertices whereby whenever its complement is filled,
no more forces are possible. Specifically, a fort is a nonempty subset F' C V(G) such
that for each v € F, |[Ng(v)NF| # 1, where Ng(v) or N(v) denotes the open
neighborhood of v.

Theorem 1.3 (See [§] and [10]). A set of vertices S C V(G) is a zero forcing set if
and only if S intersects every fort.

With this characterization of zero forcing, we focus on the hypergraph of forts,
denoted Fg. (We will more formally define F in Section 2]). From this perspective,
Theorem [I.3] can be reinterpreted as follows.

Theorem 1.4. For any graph G,
4G) = 7(Fa).

This characterization allows the zero forcing number to be computed as the op-
timal value of the following binary integer program. A minimal fort is a fort that
does not contain any fort except itself. As presented in Model 2 in [§], all forts are



T.R. CAMERON ET AL./AUSTRALAS. J. COMBIN. 95 (2) (2026), 214-247 217

used, but the result is the same when only minimal forts are used, as in the next
description:

minimize Z Ty (1.1a)
veV(Q)
subject to Z x, > 1,  for all minimal forts F, (1.1b)
veF
x, €4{0,1}, forallve V(G). (1.1c)

One advantage of this view, not yet taken before, is that it provides a meaningful
interpretation of a fractional zero forcing number. This is done by changing the
constraint (LId) from z, € {0,1} to z,€ [0, 1]. We will denote the resulting optimal
value of this relaxation as Z*(G). Note that this fractional variation of zero forcing
is different from a previous one introduced in [14] via a three-color forcing game,
which was shown to be equal to the skew forcing number Z~(G). This distinction is
illustrated in Example 3.3 where it is shown that Z*(K,,) = 7, since Z~ (K,) = n—2.

Returning to our main question, Conjecture [[.2] we leverage known results about
Cartesian products of hypergraph transversals. Namely, we show in Theorem [£.10
that Z(GOG") > Z(G) Z(G')+1 whenever Z(G) = Z*(G). As aresult, we can provide
an affirmative answer to Conjecture for many families of graphs (by showing that
Z(G) = Z*(G) in those cases). It is interesting to compare Theorem .10/ to Theorem
[T} While more graphs G’ are known for which Z(G") = M(G’) than for which
Z(G") = Z*(G"), once such a graph G’ is found it has wider application to Cartesian
products: By Theorem [.I0| the bound Z(GOG") > Z(G) Z(G') + 1 applies without
restriction on G, whereas to obtain Z(GOG') > Z(G) Z(G') + 1 from Theorem [L1]
requires Z(G) = M(G) in addition to Z(G') = M(G’). For G = Cj o K; (called the
pentasun), it is well known that Z(G) =3 > 2 = M(G). So if G’ is any graph with
Z(G") = Z*(G") (examples of such graphs are listed in Table {.1]), then Theorem .10
confirms the bound in Conjecture [[2] while Theorem [[.T] does not.

The additional new parameter defined next also has a natural hypergraph inter-
pretation (see Observation [2.2)).

Definition 1.5. The fort number of a graph G, denoted by ft(G), is the maximum
cardinality of a collection of disjoint forts in G.

While applying hypergraph results, we also prove the corresponding Vizing-like
bounds for all graphs G and G’ for the parameters Z* and ft. Specifically, in Propo-
sition [£.25] and Corollary [£.28 we show that for each pair of graphs G and G’,

ft(GOG") > ft(G) f£(G) and Z*(GOG") > Z°(G) Z*(G").

Additional contributions of this study include the following:
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A determination of the exact values of these parameters, including Z*, for
many families of graphs including complete graphs, complete bipartite graphs,

cycles, hypercubes, select coronas and more (see Section [3 these results are
summarized in Table [6.7]).

e A full characterization when Z*(G) = Z(G) for trees (see Theorem [A.IT]).

e A result that equality within Conjecture is achieved whenever G is a star-
clique path (see Section [)).

e Numerous interesting open questions covering many different aspects of this
study (summarized in Section [6.3] and Table [6.2]).

2 Forts, hypergraph transversals, and fractional zero forcing

In this section we more carefully define the fort hypergraph and use it to define a
(new) fractional zero forcing number and fractional fort number, which are equal.
These ideas are then used in Section M to leverage known results on hypergraph
matchings and hypergraph transversals.

Let H = (V(H),E(H)) be a hypergraph, where V(H) is a finite nonempty set
(called the set of vertices) and the set of edges E(H) is a set of nonempty subsets
of V(H). As in [6], we require that V(H) = Uccgmye. The degree of a vertex in a
hypergraph is the number of edges that it is an element of. A set of vertices that
intersects every edge of H is a transversal of H. The transversal number of H,
denoted by 7(H), is the minimum cardinality of a transversal of H. A hypergraph
is stmple if no edge is a proper subset of another edge, uniform if every edge has
the same number of vertices, and reqular if every vertex is in the same number of
edges; the term k-uniform refers to a uniform hypergraph in which every edge has k
vertices, and analogously for k-reqular.

Throughout, we will consider the hypergraph of minimal forts. One might think it
would be natural to consider the hypergraph of all forts rather than the hypergraph of
minimal forts. Such a fort hypergraph is also a reasonable object of study. However,
a transversal of all minimal forts is also a transversal of all forts (because every
fort contains a minimal fort) and it is convenient to consider only minimal forts.
Furthermore, by restricting consideration to minimal forts, a simple hypergraph is
obtained.

Definition 2.1. Let G be a graph. The hypergraph of minimal forts or fort hyper-
graph of G, denoted Fg, is the hypergraph with
E(Fg) ={F : F is a minimal fort of G} and V(F¢) = Upcpr,) F-

Note that a vertex of G' that is not in any minimal fort of G is not a vertex of
Fg. However, if v is an isolated vertex of GG, then {v} is a minimal fort of G, so
v € V(Fg). A fort hypergraph is simple but need not be uniform nor regular.
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For convenience, we may abuse notation and use F¢ to refer to either the set of
minimal forts of G or the hypergraph of minimal forts of G. In all cases, the context
will be clear. As mentioned in Theorem [I.3], the strong relationship between zero
forcing and hypergraph transversals is that Z(G) = 7(Fq).

Given a hypergraph H, a set of disjoint edges is a matching of H. A mazimum
matching is a matching of maximum cardinality. The matching number of a hyper-
graph H, denoted here by p(H) is the number of edges in a maximum matching

Observation 2.2. For any graph G,
ft(G) = u(Fe).

For any hypergraph H, pu(H) < 7(H) (as one will need at least one vertex from
each edge in the matching to cover those edges). In the context of zero forcing,

w(Fg) < 7(Fg) translates to ft(G) < Z(G).

In analogy with equations ([LIa]) — (I.Id), the matching problem for a hypergraph
H can be formulated as follows:

maximize Z Te (2.1a)
e€E(H)
subject to Z re <1, forallveV(H), (2.1b)
e€E(H): vee
z. € {0,1}, forallee E(H). (2.1¢)

The fractional transversal number and fractional matching number are discussed
in [0, Chapter 3] and [22, Chapter 1]. The fractional transversal problem for a hyper-
graph H can be formulated as a linear program obtained by relaxing constraint (L.1d)
to z, € [0,1], for all v € V(H). The fractional matching problem for a hypergraph
H is the dual linear program obtained by relaxing constraint (2Id) to z. € [0, 1],
for all e € E(H). An assignment of values z, € [0,1] to vertices is called a weight-
ing of vertices and an assignment of values xp € [0,1] to forts (edges of the fort
hypergraph) is called a weighting of forts.

From a graph-theoretical viewpoint, the transversal problem seeks a set of vertices
of minimum cardinality that intersect every edge. Whereas, the fractional-transversal
problem seeks to assign a minimum total weight to the vertices such that each edge
has weight at least 1. Similarly, the matching problem seeks a maximum collection of
disjoint edges. Whereas, the fractional-matching problem seeks to assign a maximum
total weight to the edges such that the edges containing a single vertex have a
combined weight of at most 1.

Given a hypergraph H, we denote its fractional transversal number by 7*(H) and
its fractional matching number by p*(H). From here, we can define the fractional
zero forcing number and fractional fort number of a graph.

!The matching number of H is often denoted by v(H) in the literature.
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Definition 2.3. For a graph G, the fractional zero forcing number is defined by
Z:(G) = (Fa)

or

Z*(G) = min Z Ty va > 1 for all F' € Fg and x, > 0 for all v € V(G)
veV(GQ) veF

where F¢ is the hypergraph or set of minimal forts, respectively.

Definition 2.4. For a graph G, the fractional fort number is defined by
ft"(G) = ' (Fe)

or

ft*(G) = max Z Tp: Z zp <1, for all v € V(G) and zp > 0 for all F € Fg
FeFq FeFqg: veF

where F¢ is the hypergraph or set of minimal forts, respectively.

Remark 2.5. Since the relaxations of the integer programs in (([LTal)—(TId) and ([2.Tal)-
(2.Id) are dual linear programs, the duality theorem of linear programming implies
that 7*(H) = p*(H) [23, Corollary 7.1g]. Thus for all graphs G, we have the follow-
ing:

ft(G) < ft*(G) = 2°(G) < Z(G). (2.2)

It is sometimes convenient to denote a weighting of vertices v — x, by a weight
function w : V(G) — [0, 1] with w(v) = z,. We say a weight function w is valid for G
if it satisfies the constraint ) .z, > 1 for all F' € Fg. An optimal weight function
is a valid weight function w such that }_, .\ w(v) = Z7(G).

Most variations of zero forcing are introduced using an alternative color-change
rule. However, a natural color-change rule for Z*(G) appears elusive. Hence, we ask
the following open question.

Question 2.6. Is there a color-change rule that can be used to compute Z* ¢

It is known that determining whether Z(G) < k is NP-complete [Il 25], and it is
unclear whether computing the parameters Z*(G) = ft*(G) can be done in polynomial
time. Many fractional graph theoretic parameters (e.g., fractional chromatic number,
fractional matching, etc.) can be computed in polynomial time as a linear program
with (at most) a quadratic number of constraints. In contrast, the fractional fort
number and the fractional zero forcing number potentially require understanding all
of the minimal forts, for which there may be exponentially many even for trees (see
[5]). Hence, the linear program approach does not directly give a polynomial time
approach for Z*(G) = ft*(G). Even so, the theoretical considerations of Z*(G) and
ft* (@) are powerful tools in studying Z(G) and ft(G); we leave this question for future
research.
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Question 2.7. Can whether ft*(G) = Z*(G) < k be determined in polynomial time?
Is there an approach toward computing ft*(G) = Z*(G) that does not require poten-
tially enumerating all minimal forts?

3 Fort number and fractional zero forcing number of families
of graphs

We begin this section by determining the fort number and fractional zero forcing
number of several families of graphs, including (but not limited to) paths, cycles,
complete graphs, and complete bipartite graphs; these results are summarized in
Table[6.Il We also introduce some tools for computing fractional zero forcing number.
Finally, we examine graphs with the smallest and largest possible fractional zero
forcing numbers (among connected graphs of fixed order).

Example 3.1. Let P, denote a path graph of order n. Since Z(P,) = 1 (and
ft(G) > 1 for every graph G), it follows that

ft(P,) = Z*(P,) = Z(P,) = 1.

For n > 4, Fp, is never regular (since each of the two leaves is in every fort but other
vertices are not).

The next lemma is useful for graphs that have forts with cardinality two, including
complete graphs. In a graph G, we say that vertices v and w are twins if v € Ng(u)
if and only if v € Ng(w) for v # u, w.

Lemma 3.2. Let G be a graph. Then the following hold:

o Iy ={u,w} is a fort of G if and only if u and w are twins.

e [fu and w are twins and F is a fort of G such that w € F and w ¢ F, then
(F\ {u}) U{w} is also a fort of G.

o Whenever u and w are twins and there is a fort F' with uw € F but w &€ F,

every optimal weight function has w(u) = w(w) = 3.

Proof. Observe that Fy = {u,w} is a fort of G if and only if v € N(u) < v € N(w)
for every v # wu,w, which is exactly the statement that v and w are twins.

Now assume u and w are twins, F' is a fort of G, u € F, and w &€ F. Let F' =
(F\{u})U{w} and let v € V(G)\ F'. If v # u, then |[N(v) N F'| = |[N(v) N F| # 1.
If v = u, then |[N(v)NF'| = |[N(w) N F| # 1. Therefore, F' is a fort of G. Since
Fy is a fort, w(u) + w(w) > 1. Since F' and F’ are both forts of G it follows that
w(u) = w(w) = 1/2 for any optimal weight function w. O

If every minimal fort has exactly 2 vertices, then Fg is a 2-uniform hypergraph
and thus is a graph, as is the case in the next example.
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Example 3.3. Let K, denote the complete graph of order n, where n > 2. Recall
that Z(K,) = n — 1. Also, observe that each minimal fort of K, is pair of two
vertices, and any such pair is a minimal fort. Therefore, ft(K,) = L%J Furthermore,
Lemma [3.2 implies that an optimal weight function has w(u) = 1/2 for all vertices
u € V(K,). Thus, Z*(K,) = 5. Observe that the fort hypergraph of the complete
graph is a graph and Fg, = K,,.

Example 3.4. Consider the complete bipartite graph K, , where we have a partition
of the vertices V1, V, with |Vi| = p, |Va| = ¢, and wv € E if and only if u € V} and
v E V.

Assume first that p, g > 2. Every pair of vertices in V; (or pair in V5) constitutes
a fort of K,,. No set of one vertex from each partite set is a fort. Therefore,
ft(Kpq) = [5] + [4]. Furthermore, since any set of 2 vertices with both in Vi or
both in V5 is a fort of K, ,, Lemma implies that the optimal weight function has

w(u) = 1/2 for all vertices u € V(K,,). Thus Z*(K,,) = 231

For p =1 and ¢ > 2, the formula for fort number remains valid: ft(K;,) = L%J
However, Z*(K1,) = %, because the only minimal forts are pairs of leaves. In both
cases, the fort hypergraph is 2-uniform, and hence is a graph (that is disconnected

when p, ¢ > 2). When p = g or p = 1, then the fort hypergraph is regular.

Observation 3.5. If every pair of distinct minimal forts of G s disjoint, then

ft(G) = Z*(G) = Z(G).

Example 3.6. Let K,, denote the empty graph of order n. Each set consisting of a
single vertex is a minimal fort and F%- is 1-uniform and 1-regular. From Observation
B3 ft(K,) = Z'(K,) = Z(K,) = n.

The next remarks provide upper and lower bounds on the fractional zero forcing
number that are used in determining its value for various families.

Remark 3.7. Suppose that G is a connected graph of order n > 2. Then each fort
of G' must contain at least two vertices. Hence, we can weight each vertex % to cover
each fort with weight at least 1, and it follows that Z*(G) < §. Furthermore, by
Example (3.3]), this bound is sharp.

This bound can be improved when all forts are larger or some vertices are not in
any fort: Let ¢ be the minimum cardinality of a fort and let |V (Fg)| = n’. We see
that Z2*(G) < % by considering the valid weight function w(v) = é for each vertex v
in V(Fg) and w(v) = 0 for v € V(Fg).

We can obtain a lower bound on the fractional fort number even when only some
minimal forts of a graph are known.

Remark 3.8. Let S be a set of s minimal forts of G, and let d denote the largest
number of forts in S that contain any one vertex of G (so d is the maximum degree

of a vertex in the subhypergraph with edge set S). We see that 5 < ft*(G) = Z*(G)

by weighting each fort in S as é and every other minimal fort weighted zero. In

particular, if m is the number of edges in the fort hypergraph Fg and A is the
maximum vertex degree in Fg, then < ft*(G).
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Remark 3.9. By the two previous remarks (and with the notation used there),

<1°(G) = Z*(G) < %.

B[ 3

If % = % for a graph G, then ft*(G) = Z*(G) = %. In particular, if the fort
hypergraph of G is both p-uniform and A-regular, then there are n’A = pm edge-

/

to-vertex incidences and thus ft*(G) = Z2*(G) = &~ = .

©
Example 3.10. Let C,, denote a cycle of order n, where n > 3. Recall that Z(C,,) =
2. Number the vertices of C}, as 0,1,...,n—1 in cycle order and perform arithmetic
modulo n.

First consider the case n = 2k. Notice that the disjoint sets F, = {0,2,...,2k—2}
and F, ={1,3,...,2k — 1} are each forts. Hence, ft(Cq) = Z*(Ca) = Z(Co) = 2.

Now let n = 2k+1. Each fort contains at least k+ 1 vertices, so Z*(Capt1) < %f—ﬁ
by Remark B The sets of the form F, = {{,{ +2,... 0+ 2k = ¢ — 1} are all
minimal forts. There are 2k + 1 such forts and each vertex appears in k£ + 1 forts.
Thus, 2,5%11 < Z¥(Caky1) by Remark B8 So Z*(Corr1) = 2:—;“11 < 2 =7Z(Ca1). Note
also that ft(Cyry1) = 1 because every fort contains at least k + 1 vertices.

The next two examples make use of coronas of graphs. Let G; and G5 be graphs.
The corona of G with G5, denoted G o Gg, is obtained by taking one copy of G
and |V (Gy)| copies of G and joining the ith vertex of G; to every vertex in the ith
copy of Gs.

Example 3.11. Let (G; be a graph of order r, let G=0G, 02K, and let F; be the set
of two leaves adjacent to the ith vertex of Gy for ¢ =1,...,r. Then F; is a minimal
fort and these forts are disjoint, so ft(G) > r. Since choosing one leaf from each F;
gives a zero forcing set, Z(G) < r. Because ft(G) < Z*(G) < Z(G) for every graph

~ ~ -~

G, #(G) = 2*(G) = Z(G) = r.

Example 3.12. Let G; be a graph of order r > 2, G = G 0 Ky, and W = V(G) \

V(G4). Then r < ft(G) since each pair of adjacent vertices in W is a fort. Since

every fort of G contains at least two vertices of W, we weight each vertex of W
1

as 5 and weight each vertex of G as zero, which shows that Z*(G) < r. Thus

f(G) = 2°(G) = r.

The next result is stated in [16] for connected graphs of any order, so does not
exclude Gy = K7, but it is not correct when Gy = K (e.g., Z(Py. 0 K1) = 2ris a
counterexample). We present a proof that covers the graphs in Example The
notation v — w is widely used to indicate v forces w and we use that notation here.
In addition, given U C V(G) we use the notation G[U] to refer to the subgraph with
vertex set V(G[U]) = U and edge set E(G[U]) = {uv € E(G) : u,v € U}.

Proposition 3.13. Let G| and Gy be graphs of orders ny and ny > 2, respectively,
such that Gy has no isolated vertices. Then Z(Gy o Gy) = ny Z(Gs) + Z(Gh).
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Proof. Let G = G o Gy, let V(Gl) = {ul, cey Uy} let Gg) denote the copy of G
joined to w;, let V(G z)) = {.CE . xn2} and let GO G[V (G?) U {uz}} First,

choose zero forcing sets S for GG and S; for GQ). Then S; UU?:ll Sg) is a zero forcing
set of GG, alternating forces in Gg) that have w; filled with forces in G; by w; such
that all vertices of GS) are filled. Thus Z(G) < ny1 Z(Gs) + Z(Gh).

Suppose S is a minimum zero forcing set of G. Define S; = SN V(G;) and
S = SF‘IV(G ) By [13], Proposition 9.16], (G«“) = Z(G@) +1. Since at most

one vertex of G can be forced by a vertex outside GO SO > Z(Gy). Since S'is a
minimum zero forcing set of G, |S®W| < Z(Gy) + 1. Let I = {i : |S®| = Z(Gs) + 1}
and B = {u; : ¢ € I}. We show that B is a zero forcing set of G, which implies that
Z(G) = |S| 2 n1 Z(G2) + Z(Gh).

There are four possible types of forces: 1) u; — u;, which requires all Vertices
of G(;) to be filled; 2) x,(f) — x() Wthh requires u; to be filled; 3) u; — x , which
requires every vertex of Gg except x ) to be filled; 4) y) — Uy, Wthh requires

every neighbor of xg»i) in Gg to be ﬁlled Since G5 has no isolated vertices, a force

u; — [E;i) can be replaced by x( R m ) where z( e N ( @ )) without affecting any

other forces. If a force ycg.i)

in Gg). Since G2 has no isolated vertices, we may replace S by (S \ {x?}) U {u;}
where xg) € NGéi)(l'g-i)), and replace xg-i) — u; by xg-i) — ng)
other forces. Thus we may assume every force is one of the first two types. Given

that only the first two types of forces are performed, B must be a zero forcing set
of Gl. ]

— u; takes place, it is the ﬁrst force involving a vertex

without affecting any

Figure 3.1: Petersen Graph

Example 3.14. Let P be the Petersen graph given in Fig. B.Il The minimal forts of
P are {0,1,3,8},{0,1,9,7},{0,2,3,5},{0,2,4,7},{0,8,2,9},{0,3,6,7},{0,8,4,6},
{0,9,5,6},{1,2,4,9},{8,1,2,5},{1,3,4,6},{1,3,5,9},{8,1,4,7},{1,5,6,7},
{9,2,3,6},{2,4,5,6},{8,2,6,7},{3,4,5,7},{8,9,3,7},{8,9,4,5} [19].
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25 =1

Since Fp is 4-uniform and 8-regular, we have Z*(P) = ft*(P) = 2 =
= 2. The zero

and since we can find two disjoint forts in the list, we also have ft(P)
forcing number of the Petersen graph P is Z(P) =5 [3].

Let Qq = \KzDKzD ---[JKy denote the hypercube of dimension d. The failed zero

d times
forcing number of a graph G is the largest cardinality of a set of vertices of G that

is not a zero forcing set. Note that the failed zero forcing number of G is equal to
the order minus the minimum cardinality of a fort of G, because V(G) \ F is a failed
zero forcing set for every fort F, and V(G) \ W is a fort for every maximal failed
zero forcing set W.

d

Proposition 3.15. Ford > 2, 7Z*(Qq) = 27.

Proof. First we show that the neighborhood N (v) is a fort for any vertex v. Observe
that the argument is the same for every vertex. We use the d-tuple representation
with v = 00...0, so u € N(v) if and only if there is exactly one 1 in u. Then
w € V(Qq) \ N(v) has a neighbor in N(v) if and only if w has exactly two 1s or
w = v. In either case, w has at least two neighbors in N(v). Then % < Z°(Qq)
by Remark B.8 using the 2¢ forts of the form N(z) for z € V(Qg) because each
y € V(Qq) is in exactly d such forts since y has d neighbors.

By [2, Theorem 4.2], the failed zero forcing number of Qy is 2¢ — d. Therefore,
the minimum forts of Q4 have cardinality d. Thus Z*(Q4) < % by Remark 3.7 O

The next result shows that the difference between ft(G) and Z*(G) can be (at
least) & asymptotically, just as K, shows the difference between Z(G) and Z*(G)
can be (at least) § asymptotically (where n is the order of ). The join of disjoint

graphs GG and G’ is denoted by G V G.
Proposition 3.16. For s > 2, let G = sK3V K; and let n = 3s + 1. Then

f6(G) = "5t + 1, Z°(G) = "3%, and Z(G) = 252 + 1.

Proof. Let c be the vertex of the K, so deg, c = 3s. Label the vertices of the jth
copy of K3 by z;,y;,2;. Then each of {z;,y;}, {z;,%}, and {y;, z;} is a fort for
j=1,...,s; we call such a fort a standard 2-fort. Any set of the form {c, wy, ..., ws}
where w; € {x;,y;,2;} is a fort; we call such a fort a standard (s + 1)-fort. By
choosing forts {x;,y;},7=1,...,s and {c, z1, ..., 25}, we see that ft(G) > s+ 1.

Now consider a minimal fort F' that is not a standard 2-fort. Since F' must have
at least two vertices, it has some vertex other than ¢; without loss of generality,
z; € F. Note that F' cannot contain two elements of {z;,y;,2;} forany j =1,...,s
or it would contain a standard 2-fort. Thus z1,y; € F. Since z; € Ng(x1), 1 must
have another neighbor in F, i.e., c € F. Now for j =2,...,s, ¢ € N(z;), so at least
one of x;,y;, z; must be in F. Since F is minimal, F'is a standard (s + 1)-fort. Thus
ft(G)=s+1="24+1.

For each j = 1,...,s and each vertex w; € {z;,y;,2;}, w; is contained in a
standard 2-fort, so by Lemma 3.2, w(w;) = % for any optimal weight function w.
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Starting with w(w;) = L for each vertex w; € {x;,y;,2;} and assigning w(c) = 0

— 2
results in a valid weight function, which is optimal. Thus Z*(G) = L.

A set that contains ¢ and two vertices from each copy of K3 is a zero forcing set
so Z(G) < 2s + 1. Any zero forcing set B must contain an element of each fort.
Thus 2s elements are needed by the standard 2-forts. With exactly these 2s vertices
in B, there is a standard (s 4 1)-fort that does not contain an element of B. Thus,
Z(G) > 2s+ 1. ]

Remark 3.17. Observe that fort number and fractional zero forcing number sum
over the connected components. Furthermore, isolated vertices and connected com-
ponents with order at least two behave very differently, because ft(K;) = Z*(K;) = 1,
whereas ft(G) < Z*(G) < § for a connected graph of order n > 2.

As is done in the study of zero forcing number, we can focus on connected graphs
of order at least two and then infer results for all graphs by Remark B.17]

Finally, we characterize graphs having the lowest possible value of fractional zero
forcing number and highest possible fort number and fractional zero forcing number.
Note that Z*(G) > 1 for every graph G and this bound is achieved by P, (cf. Example
[B.1). The next result shows that paths are the only graph achieving this lowest value.

Proposition 3.18. For a graph G, Z*(G) = 1 if and only if G is a path graph.

Proof. Suppose that Z*(G) = 1. In what follows, we show that there exists a vertex
v € V(G) such that v € F for all F € Fg. Then {v} intersects every fort and so is
a zero forcing set. Thus Z(G) = 1, which implies G is a path graph [I3, Theorem
9.12(1)]. To this end, suppose that no such v € V(G) exists. Let w be an optimal
weight function and let F' € Fg. Then, ) _rw(v) > 1 and there exists a vertex

u € F with w(u) > 0. Since u is not in every fort, there exists a fort F e Fq
such that uw ¢ F. Then }° g w(v) = > cpw(v) + w(u) > 14+ w(u) > 1, which
contradicts Z*(G) = 1. O

Note that ft(G) > 1 for every graph G. This bound is achieved by P,,, Co1, and
numerous other graphs.

By Remark 3.7, Z*(G) < % for every connected graph of order n > 2. This bound
is achieved by K,, K,, with p,q > 2, and some other graphs. The next result uses

forts of order two to characterize graphs with Z*(G) = 3.

Proposition 3.19. Let G be a connected graph of order n > 2. Then every vertex

of G is in a fort of cardinality two if and only if Z*(G) = 5.

Proof. 1f every vertex of G is in a fort of cardinality two, then w(v) = % for every

vertex v is an optimal weight function by Lemma B2l If z is not in any fort of
cardinality two, then w(v) = 1 for every vertex v # z and w(z) = 0 is a valid weight
function, so Z*(G) < 3. O
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Proposition 3.20. Let G be a graph of order n with no isolated vertices. Then
ft(G) = 5 if and only if all of the following conditions are true:

(1) n =2k is even,

(2) there exists a partition of the vertices of G into F; = {z;,y;},i =1,...,k, and

(3) for iachi # 7, Si;NE(G) = S;; or S;;NE(G) =0, where S; ; = {zix;, x:iy;, yit;,
YilYjs-

Proof. Let G be a graph satisfying conditions ([I)-([3)). We show that each F; is a
fort: Let w € F;. Then there exists j # i such that v € F;. Moreover, |N(u)NF;| =2
if S;; NE(G)=_5;; and [Nu)NF| =0if S;; N E(G) = 0. So F; is a fort, and

therefore ft(G) = 3.

Now assume G is a graph such that ft(G) = §. Then n = 2k is even and there
are disjoint forts F; = {x;,y;},7 = 1,...,k that partition the vertices of G. For
i # j, define S; ; = {xxj, vy, vixj, yiy; }. I Si; N E(G) = 0, then there is nothing
to prove. So assume S;; N E(G) # 0, and without loss of generality, z;z; € E(G).
Then |N(z;) N F;| # 1 implies x;y;, € E(G) and |N(x;)NEF;| # 1 implies x;y; € E(G).
Then |N(y;) N F;| # 1 implies y;y;, € E(G). Thus S;; N E(G) = S, ;. O

The graphs Ky, and Kyp,o, are easy examples of such graphs, as is a graph
constructed from the sth friendship graph Fry = sK; V K, as seen in the next
example.

Example 3.21. The graph G = Fry,VK; = sK,; V K, is an example of a graph
satisfying the conditions in Proposition [3.20t Let Fy denote the set of two vertices
each of which has degree 2s + 1 in G. Then G — F; consists of s copies of K.
For i = 1,...,s, let F; = V(K,) for the ith copy of Ky in G — F,. Each F; is a
fort for i = 0,...,s. Using the notation of Proposition B:220, S;; N E(G) = () when
1 <i#j<sandS;;NE(G) =S5,; when either i = 0 or j = 0. Note that while
ftt(G) =s+1=272°(G), Z(G) = s+ 2 (since it is well known that Z(Fr;) = s + 1 and
adding a vertex adjacent to every other vertex (a universal vertex) raises the zero
forcing number by one [I3] Theorem 9.5, Proposition 9.16]).

Proposition 3.200 does not cover all graphs G of order n such that Z*(G) = 3.
There are odd order graphs with this property, including Ko, and the graphs in
the next example.

Example 3.22. Let G be a graph constructed from K,, with n > 4 by deleting a
disjoint set of edges Ej such that either every vertex is an endpoint of an edge in E)
or at least two vertices are not endpoints of edges in Ey. Then every vertex is in a
2-element fort because the endpoints of an edge deleted are a fort and any set of two

n

vertices neither of which is an endpoint of a deleted edge is a fort. Thus Z*(G) = 3.
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4 Bounds on the zero forcing number of the Cartesian
product

In this section, we apply results on fractional zero forcing number to establish lower
bounds on the zero forcing number of the Cartesian product of two graphs.

For two hypergraphs, Hy, Hy, we define H; x Hy to be the hypergraph with
V(Hl XHQ) = V(Hl) XV(HQ) and E(H1 XHQ) = {61 X €9 ‘ e € E(Hl),€2 € E(HQ)}

Proposition 4.1. Let G and G’ be graphs, let Fg be a fort of G, and let Fo be a
fort of G'. Then Fg X Fgr is a fort of GAG'.

Proof. Note that x = (v,v’) € V(GOG") \ (Fg x Fg) implies v € Fg or v' & Fer.
Observe first that if both v Q FG and v/ Q Fgl, then |NGDG’(=T) N (FG X Fgl) | = 0.
So without loss of generality suppose v € F; and v’ € Fr. Let |[Ng(v) N Fo| =k, so
k # 1. For each w € Fg, (w,v") € Fg X Fg is a neighbor of z = (v,v’) if and only
if w is a neighbor of v in G. So, it follows that |Ngoe/ () N (Fo X Fer)| = k # 1.
Thus, Fg X Fg is a fort of GOG'. O

The next result is immediate from the previous proposition.
Corollary 4.2. For graphs G and G',
7(Fo X For) < Z(GOG"), 7" (Fg X For) < Z(GOG"), and u(Fe x For) < ft(GOG").
Theorem 4.3. [0, Theorem 15 (Chapter 3)] For two hypergraphs, H and H’,
p(H)p(H') < p(H x H') < 79 (H)p(H') < 7°(H)7"(H')
=7"(H x H) <7t*(H)r(H") <7(H x H) < 7(H)r(H')

Using the hypergraphs H = F; and H' = F& and taking into account Observa-
tion 2.2 and Theorem [[4] the following string of inequalities is given by Theorem [£.3]

Theorem 4.4. For two graphs, G and G’,
f6(G) #6(G") < u(Fe x Fer) < Z°(G) (G < 2°(G) 2°(G)
=7(Fo X For) < Z(G)Z(G") < 7(Fa x For) < Z(G) Z(G),

where Fg and Fg are the hypergraphs of minimal forts of G and G’ respectively.

The following corollary is an immediate consequence of Theorem [4.4]
Corollary 4.5. Let G and G’ be graphs.
1. If w(Fg x For) = 7(Fg X Far), then ft(G') = Z7(G").
2. If un(Fo x For) = 7(Fa X Fgr), then ft(G') = 2°(G") = Z(G').
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Since Hy x Hy = Hy x Hy, the roles of G and G’ can be reversed in Theorems [£.3]
and [£4l Thus Corollary remains true with G’ replaced by G in the conclusions.
The next result is immediate from Theorem .4l and Corollary [4.2]

Corollary 4.6. For two graphs G and G,
77(G)Z(G") < Z(GOG").
Note that Corollary .6l implies that if Z*(G) = Z(G), then
Z(G)Z(G") < Z(GOG").

Families of graphs where Z*(G) = Z(G) are discussed in Section LIl For now, we
note that we can strengthen the bound given above by using the next lemma.

Lemma 4.7. Let G and G’ be graphs each containing an edge. Then Z(GOG') >
T(FOXFgl)+1.

Proof. Suppose B is a minimum transversal of Fo X Fg, i.e., B is a subset of
V(GOG') of minimum size such that BN (F x F”) # () for each F' € Fg and F' € Fgr.
Let Cg be a nontrivial component of GG, Cg be a nontrivial component of G’, and
let C'= C¢0Cq, which is a component of GOG'. Now let (g,¢") € BNV (C). We
will show that there exists © € Ng(g) such that (z,¢") ¢ B. Once this is done, an
identical argument will show that there exists ' € Ng/(¢') such that (¢,2") € B,
and thus that every vertex in B N V(C') has two neighbors in V(C') \ B. Since B is
an arbitrary minimum transversal of F x Fg and V(C) \ B is a fort of GG, this
completes the proof.

Let {g;}7, be an enumeration of Ng(g) and let gy = g; note that m > 1 since
Cg is nontrivial. If (g1, ¢") ¢ B, then we are done. Otherwise, since B is of minimum
size there exists a fort F} of G and a fort F’ of G’ such that (g1,¢’) € F1 x F’ and
(90,9') & F1 x F' ie., g € Iy and go € Fy. Let k be such that 1 < k < m — 2
and suppose that {(g;,¢)}%_, C B and there exists a set of forts {F;}*_, of G such
that for each F; we have g; € F; and g; € F; for j =0,...,i— 1. If (gk11,9") € B,
then we are done. Otherwise, since B is of minimum size there exists a fort Fj,; of
G such that gy 1 € Fpy1 and g; € Fyyq for i = 0,...,k. So we may suppose that
{(95, ")} C B and there exists a set of forts {F;}7 ;' of G such that for each F; we
have g; € F; and {gj}é;% NF;, =0. If (gn, ) € B, then we are done. So suppose, by
way of contradiction, that (g, ¢") € B. Then since B is of minimum size it follows
that there exists a fort F,, of G such that g, € F},, and ¢; & F,,, fori =0,...,m—1.
This is a contradiction because it implies that |Ng(g) N F,,| = 1. Thus it follows
that at least one member of {(g;,¢’)}, is a member of V(C') \ B. O

The bound in Lemma [4.7] is sharp as seen by the next example.

Example 4.8. Consider the infinite class of graphs G = K,.[P;, for r,s > 2. Since
each pair of vertices in K, is a fort, if BN F # () for each fort F' € Fg, X Fp,, then
|B| > r —1 and so

r<|B|+1<Z(K,OP) =r,

where the last equality was established in [3].
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The bound in Lemma .7 does not always have equality, and, as is witnessed by
the next example, the gap grows arbitrarily large.

Example 4.9. Consider P.LJP,, for r > 3. Since every fort of P, contains the
endpoints of P, for V(P,) = {1,2,...,r} enumerated in path order, choosing B =
{(1,1)} provides a transversal of Fp X Fp.. Thus, 7(Fp. X Fp.) +1 = 2, but
3 <r =Z(P.OP,), where the last equality was established in [3].

Theorem 4.10. Let G and G’ be graphs each containing an edge, and suppose
Z(G") =Z*(G"). Then
Z(GOG) > Z(G) Z(G") + 1.

In particular, Conjecture[L.2 holds whenever one of the two graphs has its zero forcing
number equal to its fractional zero forcing number.

Proof. Let Fg and F¢ be the hypergraphs of forts for G and G’ respectively. Since
G and G’ each contain nontrivial components, from Lemma [£.7 and Theorem [4.4] it
follows that

Z(GOG") > 7(Fax Far)+1 > 7(Fo)m (Fo)+1 = Z(G) Z*(G') +1 = Z(G) Z(G') +1.
O

Table ATl in the next section lists families of graphs G’ for which Z(G') = Z*(G'),
to which Theorem [£. 10l applies. The following corollary is an immediate consequence
of Theorem and Corollary .5

Corollary 4.11. If there exist graphs G and G', with G’ containing an edge, such that
w(Fa X Far) = 7(Fa X Far), then for any graph G containing an edge, Z(G'OG") >
Z(GYZ(G") + 1.

4.1 Graphs for which Z*(G) = Z(G)

We begin with a characterization for when trees have Z(G) = Z*(G). Recall a path
cover of a graph G is a set of vertex-disjoint paths of GG such that every vertex is
in one of the paths and each path is an induced path in G; the path cover number
P(G) is the minimum size of a path cover of G. It is well-known that Z(G) > P(G)
and P(G) > @ where ¢(G) is the number of leaves in G. For trees, however,

Z(T) = P(T). Trees having P(T) = @ play a key role, so we begin by examining
such trees. Observe that if P is a path cover of T such that |PB| = @, then every

path in P8 must contain two leaves of T'.

A high-degree vertex of a graph is a vertex of degree at least three. A generalized
star is a tree that has at most one high-degree vertex (a path is a generalized star). A
path P in a tree T is a pendent path of vertex u € V(T') if P is a component of T'—u
and (in T') P is connected to u by one of its end-points. A pendent generalized star
of a tree T" is a connected induced subgraph R of T such that: (a) there is exactly
one high-degree vertex u of T in R (u is called the center of R); (b) degp(u) = k+1
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and exactly k of the components of T'— u are pendent paths of u; (¢) R is induced by
the vertices of these k£ pendent paths and u. Pendent generalized stars are illustrated
in Example 4.13]

It is known that any tree contains a pendent generalized star or is a generalized
star [13, Lemma 2.25]. The method of computation of P(7") in Algorithm 2.26 in [13]
removes pendent generalized stars one at a time until what remains is a generalized
star.

Proposition 4.12. Let T be a tree such that P(T) = @ Then T' has a unique

minimum path cover.

Proof. The proof is by induction on P(7") and the base case P(T") = 1 is immediate.
So assume P(T) > 2. A generalized star R has P(R) = @ if and only if R is a
path. Thus T' is not a generalized star, so 7" has a pendent generalized star R with
center u. From the definition of pendent generalized star, v has at least two pendent
paths. Since every path in a minimum path cover of 7' must contain two leaves, u has
exactly two pendent paths and R is a path. Any path cover that does not include R
as one of its paths has a path that contains at most one leaf of T. So R € ‘B for any
minimum path cover P of 7. Removing the vertices of R results in a smaller tree 7"
that retains the property that P(7") = @ Thus 7”7 has a unique minimum path
cover by the induction hypothesis, so T" also has a unique minimum path cover. []

We define T to be the family of trees 7" such that P(T) = @ and no path P in

the minimum path cover 3 contains two adjacent high-degree vertices.

Example 4.13. For i = 1,2, the tree T; shown in Figure @I has P(T;) = 3 = Z(QL)
The unique minimum path cover P for each 7T; consists of the horizontal paths. Tree
T, has no adjacent high-degree vertices on any of these paths and thus 77 € T,
whereas 75 has a pair of adjacent high-degree vertices in F;y and thus 75 & 7.
Observe that Py and F3) are pendent generalized stars of Tj,¢ = 1,2 but F(y) is not.

D)
©)
©)
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SO
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o
>
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T, T
Figure 4.1: Trees Ty € T and Ty € T

Lemma 4.14. For a tree T, every fort contains two leaves.

Proof. 1t suffices to prove the following statement: Let T" be a tree. Then, every set
of £(T) — 1 leaves of T is a zero forcing set of T. We proceed via strong induction
on the order n of the tree. The base case, n = 2, is clear since the only fort of P,
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is V(P,). For the induction step, let n > 2, and assume that the result holds for
all trees of order between 2 and n. Let T be a tree of order n 4+ 1 and let S be a
set of £(T") — 1 leaves of T. Suppose that each vertex in S is filled and each vertex
in V(T') \ S is unfilled. Since each vertex in S is a leaf, they each force a vertex in
V(T)\ S. After these forcings are applied, T'— S is a tree of order between 2 and n
such that all but at most one leaf is filled. Hence, the induction hypothesis implies
that all vertices in T'— S can be forced and it follows that S is a zero forcing set of

T. [
Lemma 4.15. For any tree T, Z*(T) < @ < Z(T).

Proof. By Lemma .14 every fort of 7" must contain at least two leaves, so Z*(T") <
@. Since each path in a path cover covers at most two leaves and Z(T") = P(T), it

follows that @ < Z(T). O

Lemma 4.16. Let T be a tree such that P(T) = @ and let P be its minimum path

cover. Then every fort of T' contains two leaves belonging to the same path of .

Proof. Recall that for any tree, a minimum zero forcing set can be constructed by
arbitrarily choosing either end of each path in a minimum path cover (see [3]). By
the contrapositive, if a set of vertices is not a zero forcing set, at least one path in 3
must have both its leaves unfilled. Hence, every fort of T" contains two leaves from
the same path in . O

Theorem 4.17. For any tree T, Z*(T) = Z(T) if and only if T € T, in which case,
ft(T) = 2*(T) = Z(T) = “2,

Proof. Suppose first that T € T, s0 Z(T) = P(T) = @ Let B = {Pyy,. .., P(em)}

2
be the minimum path cover. Let F{;) be the vertices of P, of degree at most two.

Then F is a fort because there are no adjacent high-degree vertices in Py so

ft(7) > 42 Thus, Z(T) = 2*(T) = f6(T) = “L.

It remains to show that T ¢ T implies Z2*(T') < Z(T). If P(T) > @, then Z(T') >
Z(2—T) > 7*(T') and we are done. So we assume P(7") = @. Let P = { P, ..., P(@)}
be the minimum path cover. Without loss of generality, let F;) € ‘B be a path that
has two adjacent high-degree vertices v and w.

We show that any fort containing the two leaves of ;) contains another leaf.
Suppose for a contradiction that all other leaves are filled. Then, all those vertices
will force until they reach Py by forcing v and w. Those two adjacent vertices will
then force the rest of F;y and hence T'. Therefore, there can be no fort of 7' that
excludes all leaves not contained in Fy).

Together with Lemma 16l we have that every fort of T either contains two
leaves of a path that is not F;) or it contains both leaves of F;) and at least one
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additional leaf. Consider the following weighting on the vertices: x, = 0 if v is not a

leaf, z, = }l if v is a leaf in Py, and x, = % if v is a leaf not in Py). For either case

for forts, this weighting provides that each fort has a weight sum of at least 1 with
1 UT)

a total weight over all vertices of @ —5 < = O]

Proposition 4.18. Let T be a tree of order n. Whether or not T € T can be
determined in O(n3) operations.

Proof. 1t is well-known that the degrees of the vertices can be determined in O(n)
operations and this determines the leaves of T as well as ¢(7"). Geneson, Haas, and
Hogben showed that a minimum path cover of T' can be found in O(n?) operations
[11]. If P(T) = “2 then the adjacent high-degree vertex condition can be checked

2
in linear time. O

As shown in Examples B.10] and B.I1], even cycles and double foliations G o 2K,
satisfy Z*(G) = Z(G). We can generalize these examples. A graph G is a graph of
two parallel paths if P(G) = 2 and the graph can be drawn in the plane in such a
way that the paths are parallel line segments, the edges between the two paths do
not cross, and each edge is drawn as a straight line segment. A graph that consists
of two connected components, each of which is a path, is a graph of two parallel
paths, but a single path is not. A polygonal path is a graph that can be constructed
by starting with a cycle and adding one cycle at a time by identifying an edge of a
new cycle with an edge of the most recently added cycle that has a vertex of degree
2. Every polygonal path is a graph on two parallel paths but not conversely.

The circumference ¢(G) of a graph G that is not a forest is the length of the
longest cycle in G. A graph is outerplanar if it can be drawn on the plane such that
its edges intersect only at their endpoints and all vertices lie on the outer (infinite)
face. Let G be an outerplanar graph with P(G) = 2 that has a cycle and let G be
the subgraph induced by vertices that are part of a cycle; note that P(é) =2 If G

had a cut vertex, then 2 < P(@) So the order of G is ¢(@) and G has a Hamilton
cycle (a cycle that includes all the vertices). Denote the vertex set of G by C(G).

The next example describes a family of graphs G on two parallel paths that have
Z(G) = Z*(G), including polygonal paths of even order.

Example 4.19. It is well-known that a graph G has Z(G) = 2 if and only if G is
a graph of two parallel paths [21], [I3, Theorem 9.12]. Let P be the set of graphs
G such that G is a graph of two parallel paths and ¢(G) is even. An example of a
graph G € P is shown in Figure @2l For this graph G, C(G) = {uy, us, ..., us}.

We can see that every graph G € P has ft(G) = 2, which implies that Z(G) =
Z*(G): Denote the vertices of C(G) by uy, ..., us. Observe that G' can be obtained
from G[C(G)] by adding at most four pendent paths with at most one path attached
to each endpoint of a minimum path cover (except that if one of the paths is a
single vertex of C(G), then two pendent paths may be attached to that vertex).
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Figure 4.2: A graph G € P
Define F, to be the set consisting of W, = {ug, uy, ..., us} and the vertices of any

path pendent from a vertex in W,, and define F, similarly. Then F, and F, are
disjoint forts. For the graph G in Figure 2, we have F, = {us, u4, ug, us, 2%} and
Fo = {u17 Uus, Us, U7, x?? xg}

Remark 4.20. The definition of a graph of two parallel paths given above is the
original one [I7], which is standard in the literature. We can see immediately that
if G is a graph of two parallel paths, then P(G) = 2 and G is outerplanar, since
the drawing of GG required by the definition of a graph of two parallel paths is an
outerplanar drawing. The converse is also true: Assume G is outerplanar and P(G) =
2. If G is a forest, then G is a graph of two parallel paths. So assume G has a cycle.
So G has a Hamilton cycle with vertex set C(G), and we can draw G by placing
the vertices in C'(G) on a circle and drawing any other edges without crossing and
ensuring P(@) = 2. Furthermore, a drawing of GG can be obtained from this drawing
of G by adding zero, one, two, three, or four pendant paths as described in Example
4.19. The drawing just produced can then be deformed into the form required to
show G is a graph of two parallel paths.

Remark 4.21. It follows from known results that whether a graph G is a member
of P can be determined in polynomial time: Recall that G is a graph of two parallel
paths if and only if Z(G) = 2, and whether Z(G) = 2 can be determined in polynomial
time [25]. So assume G is a graph for which we have determined that Z(G) = 2,
which implies P(G) = 2. We can determine (AJ, the subgraph induced by vertices on
a cycle, by removing up to four pendent paths (which we do by finding a leaf and
successively deleting vertices until we reach a vertex of degree at most three). Then
G is in P if and only if the order of G is even.

Example 4.22. Let G; be a graph of order r > 2 with V(Gy) = {u1,...,u,}.
Construct G from G4 by adding two endent paths to each Vertex Uk, of G1; label
the vertices of these paths by {xk ,xk e, T ’“)} and {yk LYy ), o ,yk } in path

order starting with the leaves. An example of such a graph G with its disjoint forts
is shown in Figure (4.3l

Since {xgl), ) } is a zero forcing set of G, Z(G) < r. Since we have disjoint
forts F), = {:101561 ,a:,(f),.. (Zk),ylgl),y,g),...,yk yfork=1,...,r, ft(G) > r. Be-

cause ft(G) < Z*(G) < Z(G) for every graph G, we have Z(G) = Z*(é) — ft(G). Let
L denote the family of graphs just defined.
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—
O\

Fy
\§ J

Figure 4.3: A graph G € £ with its disjoint forts Fy, Fy, F3, F}

Remark 4.23. It can be determined whether a graph G is a member of £ in poly-
nomial time: Observe that G € L if and only if every connected component of G is
in £, but we do not know what the components are initially, so we find them in the
process as needed. It is well-known that the degrees of the vertices can be determined
in linear time operations and this identifies any isolated vertices, the leaves of GG, the
vertices of degree two, and the high-degree vertices of G. If G has an isolated vertex,
then G ¢ £ and we end the process. Create one list W of degree-two vertices and
another list H of pairs, where the first entry of each pair is the label of a high-degree
vertex of GG and the second is initially zero; order the second list by first entries of
the pairs.

For each leaf of the original graph G: Follow edges through a path until (a) a
high-degree vertex u is reached or (b) another leaf is reached. Remove each degree-
two vertex encountered this process from W. In case (a), update (u,k) € H to
(u,k+1). In case (b), if the leaves are adjacent, then G ¢ £ and we end; otherwise,
delete this component from G and continue.

Once the previous process ends: If W # (), then G ¢ L. Provided W = (), then
examine each pair (u, k) € H. If there is a pair (u, k) with k # 2, then G ¢ L;
otherwise G € L.

Table [4.1] lists families of graphs G having Z(G) = Z*(G). Note there is some
duplication (e.g. an even cycle is an even polygonal path, which is also in P), but
the results are displayed this way for ease of use.

It is worth noting that in each example above where Z*(G) = Z(QG) it is also the
case that ft(G) = Z(G). In particular, Z*(T') = Z(T') implies ft(T") = Z(T') whenever
T is a tree. This motivates the following question.

Question 4.24. Is it the case that, for all graphs G, Z*(G) = Z(G) if and only if
ft(G) = Z(G)?

By Theorem 17, Question [£24] is answered in the affirmative for trees. For
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result # G order | Z*(G) = Z(G)
3.1 P, n 1
[3.10] Cox 2k 2
oT
EI17 TeT 40
4.19 polygonal path, even order 2k 2
4. 19 GeP 2
BID G1 02K, 3|V (Gh)| V(G|
12 GecL a2

Table 4.1: Graphs G for which Z(G) = Z*(G).

arbitrary graphs G, one direction of Question .24l follows from the inequality in (2:2]),
that is, if ft(G) = Z(G) then Z*(G) = Z(G). For the other direction, one might try
to show that Z*(G) < i (ft(G) + Z(G)). If all minimal forts of G have size 2 (see
Examples BIT] and B.12)), then it is true that Z*(G) < 3 (ft(G) + Z(G)) because in
this case the hypergraph of minimal forts F is a simple graph and Theorem 3 in
Chapter 3 of [6] implies that

r(Fo) < 5 (u(Fa) + 7(Fe))

and the result follows from Theorem[[.4land Observation2.2l Unfortunately, Z*(G) <
5 (ft(G) + Z(G)) is not true for all G. Indeed, Example BI0 demonstrates that

Z*<Cgk+1) == Zkk—jll and ft(CQk-Jrl) =1. Thus,

2k+1 3 1

> o = S (ft(Cari1) + Z(Cort1)),

Z*(C%H):kJrl 2 9

for k > 2.

4.2 Bounds on ft(GOG") and {t"(GOG") = Z*(GOG")

In this section we establish Vizing-like bounds for the fort number and fractional
zero forcing number of Cartesian products.
Proposition 4.25. For all graphs G and G’,

7¥(@) 77(G) < 72(GOaG.

Proof. By Corollary we have 7%(Fg X Feor) < Z*(GOG"). On the other hand,
from Theorem .3, 7*(F¢)7*(Fer) = 7" (Fa X Fer), which completes the proof of the
inequality because 7*(F¢g) = Z*(G). O

The next proposition shows the bound is sharp. Define G,, = K,,,[1Ks,, for
m > 2.
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Proposition 4.26. For m > 2, any fort of G,, contains at least 4 vertices, and
Z(G) = T (Kom) Z* (Kap) = m?.

Proof. First note that ft(Ks,) = m (see Example B.3)). We show that any fort of
G, contains at least 4 vertices, which implies
V(Fe,)l _ V(G

establishing the equality.

Let V(Gn) = {(i,5) : 1 <i,5 < 2m} and let F' be a fort of G,,. Suppose first
that for some ig € {1,2,...,2m}, F N {(io,J) ?Zl = {(40, Jo)}. Then for each vertex
(10, J1) with ji # jo, (i0,j1) & F. Since Ng,, ((io,j1)) = {(d0,7)}jzin U {(4 J1) irio
and [{(io, J) }j25, N F| =1, it follows that {(i, j1)}izi, N F # 0. Since j; was chosen
arbitrarily, for each j # jo, {(¢,7)}iziy N F # 0, and thus |F| > 2m > 4. By
symmetry, |F' N {(i,j0)}?™| = 1 implies |F| > 4.

Now suppose |FN{(io,7)}2™| # 1 for each iy € {1,2,...,2m} and
|F N A{(4,50) }2™ | # 1for each jo € {1,2,...,2m}. Since F # (), for some iy, is, i3, j1, J2
€ {1,2,...,2m}, with iy # i1, i3 # i1, and ji # jo, {(i1, 1), (i1, ja), (iz, j1), (i, 52)} C
F, and thus |F| > 4. So for any fort F' of G,,, we have that |F| > 4. O

The gap in the bound in Proposition [4.25] can grow arbitrarily large, as seen in
the next example.

Example 4.27. Consider G = C,,1C,, with m > 5. Enumerate the vertices of
each cycle by 0,1,...,m — 1 in cyclic order (so V(G) = {(i,7) : 0 <i,7 <m —1}),
and perform arithmetic modulo m. For each k with 0 < & < m — 1, define the kth
diagonal Dy, = {(i,i+k):i=0,...,m—1}. We see that each Dy is a fort of G: Fix
k and i and consider the vertex (i, 7). For j =i+k, (i,i+k) € Dy. For j =i+ k+1,
(ithk+1)~ @itk and (i,i+k+1)~ (i+1i+thk+1),andj=q+k—1is
similar. For j # i+ k,i+k+ 1,i+k—1, N[(3,5)] N Dy = 0, so Dy, is a fort. For
ki # ko, Dy, N Dy, = 0, so Z*(G) > ft(G) > m > 4 > 7*(C,,) Z*(C,,,), with the last
inequality following from Z*(C,,) < Z(C,) = 2.

Next we present a Vizing-like bound for fort number, which also follows from
work of Anderson et al. in [4] as discussed below.

Corollary 4.28. Let G and G’ be graphs. Then ft(G) - ft(G") < ft(GOG") and the
bound is sharp.

Proof. We have ft(G) ft(G') = w(Fo)u(Feor) < u(Fa x Feor) < ft(GOG') where the
equality follows from Observation 2.2 the first inequality results from Theorem
and the final inequality results from Corollary E.2l Proposition shows that
the bound in Corollary is sharp because m? = ft(Kap,) ft(Kopy) < ft(Gy) <
75 (Gyp) = m?. O
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Example shows the gap can be arbitrarily large since ft(C,,) < Z*(C,,).

In [4], Anderson et al. proved results concerning failed zero forcing partitions and
their values for Cartesian products of graphs. These results can be interpreted in
terms of the fort number, using definitions introduced in [4]. Let G be a graph and
let TT = {I;}¥_, be a partition of the vertex set of G such that for each i € [k,
V(G) —1I; cannot force G. Then I is a failed zero forcing partition of G. Define zg
to be the maximum number of sets in a failed zero forcing partition of G, i.e.,

2 = max{j : [II| = j and II is a failed zero forcing partition of G}.
The next result is a corollary of Theorem [L.3]
Corollary 4.29. Let G be a graph. Then zg = ft(G).
_ ft(G) . L _ ft(G)
Proof. Let F = {F;},=;" be a collection of disjoint forts of G and let IT = {II;},_;
be a partition of V(G) such that for each i € [ft(G)], F; C II;. Since for each II; € II,

I1; contains a fort, by Theorem [L3] V' — II; cannot force G. Thus II is a failed zero
forcing partition of G, and in particular zg > ft(G).

Next let II = {IL;};9, be a failed zero forcing partition of G. Since for each
i € [z¢], V(G) — 1I; does not zero force G, by Theorem [L3] for each i € [z5], 1I;
contains a fort F;. Since Il is a partition of V(G), it follows that for each distinct
i,j € lz¢], F;NF; = 0. Thus, {F;};, is a collection of disjoint forts of G, and so
ft(G) 2 QG- ]

Thus the next result is equivalent to Corollary .28
Theorem 4.30. [4] Let G and G’ be graphs. Then z¢ - zer < zang: -

4.3 More Lower Bounds on Z(GOG")

In this section we present a variety of additional lower bounds on the zero forcing
number of a Cartesian product of graphs.

Theorem 4.31. [7] Let H, and Hy be two hypergraphs. Then 7(Hy x Hy) > 7(Hy) +
T(Hg) — 1.

Proposition 4.32. Let G and G' be graphs each with an edge. Then,
Z(GOG") > Z(G) + Z(G")
and this bound is sharp.
Proof. By Lemma [4.7 and Theorem [4.31] we have
Z(GOG) > 7(Fg x For) + 1 > 7(Fa) + 7(For) = Z(G) + Z(G).
To see that the bound is sharp, note that
Z(K,OP,))=r=(r—1)+1=7%Z(K,)+ Z(P,)

where the equalities involving Z were established in [3]. O
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The next example shows that the lower bound in Proposition [4.32] is sometimes
better than that in Theorem [I1]

Example 4.33. Let G = G' = C50 K1, which is called the pentasun. Then the lower
bound for Z(GOG") in Proposition 32 is equal to 2Z(G) = 6, while using Theorem
[T the lower bound is equal to M?(G) + 1 = 5.

As is common with sharp bounds on graph parameters (e.g., M(G) < Z(G)),
there exist families of graphs for which the gap grows arbitrarily large.

Example 4.34. For s > 2, we have that Z(P,00P;) = s > 2 = Z(P;) + Z(Ps) where
the equalities were established in [3].

Theorem 4.35 (Lovasz 1975 [18]). Let H be a hypergraph with mazimum degree A
(i.e., each vertex is in at most A edges). Then,

<1l+InA.

Corollary 4.36. Let G’ be a graph containing an edge where every vertex in G' is
in at most A minimal forts of G'. Then for every graph G that contains an edge,

Z(G) 2(G")
1+InA

Proof. By Lemma [£7 and Theorems and .35 we have

1+ < Z(GOG")

Z«{@UzTubxﬂﬂ+1ZTUbﬁmﬂﬂ+l>Tvaﬂﬁﬁ

. O
= 1 mA

As with many bounds, there exist families of graphs for which the gap grows
arbitrarily large. For instance, by [5], the path graph has an exponential number of
minimal forts (in the order of the graph) and every fort of the path graph contains
the two pendent vertices.

5 Graphs satisfying Z(GOG") = Z(G) Z(G') + 1

In this section we exhibit a family of graphs attaining the bound Z(GOG') =
Z(G) Z(G")+1. We begin with several definitions. A vertex v of a graph G is called a
cut-vertex if deleting v and all edges incident to it increases the number of connected
components of G. A block of a graph GG is a maximal connected induced subgraph
of G that has no cut-vertices. A graph is block-clique (also called 1-chordal) if every
block is a clique. Note that a block-clique graph can be constructed iteratively as
follows: G is a clique. Given that Gj_; is block-clique, then define G, = Gj_1 UG},
where G}, is a clique and V(Gy-1) N V(G},) = {vx} for some vertex vg. The next
result is well-known and useful.

Theorem 5.1. [15] If G is a block-clique graph, then Z(G) = M(G).
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Definition 5.2. A star-clique path is a graph G that can be constructed as G' = Gy,
where G; = Ul_,G’ for j = 1,...,k, each G} is a star or a clique (each with at least
two vertices), and the following conditions are satisfied:

L. V(Gi_,) NV(G]) = {vi} for some vertex v; for i € {2,3,...,k} and V(G’;) N
V(G)=0forj=1,...,i—2.

2. v; € {vg,...,v;1} forie{3,... k}.

3. If G} is a star for some i € {2,3 — 1}, then degg (v;) = 1 and dege (viy1)
= 1. If G} is a star then degg (’Ug) = 1 and if G, is a star then degg, (v) = 1.

Figure 5.1l shows examples of star-clique paths. Since a star-clique path is a
block-clique graph, the next result follows from Theorem [B.11

Figure 5.1: Examples of star-clique paths

Corollary 5.3. If G is a star-clique path, then Z(G) = M(G).

Next, we state an additional result that we use in the proof of Proposition

Lemma 5.4. 2I] Let G = (Vi, Eg) be a graph with cut-vertex v € Vg. Let
Wi, ..., Wy, be the vertex sets for the connected components of G —v and for 1 <1 <
h, let G; = GIW; U{v}]. Then

h
Z —h+1.

Note that for r > 2, we have the following options for choosing a minimum zero
forcing set B’ for K, and K ,: For K, and any vertices v and w, we may choose B’
so that u € B’ and w ¢ B’ (which implies w does not perform a force when forcing
K, with B’). For K;, and any leaves u and w, we may choose B’ so that u € B’ and
w ¢ B’ (which implies w does not perform a force when forcing K, with B’). Thus
for a star-clique path G constructed from G, ..., G} according to Definition 5.2l we
can choose zero forcing sets B; for G} for i = 1,..., k with the following properties:
Fori=2,...,k, v; € Bl and v; ¢ B;_, and v; does not perform a force when forcing
G’_, with B/_,. Such a zero forcing set of G is called a canonical star-clique path
set.
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Proposition 5.5. Let G be a star-clique path constructed from G, ..., G}, according
to Definition [5.2. Then a canonical star-clique path set is a minimum zero forcing

set of G and
k

Z(G) =) LG —k+ 1.

=1

Proof. First we show by induction on k that Z(G) > S°F | Z(G}) — k + 1. This is
immediate when & = 1. Assume the result is true for Gj_; = Uf’;lng. Applying
Lemma [5.4] to the cut-vertex v, of G}, together with the induction assumption gives

Z(Gr) > Z(Gr) +Z(Gy) —2+1

k

> <§Z(G;>—(k—1)+1> +2(G) — 1= ZGH) —k+ 1.

i=1

By definition, B, = B, UL, (B, \ {v;}) is a zero forcing set of Gy. Therefore,
Z(G) < |Bil = X0, Z(G) — k + 1. O

The next theorem is the main result of this section and gives extremal graphs for
Conjecture

Theorem 5.6. Let G be a star-clique path and let r > 2. Then,
Z(IK,0G)=(r—1)Z2(G)+ 1 =7Z(K,)Z(G) + 1.

Proof. Let G be a star-clique path constructed from G, ..., G}, according to Defini-
tion For purposes of this proof, we view K, as a clique and K5 as G, = K>
and Gi,, = K>, so we assume a star is K, with s > 3. Note first that Z(K,0G) >
(r — 1) Z(G) + 1 by Theorem [T and Corollary 5.3l Choose a canonical star-clique
path set B for G. We describe vertices by the vertex label in G and the copy number
j=1,...,r. In K.OOG, we define a set B consisting of the same canonical star-clique
path set B in the jth copy of G for 1 < j <r — 1, together with one vertex u in the
rth copy of G} such that u # v, and u is not the center of G if G} is a star. We

show that the vertex set B defined is a zero forcing set:

If G is a clique, then vy can be forced by u in the jth of the copy of G} for
j=1,...,7r—1. Then each of the unfilled vertices w # vy in the rth copy of G can
be forced by its neighbor w in another (fully filled) copy of G. Then v, in copy r
can be forced by w in copy r. If G is a star, then the center vertex ¢ can be forced
by w in the jth copy of G} for j = 1,...,r. Then each unfilled vertex w # vy in the
rth copy of G can be forced by its neighbor w in another copy of G|. Finally, v,
can be forced by c in the jth copy of G} for j =1,... 7.

Now the jth copy of G} contains a zero forcing set of G, for j = 1,...,r — 1
and vy is filled in the rth copy, so we can repeat the process just described for G
for G, and then additional G as needed to fill all vertices of G. This together with
Proposition B3] proves that Z(K,0G) < (r — 1) Z(G) + 1. O
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Question 5.7. Does the converse of Theorem[5.0 hold? That is, does
Z2(GOG") = Z(G) Z(G") + 1,

imply that G is a complete graph of order at least two and G’ is a star-clique path or
vice versa?

Computations in Sage [19] have established that for n < 9, every graph G’ of
order n satisfying Z(K,OG") = Z(Ky) Z(G') + 1 is a star-clique path.

6 Concluding remarks

In this section we summarize values of the fort number, fractional zero forcing num-
ber, and zero forcing number for various families of graphs in Table 6.1 We also
discuss a possible relationship between maximum nullity M and ft, Z* in Section
and other open questions in Section

6.1 Summary of parameter values for various graph families

In Table 6.1 the result number listed (from within this paper) establishes the fort
number and fractional zero forcing number. In each case, the zero forcing number
can be found in at least one of the numbered result, [13| Theorems 9.5, 9.12], or the
listed reference.

6.2 A possible relationship between maximum nullity M and ft and/or Z*

Recall that the zero forcing number Z(G) is a well-known upper bound on the maxi-
mum nullity of a graph M(G). It is natural to explore the relationship between M(G)
and the new parameters ft(G) and Z*(G). We are unaware of any graphs for which
ft(G) > M(G), but we point out that M(G) = Z(G) > Z*(G) > ft(G) for all graphs
of order 7 or less [9] and for all but one of the graph families listed in Table
For all but four of these graph families, the values of M(G) and Z(G) appear in [13]
Theorems 9.5, 9.12] and/or [3]. The exceptions are Gy o 2K7, K1 V sK3, Ky V sKj,
and Gy o K.

There is a standard technique that can be used to show M(G) = Z(G) for G'02K,
K,V sKj and Ky V sK, and to show that Z*(G) < M(G) for G’ o K. Recall that
the minimum rank of G is mr(G) = min{rank A : A € S(G)}, and mr(G) + M(G) =
|V(G)|. Viewing a graph G as the (possibly overlapping) union of G;,i = 1,...,t, it

is known [13] that
¢ ¢
mr (U GZ-> < Zmr(Gi).
i=1 i=1

For G = G’ 0 2K7, we see that G is the union of stars, one for each vertex v of G’
centered on v and having as leaves all neighbors of v in G. Since mr(K;,) = 2 for

q > 2, we have mr(G) < 2|V(G")|, which implies M(G) > |V(G")| = Z(G).



T.R. CAMERON ET AL./AUSTRALAS. J. COMBIN. 95 (2) (2026), 214-247 243

result # G order ft(Q) 77(@Q) Z(G)
5.1 P, n 1 1 1
K, n \_%J 5 n—1
3.4 Kpg 2<p,q p+q L§J+L%J % pt+q—2
Kig2<q 1+¢ E g q—1
3.6l K, n n n n
.10 Cox 2k 2 2 2
Cort1 2k +1 1 2l 2
B.1T Gy 02K, 3IV(GY| | V(G| | IV(Gy) V(Gy)|
BI2 BI3 Gio K, V(G| | V(G | [V(G)] | IV(G1)|+Z(Gh)
B.14 Petersen graph 10 2 g 5
315, [3] Qu 9d % 9d—1
sKsV Ky, s> 2 3s+1 s+1 3 25 +1
B.21] sKoV Ky, 8> 2 25 + 2 s+1 s+1 s+2
417 TeT @ @ %T)
4.19 polygonal path, even order 2k 2 2 2
[4.26] Ko, ,LKs,,,m > 2 4m? m? m? Am? —4m+2

Table 6.1: Summary of values of fort number and fractional zero forcing number for
families of graphs.

For G = K,V sK3, we see that GG is the union of s copies of Ky, one for each K3
together with the vertex of the K;. Since mr(K,) = 1 and s > 2, we have mr(G) < s,
which implies M(G) > 2s + 1 = Z(G). The case G = K, V sK> is similar.

Finally consider G = G’ o K3, where G is the union of G’ and |V (G’)| copies of
K3. Thus mr(G) < mr(G’) + |V(G')|. This implies M(G) > M(G’) + |V(G")|, which
may be less than |V(G')| + Z(G’"). However, ft(G) = Z*(G) = |[V(G')| < M(G).

Question 6.1. Is M(G) > ft(G) for every graph G? Is M(G) > Z*(G) for every
graph G'?

While we cannot prove even the weaker of the two inequalities, M(G) > ft(G),
we can prove that the fort number is at most the maximum nullity among combina-
torially symmetric matrices described by the graph.

A matrix A is combinatorially symmetric if a;; # 0 if and only if a;; # 0. The
graph G(A) of a combinatorially symmetric matrix A is the graph with vertices
{1,...,n} and edges {ij : a;; # 0,1 < i < j < n}; whenever we write G(A),
it is assumed that A is combinatorially symmetric. For a graph G with V(G) =
{1,2,...,n}, the maximum nullity of combinatorially symmetric matrices described
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by G, N(G) = max{nullA : A € R™" G(A) = G}, has not been as widely studied
as M(G), but it is known that N(G) < Z(G) [3].

The next result connects forts and null vectors. For a real vector x = [z;], the
support of x is the set of indices ¢ for which z; # 0.

Theorem 6.2. [12] Let G be a graph of order n and let 0 # x € R™. There exists a
matriz A € S(G) such that Ax = 0 if and only if the support of x is a fort of G.

For a graph G and fort F' of G, the incidence vector v = [v;] of F' is the vector
such that v; =1if j€ Fand 0if j € F.

Proposition 6.3. Let G be a graph with disjoint forts F, ..., F}, where 1 <k <n
and let vyi,...,vy be the corresponding incidence vectors. Then vy, ...,V are null

vectors for some A € R™™ such that G(A) = G. Thus, N(G) > ft(G).

Proof. Without loss of generality, assume the vertices within each fort are numbered
consecutively, so that F; = {vy, ,41,...,vs} where ¢, = 0. For i = 1,... k, apply
Theorem to choose matrices A; € R™" such that G(A;) = G and A;v; = 0.
Construct matrix A by choosing columns ¢; 1+ 1,...,¢; from A; (and columns ¢} +
1,...,n from Ay if necessary). Then G(A) = G and Av; =0 for i = 1,... k because
Av; = A;v; is the sum of the columns associated with the indices in F; and the forts
are disjoint. The last statement is immediate. [l

6.3 Summary of open questions

This work provides a basis for many ripe and interesting questions. The conjectured
lower bound on zero forcing number of a Cartesian product (Conjecture [[L2]) remains
open in general, and Question [5.7] asks whether Theorem characterizes all graphs
attaining equality in the bound in Conjecture [[L2]

Beyond the main conjecture, there are plenty of directions of study for these
new parameters. Question asks whether Z*(G) = Z(G) if and only if ft(G) =
Z(G) for all graphs G. Question asks what color-change rule might be used to
compute Z*(G). Such a rule could potentially make it easier to compute or bound
Z*(G) without enumerating many forts. Question 27 asks about the complexity
of computing ft*(G) and Z*(G); it is not immediately clear whether or not these
fractional graph-theoretical parameters should be computable in polynomial time.
Finally, Question [6.1] asks whether ft(G) and/or Z*(G) provide a lower bound for
M(G); this is interesting as the original motivation for the classical zero forcing
number Z(G) was to provide an upper bound on M(G).
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Reference Short description

Conjecture A Vizing-like lower bound on zero forcing number of a Carte-

sian product.

Question Color-change rule for computing Z*(G).

Question 2771 Complexity of computing Z*(G) (= ft*(G)).

Question Relationship between Z*(G) = Z(G) and ft(G) = Z(G).
Question[5.7]  Characterization of graphs attaining equality in the bound in

Conjecture [L.2.

Question 6.1 Whether ft(G) and/or Z*(G) bound M (G) from below.

Table 6.2: A summary of open questions presented throughout this article.
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