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Abstract

Let G’ be a subgraph of a simple finite graph G and U be a subset of a set
V. We say that a A-fold G'-design (U, C) of order u is embedded into a pu-
fold G-design (V, B) of order u+w, > A, if there is an injective function
f : C — B such that C is a subgraph of f(C) for every C' € C. The
mapping f is called the embedding of (U,C) into (V,B). If w attains the
minimum possible value, then f is a minimum embedding. In this paper
a complete solution is given to the problem of determining a minimum
embedding of a A-fold Ps-design into a A-fold kite system (A = u) for any
index A.

1 Introduction

If G is a graph, then let V(G) and F(G) denote the vertex set and edge set of
G, respectively. The complete graph on the vertices x1,x»,...,z, is denoted by
K,(z1,9,...,x,) or, simply, K,. A complete graph of order 3 is called a triangle.
The path on k vertices is denoted by P,. The complete bipartite graph with biparti-
tion (A, B), where |A| = m and |B| = n, is denoted by K, (A, B) or, simply, K, .
The graph K, \ K}, has vertex set V(K,) containing a distinguished subset H of size
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h and edge set E(K,) with the (g) edges between the h distinguished vertices of H
removed (this graph is sometimes referred to as a complete graph of order v with a
hole of size h). The graph AG is obtained by replacing each edge of a G by A parallel

edges.

Let T be a finite graph and G be a subgraph of I'. A G-decomposition (or G-
design) of I' is a pair (X, B) where X = V(I') and B is a collection of isomorphic
copies of G (G-blocks or, simply, blocks), whose edges partition E(T'). If T' = \K,,
then we refer to such a design as a A\-fold G-design of order v (usually, the integer A is
said to be the indez of the design and when A = 1 the term “1-fold” is dropped). The
set of all v € N such that a A\-fold G-design of order v exists is called the spectrum
for A-fold G-designs and is denoted by ¥, (G).

Let G’ be a subgraph of G and U be a subset of a set V. We say that a A-fold
G'-design (U,C) of order u is embedded into a p-fold G-design (V, B) of order u + w,
p > A, if there is an injective function f : C — B such that C' is a subgraph of f(C')
for every C' € C. The mapping f is called the embedding of (U,C) into (V,B). If
w attains the minimum possible value, then f is a minimum embedding. If [V is a
subgraph of a graph I', by extending the above notion of embedding, we can also
speak of a G'-design of I'" embedded into a G-design of I' with obvious meaning of
the terms. Note that a special case occurs when G = G’ and the related embedding
problem is better known as the Doyen-Wilson problem (see [9,10,14-16]). Embedding
problems have been investigated for several pairs of graphs G', G (see, for instance,
[6-8,11,17,18,20,21]). Their study is motivated by cost optimization in dynamic
SONET/WDM networks. In this context, “traffic grooming” aims to minimize the
number of Add-Drop Multiplexers (ADMs) by efficiently packing low-rate signals.
Unlike static grooming, dynamic grooming accounts for traffic fluctuations (e.g.,
day-to-night variations). As shown in [8], a “two-times network” can be modeled by
embedding one graph decomposition into another. Specifically, the embedding of a
Ps3-design of order u into a kite-design of order v provides a theoretical solution for
networks with parameters (v, u,4,2), ensuring that the hardware infrastructure can
support multiple traffic configurations.

Let K be a kite, i.e., the graph consisting of a triangle with one pendant edge
(see Figure 1). A K-design is usually referred to as a kite system. The existence
of a P3-design of order u which is embedded into a kite-design of order v realizes
a two-times network. The minimum embedding problem of a Ps-design into a kite
system has been studied and completely solved in [5,19]. Here we completely solved
the above embedding problem for a A-fold Ps-design of order u into a A-fold kite
system of order v, with A > 2. Note that the non-trivial paths contained in a kite as
subgraphs are P3 and P,. However, the embedding of a A-fold P,-design into a A-fold
kite system is impossible; this is because completing a P, to a kite requires adding
an edge that joins two existing vertices of the P;, which would necessarily increase
the index. Minimum embeddings of A-fold Pg-designs (for & = 3,4) into u-fold kite
systems with g > X are investigated in [22]. The main result of this paper, which we
will prove in Section 5, is the following:
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Theorem 5.1 For any pair A > 1 and u € X,(P3), except for A = 0 (mod 4) and
u = 4,5,7, the minimum order of a KS(v, A) which embeds a P3(u, \) is the minimum
integer v € 3,(K) such that:

e v > (3u—1)/2if \is odd;
e v > (3u—1)/2if A is even.

For A =0 (mod 4) and u = 4, 5,7, the minimum order is v = (%-‘ + 1.

2 Preliminaries

In what follows, we will denote:

e the path P; consisting of the edges {a,b} and {b, c} by [a,b, c[;

e the triangle K3(a,b,c) by (a,b, c);

e the kite consisting of the triangle (a,b,c¢) and the pendant edge {c,d} by
(a,b,c) — d (see Figure 1).

b O—@
Figure 1: The kite consisting of the triangle (a, b, ¢) and the tail edge {c,d}.

A M-fold G-design of order v with G = P or G = K will be denoted by P3(v, A) or
KS(v, A), respectively. It is well-known that a P3(v, A) exists if and only if Av(v—1) =
0 (mod 4) (see [4]) and a KS(v, A) exists if and only if Av(v—1) =0 (mod 8) (see [3]).
The above necessary and sufficient conditions for P3-designs and kite systems are
detailed in Tables 1 and 2, where the spectra are partitioned into suitable congruence
classes of A.

Ya(Ps): SaA(K):
A (mod2) v>3 A (mod4) v>4
1 v=0,1 (mod 4) 1,3 v=0,1 (mod 8)
0 any 2 v=0,1 (mod 4)
0 any
Table 1: Spectra for P Table 2: Spectra for K

The following lemma provides a necessary condition for embedding a Pj(u, \)
into a KS(v, A) for any A > 1.
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Lemma 2.1 If a P3(u, \) is embedded into a KS(v, \), then:

e v > (Bu—1)/2 if X is odd;
o v > (3u—1)/2 if X is even.

Proof  If there exists a P3(u, A) (U,C) embedded into a KS(v, \) (V, B), then 2|C| <
MU|(v—wu), which implies v > (3u—1)/2. For odd A, the case v = (3u—1)/2 requires
v =1 (mod 24) and u = 1 (mod 16) and embedding a P;(16k + 1,\) (U,C) into a
KS(24k+1,)) (UUW, B) is impossible. Indeed, every path in C must be a subgraph

of a block in B, and each vertex in W can be attached to at most {WJ

of C. This leads to a contradiction, as |C| > |W| {%J O

paths

Here, for every index A\ and every order u which is admissible for the existence
of a P3(u, A), we determine the minimum integer v such that there exists a KS(v, \)
(U UW, B) which embeds a P3(u, ) (U,C), by proving our main result in Theorem
5.1. For convenience in describing embeddings, we write a < P to denote the kite
(a,b,c) —d where P = [b, ¢, d], separating the vertex a € W from the path P (which
lies in U). Thus, in order to define the collections C and B and simultaneously
the embedding f : C — B, we always provide a partition B = B, U B., where the
subcollection B, whose kites are given in the above form a < P, embeds C = {P :
a<P € B.}, which defines a P3(u, 2) on U. The embedding is the mapping f : C — B,
defined by f(P) = a< P, for every P € C, where a is the vertex in W such that
a< P € B, (clearly, f(C) = B,).

If (V,B;),1=1,2,is a KS(v, A\;) which embeds a P3(u, \;) (U,C;), then (V, ByUB3)
is trivially a KS(v, \; + A2) which embeds a P3(u, A; + A2) (this technique follows the
standard approach described in [13] and is widely employed in constructing designs
with index A > 1). As a consequence of the above, the union of p copies of a KS(v, A)
embedding a P3(u, \) gives a KS(v, pA) which embeds a P3(u, pA). Asshown in Tables
1 and 2, the spectra ¥, (P3) and X, (K) coincide with 3 (P3) and 3 (K), respectively,
for any odd A. Consequently, since the necessary conditions established in Lemma
2.1 for any odd A coincide with those for the case A = 1, a solution to our problem
can be directly obtained by taking the union of A\ copies of a KS(v, 1) which embeds
a P3(u, 1), the existence of which is guaranteed by the following theorem.

Theorem 2.1 ( [5]) Let v = 0,1 (mod 8). There exists a P3(u,1) embedded into
a KS(v,1) for every 4 < u < (2v — (v))/3, where (v) = 0 if v = 0 (mod 24),
Bw) =2 ifv =1 (mod 24), f(v) = 1 if v = 8 (mod 24), f(v) = 3 if v =9
(mod 24), f(v) =5 if v =16 (mod 24), B(v) =7 if v =17 (mod 24).

Corollary 2.1 Forany A =1 (mod 2) andu = 0,1 (mod 4), there exists a P3(u, \)
embedded into a KS(v, \) where v is the minimum integer v = 0,1 (mod 8) such that

3u—1
v > -
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For A =0 (mod 2), it will be sufficient to settle the cases A = 2 (Section 3) and
A = 4 (Section 4) and paste copies of suitable kite systems of smaller indeces to settle
any even index A. In order to solve the cases A = 2,4, we will make a massive use of
the difference method, both pure and mixed differences (see [1,2]).

In what follows, if G is a graph whose vertices belong to Z,,, then we call the
orbit of G under Z, the set of the translates of G, i.e., Orb(G) ={G +i:i € Z,},
where G + i is the graph with V(G +1¢) = {# +¢ : 2z € V(G)} and E(G + i) =
H{z+i,y +i} : {z,y} € E(G)}. Instead of taking Z,, we can consider vertices
in the set Z, x Z;, whose element (z,j) is denoted by z; (in other words, we can
take ¢ copies of each element of Z,, distinguished by a subscript). In this case the
differences arising from a pair (z;,yx) € Z, X Z;, denoted by d;j, where d = y —z, are
distinguished in pure or mized differences, depending on j = k or j # k, respectively.
If V(G) C Z, x Z;, then we speak of translates and the orbit of G under Z,, by means
of z;+1 = (z+1);, with obvious meaning of the terms. If, further, V(G) C Z,UR (or
V(G) C (Z, x Z;) UR), where R is disjoint from Z,, (or Z,, x Z;), then we can again
speak of translates and orbit of G under Z,, by means of x 4+ i = « for © € R (the
elements of R are sometimes referred to as infinite vertices). The difference method
is an efficient tool to construct and describe graph decompositions, since their blocks
can be defined by means of a set of orbit representatives (base blocks).

In order to obtain a A-fold G-design of order v on Z, (or Z, x Z;), we need
to construct base G-blocks which cover all differences in Z,, (or all pure and mixed
differences in Z, x Z;). When some differences are not covered, the base blocks
define a partial A-fold G-design of order v. More generally, we speak of a partial
G-design of a graph I' when the edges of the blocks of B partition a proper spanning
subgraph of I'. The triple (X, B, L), where (X, B) is a partial G-design of I" and L
is the collection of edges of I' not belonging to any of the blocks of B, is said to be
a G-packing of I with leave L.

We now present a simple motivating example to further clarify the problem, while
simultaneously illustrating the difference based technique.

Example 2.1 (A = 2, v = 9) We want to embed a P3(9,2) (U,C) into a KS(v,2)
(UUW, B), where v is the minimum possible; thus, by Lemma 2.1, it must be v = 13.
Let U = Zg and W = {001, 009,003,004 }. As collection B,, take the union of the
orbits under Zy of the following base blocks:

001 4[1,0,8], 005<[2,0,7], o03<[3,0,6], o0os<4,0,5],

which can be written in a more compact form (highlighting the embedded paths)
as oo; < P, with P, = [i,0,—i], for i« = 1,2,3,4. Tt is straightforward to verify
that each infinite vertex is joined twice to every vertex in U, and that the paths
P;, for i = 1,2,3,4, cover all differences in Zy exactly twice. Thus, (U U W, B,)
is a kite-decomposition of 2(Kg.4 \ K4) which embeds the P3(9,2) (U,C), where
C = UL,0rb(P;). Finally, consider a KS(4,2) (W, B,.), which is known to exist (see
Table 2). The pair (U U W, B, U B,) is a KS(13,2) which embeds (U, C).



G. RAGUSA AND A. TRIPODI / AUSTRALAS. J. COMBIN. 95 (1) (2026), 144159 149

3 The case \ =2

Taking into account that a P3(u,2) exists for any v > 3 and a KS(v, 2) exists if and
only if v = 0,1 (mod 4), here for every u > 3 we construct a P3(u,2) (U,C) which
is embedded into a KS(v,2) (U U W, B), where v is the minimum integer such that

v=0,1 (mod 4) and v > 31,

We distinguish the following eight cases.

u = 8k and v = 12k, k > 0;

u=8k+1landv=12k+ 1, k > 0;
u=8k+2andv=12k+4, k> 0;
u=8k+3andv=12k+4, k > 0;
u=8k+4andv=12k+8, k> 0;
u=8k+5andv=12k+ 8, k > 0;
u=8k+6andv=12k+9, k> 0;
u=8k+T7and v=12k+ 12, k > 0.

O N OOt W

Proposition 3.1 For every u = 8k +r, r = 0,1,3,6 and u > 3, there exists a
P3(u,2) embedded into a KS(v,2) where v = [251].

Proof  Distinguish two cases depending on the parity of u. Let u =8k +r,r =1,3,
u > 3. Take U = Z, and W = {001,009,...,00,}, where w = (u — 1)/2, and
consider the collection B, of kites defined by means of the base blocks oco; < P; with
P, = [i,0,—i], for ¢ = 1,2,...w. It is easy to check that the pair (U U W, B,)
is a kite-decomposition of 2(K,4, \ Ky), which embeds the Ps(u,2) (U,C) where
C is the collections of paths defined by means of the base blocks P, = [i,0,—i],
for i = 1,2,...w. Now, consider a KS(w,2) (W, B.), which exists because w = 0, 1
(mod 4) (if u = 3, then B, = 0)). The pair (UUW, B.UB,) is a KS(v,2), v = (3u—1)/2,
which embeds (U, C).

Let u =8k +r, r = 0,6. Take U = Z, 1 U {a} and W = {001,009, ...,004},
where w = u/2, and define the collections B, and C as in the odd case by means
of the base paths P, = [i,0,—i], for i = 1,2,...w — 2, P,_; = [u/2 — 1,0,a] and
P, = [u/2 —1,0,a] (note that P,_; and P, are considered distinct for embedding
purposes; since the paths form a multiset, each occurrence is mapped independently,
allowing for distinct images under f).

Here, the pair (U U W, B,) is a kite-decomposition of 2(Kyiqy \ Kyi1), which
has W U {a} as hole and embeds (U,C). As in the odd case, filling the hole with
a KS(w+1,2) (W U/{a},B.), which exists because w+ 1 = 0,1 (mod 4), gives a
KS(v,2), v = 3u/2, embedding (U, C). 0

The following lemma gives a kite-packing of a complete graph with a hole, which
will be the starting point to construct a minimum embedding of a P3(w,2) into
a KS(v,2) (U U W,B) in the remaining four cases. In what follows, the orbit of
{0;,dx} C Z, x Z; under Z, is denoted by Orb(dy;).
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Lemma 3.1 LetT' = K¢y 3\ Kopr1, h > 1, be the complete graph on X = Zap 11X Z3
with H = Zsp11 X {2} as hole. There exists a kite-packing (X, B, L) of 2T, which
embeds a P3(4h +2,2) on Zop1 x {0,1} and whose leave is

L= Orb(()m) U OTb(lOQ).

Proof Consider the collection B of kites defined by means of the base blocks

B; = (—i)2 < P, with P; = [i1,00,10], fori=1,2,...,2h,

B! = (—i)y < P/, with P/ = [(2h + i)o,01,41], fori=1,2,...,2h,

B =0y <P, with P = [0y, 00, 1,].
It can be verified that the collection B covers twice every pure difference d,;, j =0, 1,
and every mixed difference d;i, j,k € Z3, except the mixed differences 052 and 1pg,

which are covered once (a detailed verification of the difference coverage is provided
in the Appendix). Therefore, the triple (X, B, L), where

L = Orb(Olg) U O?"b<102)7

is a kite-packing of 2I", which embeds the P3(4h + 2,2) defined on Zs, 41 x {0,1} by
means of the base blocks P;, P/, fori=1,2,...,2h, and P. O

Proposition 3.2 For any integer k > 1, there exists a P3(8k + 2,2) embedded into
a KS(12k + 4, 2).

Proof Start from the kite-packing (X, B, L) of Lemma 3.1, where X = Zy, 11 XZ3
with h = 2k. Add an infinite vertex oo to Zy11 X {2}, so to take U = Zy,1 x {0, 1}
and W = (Zy+1 x {2}) U {oo}. Replacing the base kite 05 < P with oo < P gives a
kite-packing (U U W, B., L) of 2(Kiok+4 \ Kagr1) (Wwith H = Zy,1 x {2} as hole),
which embeds a P3(8k + 2,2) on U and whose leave is L' = Ly U Ly where

Ll =LU OT’b(O()Q) U OTb(Olg),

Ly = Ky siy2({00}, Zagsr x {0,1}) U 2K g1 ({00}, Zags1 x {2}).
A collection of kites B. which completes the decomposition and gives the required
design is obtained by taking the translates of (0o, 01,02) — 0y and (oo, 0g, 15) — 14
(which along with the kites of B, provides a kite-design of 2(Kjox14 \ Kary1)) and
the block set of a KS(4k + 1,2) defined on H. O

Proposition 3.3 For any integer k > 0, there exists a P3(8k + 4,2) embedded into
a KS(12k + 8, 2).

Proof For k = 0, on the set V = Z; U {001, 009,003,004} take B, = {oc0; «

12,3,0], 001 4[3, 1,2], 005 < [2, 1, 3], 005 < [2, 3, 0], 003 < [1, 0, 2], 005 4 2,0, 1]} and B, —

{(0,001,004) — 1,(0,00z,004) — 1,(3,002,004) — 2,(3,003,004) — 2,(1,002,003) —
0,

3,(2,003,001) — 1, 002,001) 00y, (001, 009,003) — 004}. For k > 1, start from
the kite-packing (X,B,L) of Lemma 3.1, where X = Zy,,1 xZ3 with h = 2k.
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Add two extra vertices, say a and b, to Zy4q X {0,1} and three ones, say ooq,
009 and 003, to Zyy1 X {2}, so to take U = (Zy11 x {0,1}) U {a,b} and W =
(Zar+1 x {2}) U {001, 009,003}. Replace the base blocks (—i)s < P, i = 1,2,3, of B
with co;< P, 7 = 1,2, 3 and use the mixed differences removed dis, d = 4k — 3,4k —1,
and dgo, d = 4k — 1,4k, to form the further base blocks

dko <11, a,00], 4ks<[31,a,00], 4ko<[lg,b,0q],
along with the kites
ipa[(L4)0,b, (L +1)1], i=0,1,... 4k — 1,
4ky <[00, b, al, ooy <fa,b,04].
The collection of kites defined so far provides a kite-packing (U U W, B,, L") of

2(Kiok4s \ Kagr1) (with H = Zyp1 x {2} as hole), which embeds a P3(8k + 4,2) on
U and whose leave is L' = L; U Ly where

L1 =LU Orb((4k3 — 2)02) U Orb((4k3 — 5)12),

Ly = K3 gj+a({001, 009,003}, U) U K3 9({002, 003}, {a, b})
U 2K3(001,002,003) U 2K3 45,41 ({001, 002,003}, Zag1 ¥ {2}).

A collection of kites B. which completes the decomposition and gives the required
design is obtained as follows. Consider the translates of

(001, (4k — 5)2,01) — 003, (002,01, 0,) — 003,
(009, (4k — 2)3,00) — 003, (001,09, 12) — 003,
along with the kites
(@, 003, 009) — 001, (b,009,003) — 001, (a,001,003) —b, (b,001,009) — a,

in order to get a kite-decomposition of 2( K948 \ Karr1), and fill the hole H with a
KS(4k + 1,2). 0

Proposition 3.4 For any integer k > 0, there exists a P3(8k + 5,2) embedded into
a KS(12k + 8,2).

Proof For k=0, on the set V = Z5 U {001, 009, 003} take

Be = {OOl < [3,2,4],001 < [0,4, 1],001 < [3, ]_,2],002 d [2, 1,3],002 < [3,2,4],
009 <[4, 3, 0], 000 <[0,4,1], 003 < [1,0,2], 003 < [4,3,0],003<[2,0,1]}

and
B, = {(001, 002, 003) — 4, (0,009, 001) — 4, (1, 002, 003) — 3, (2, 003,001) — 1}.

For k > 1, start from the kite-packing (X, B, L) of Lemma 3.1, where X = Zy;,,4
x Z3 with h = 2k. Add three extra vertices, say a,b,c, to Zy41 x {0,1} and two
ones, say 001 and 00g, to Zy1 X {2}, so to take U = (Zy41 % {0,1}) U{a, b, c} and
W = (Zyrs1 x {2}) U {01, 002}. Replace the base blocks (—i)y < Py, i = 1,2,3, of
B with ooy < Pp, 001 < P, and 00y < P3, and use the mixed differences removed d;s,
d =4k — 5,4k — 3,4k — 1, and dop, d = 4k — 2,4k — 1,4k, to form the further base
blocks
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dko <11, a,00], 4ky <[00, a,01], 4ks<[31,b,00], 4ko<[lo,b,04]

4ko <[5y, ¢,00], 4ks <[20,c¢,04],
along with the three kites

001 <la, b, c], ooy <]c,a,b], coy<lb,c,al
The collection of kites defined so far provides a kite-packing (U U W, B, L") of
2(Kiok1s \ Kagy1) (with H = Zy.1 x {2} as hole), which embeds a P3(8k + 5,2) on
U and whose leave is L' = L U L; where

Ly = Kisira({002}, (Zagsr x {0,1}) ULb, c}) U 2K a511 ({001, 002}, Zagsr X {2})

U {{o01, b}, {001, c}} U 2{{o01, 002}, {009, a}}.

A collection of kites B. which completes the decomposition and gives the required
design is obtained as follows. Consider the translates of

(002701702) — 01, (OO2700712) — 1,
along with the two kites
(b,OOl,OOQ) - a, (070017002) - a,

in order to get a kite-decomposition of 2( K948 \ Kar+1), and fill the hole H with a
KS(4k +1,2). O

Proposition 3.5 For any integer k > 0, there exists a P3(8k + 7,2) embedded into
a KS(12k + 12,2).

Proof  Start from the kite-packing (X, B, L) of Lemma 3.1, where X = Zy,1 XZ3
with h = 2k + 1, £ > 0. Add one extra vertex a to Zy.3 x {0,1} and two ones
001 and 0oy to Zykis X {2}, in order to take U = (Zyy3 x {0,1}) U {a} and W =
(Zagss x {2}) U {001,002}, Remove the base block B = 045 < (01,09, 1;] and use the
differences 0g1, 1p; and 015 to form the three further base blocks

02 < [01,a,00], co1<[00,01,a], 0oz <ly,00,al,

to obtain a kite-packing (UUW, B., L') of 2(Ki2k+12 \ Kakt3) (with H = Zyp13 x {2}
as hole), which embeds a P3(8k 4 7,2) on U and whose leave is L' = L; U Ly where

L1 =LU OT’b(OOQ),
Ly = Ky gpi6({001, 002}, Zagys x {0,1})
U 2K a43({001, 002}, Zagys x {2}) U
U K174k+3({a}, Z4k+3 X {2}) U 2K3(a, 01, OOQ).

A collection of kites B. which completes the decomposition and gives the required
design is obtained as follows, by distinguishing the cases k =0 and k£ > 1.

For k =0, take B, = Ag U A; U As, where

Ao = {(001,01,0s) — 29, (001, 11, 15) — 09, (001, 21, 22) — 12, (02, 12,25) — a},
Ay = Orb((02,09,002) — 01) U Orb((c01, 09, 13) — 002),

Ay = {(001, 002, a) — 0q, (001, 002,a) — 1o}

For k > 1, consider the collections of kites A; and A, defined as before along with
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the further collections

As = {(c01,01,02) = (4k + 2), (001, 11, 12) — (4k + 2)»}
U{(Oola <2+Z)17 (2+2)2) —ai= 0717' .- ,4]{3},

To complete the construction for £ > 1, we first observe that the union Ule A,
covers all the edges of the leave L’ and the pure differences 195 and 295 exactly once.
Consequently, we define B, by adding to Ule A; the translates of the following &
base blocks (retaining only the first one in the case k = 1)

(227 (Qk + 1)27 02) - (Zk + 2)2a
((k+1 _])27(k+2+j)2702) - (4k— 1_2])27j :07177k_27
These blocks cover all the remaining pure differences dss. O

Combining Propositions 3.1-3.5 gives the following result.

Theorem 3.1 For any u > 3, there exists a P3(u,2) embedded into a KS(v,2) where
v is the minimum integer such that v € $o(K) and v > 31,

4 The case A\ =14

Taking into account that a P3(u,2) exists for any v > 3 and a KS(v,4) exists for
any v > 4, in this section for every u > 3, u # 4,5,7, we will construct a P3(u,4)
(U,C) which is embedded into a KS(v,4) (U U W, B), where v = [2-1]. Moreover,
for u = 4,5,7 we will prove that no P3(u,4) can be embedded into a KS(v,4) of
order v = (ﬁw and a minimum embedding is attained for v = (%W + 1. Here

2
we use the notation introduced in Section 3 to define the collections C and B, along

with the embedding f : C — B.

Lemma 4.1 For any k > 0, there exists a kite-decomposition (X, B) of 4(Ksr1 \
Ky), where X = Zop 1 U H, H = {001,009, ...,00}, and B embeds a P3(2k + 1,4)
on Lo

Proof Consider the collection B of kites defined by means of the base blocks
B; = 00, < P;, with P, = [1,0,—i], fori=1,2,...,2k,

where 0oy ; = 00;, fort=1,2,... k. O

Proposition 4.1 Foranyu =1 (mod 2), u > 3 andu # 5,7, there exists a P3(u,4)

embedded into a KS(v,4) of order v = %

Proof Let u =2k + 1, k > 1 and k # 2,3. Consider the kite-decomposition
(Zoks1UH, B) of 4(K3p41\ Ky) from Lemma 4.1 and place a KS(k, 4), say (H, B'), into
the hole H (for k = 1, there is no hole to fill). The resulting design (Zox+1 UH, BUB')
is a KS(v,4) embedding a P3(u,4). O
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Lemma 4.2 The minimum order of a KS(v,4) which embeds a P3(u,4) of order
u:5,7isv:%+1.

Proof To start with, assume that (U,C) is a P3(u,4), v = 5,7, embedded into a
KS(v,4) (UUW,B) of order v = 22 and let f : C — B be the embedding. To
embed (U, C) into (U UW, B), we require 2|C| edges joining a vertex of U to a vertex
of W. In both cases, 2|C| = 4|U|-|W |, which implies that the subcollection B, = f(C)
covers all edges of 4K, ,(U, W), (u,w) = (5,2),(7,3). Consequently, any remaining
kites in B, = B\ B. would have to be contained entirely within W. However, this
is impossible since |WW| < 4, whereas a kite is a graph of order 4. Therefore, if a
KS(v,4) embeds a P3(u,4) of order u=5,7, then v > 31 +1.

A KS(8,4) which embeds a P3(5,4) is (Z, U {a} U {001, 009, 003}, B. U B..), where
B, contains the translates of the four base blocks ooy <1[1,0, a], repeated twice, 0oy <
[1,0,a] and co3<[2,0, a], along with the kites 0oy <[2,0, 1], 002 <3, 1, 2], c03<[0, 2, 3],
003<[1, 3, 0], and B, = {(0, 003, 003)—a, (1, 003, 003) —a, (2, 00g, 003) —a, (3, 002, 003) —
a} U 2{(a,003,001) — 009, (a,009,001) — 003}

A KS(11,4) which embeds a P3(7,4) is (Zs U {a} U {001, 009, 003, 004}, B, U
B.) where B, contains the translates of the six base blocks co; < [1,0,al, repeated
twice, cog < [1,0, a], repeated twice, cog < [2,0,4] and ooy < [3,0,2], along with the
kites 03 < [3,0,2], 03 < [4,1,3], 03 < [572,4], o003 < [0,3, 5], 03 < [174, 0], 03 4
[2,5,1], and B, = {(0,003,004) — 4, (1,004, 003) — 4, (2, 003,004) — 5, (3,004, 003) —
5, (003, 01, OO()) — 9, (003, 9, OOl) — o, (003, X, OOQ) — 001}U 2 {(004, 1, OOO) —
003, (004, 002, 001) — 003, (004, 009, 002) — 003 }. O

Proposition 4.2 For any u = 0 (mod 2), u > 6, there exists a P3(u,4) embedded
into a KS(v,4) of order v =3*.
Proof Let u =2k + 2, k> 2. Start from the kite-decomposition (X, 5) of Lemma
4.1 and add an extra vertex a to Zy,y; and an extra vertex oo to H, so to take
U = Zoyy1 U{a} and W = H U {oo}. Replacing the base kite By, By € B with the
four base blocks
001 <[1,0,a], 009<(2,0,a]l, co<[1,0,a], co<[2,0,al,

gives a kite-decomposition of 4(Ksjy3 \ Kjio), wich embeds a P3(2k + 2,4) on U
and admits W U {a} as hole. Filling the hole with a KS(k + 2,4) gives the required
design. O

Lemma 4.3 The minimum order of a KS(v,4) which embeds a P3(4,4) isv =1T.

Proof To start with, assume that there exists an embedding f : C — B is of a
P3(4,4) into a KS(6,4) (U U W,B. U B.), where B, = f(C). It is easy to see that
cach of the three blocks of B. contains exactly three edges of 4K,5(U, W) and so
B, covers 9 edges of 4K, (U, W), which is impossible because B, covers 24 edges of
AK,9(U, W) and |E(4K42)| = 32. Therefore, if a KS(v,4) embeds a P3(4,4), then



G. RAGUSA AND A. TRIPODI / AUSTRALAS. J. COMBIN. 95 (1) (2026), 144-159 155

v > 7. AKS(7,4) which embeds a P3(4,4) is (Z4U{o01, 002, 003}, B.UB,.) where B, =
2{003<11,0,2],003<[2,0,1],001<4[2,3,0],001<[3, 1, 2], 002 <[2, 1, 3], 002<[2, 3,0] } and
BC = {(O, 09, 001)— 1, (2, s, 001)—0, (O, 09, OOl)— 1, (3, s, OOQ)_O, (1, 09, 003)—
3, (2,001, 003) — 3, (0, 009, 001) — 003, (3,003, 002) — 001, (1, 002, 003) — 001 }. a

Combining Lemmas 4.2, 4.3 and Propositions 4.1, 4.2 gives the following result.

Theorem 4.1 For any u > 3, u # 4,5,7, there exists a P3(u,4) embedded into a

KS(v,4) of order v = [3”2_1] The minimum order of a KS(v,4) which embeds a

Ps(u,4) of order u=4,5,7 is v = [%] + 1.

5 Main result

By similar arguments as in the proof of Lemmas 4.2 and 4.3, it is easy to prove what
follows.

Lemma 5.1 For any A =0 (mod 4), no P3(u, \) of order u=4,5,7 can be embed-
ded into a KS(v,\) of order v = [25-1].

2

Thanks to the above lemma and the results obtained in the previous sections we
are now able to prove our main result.

Theorem 5.1 For any pair A\ > 1 and u € X,(P3), except for A =0 (mod 4) and
u=4,5,7, the minimum order of a KS(v, \) which embeds a P3(u, \) is the minimum
integer v € X\ (K) such that:

e v> (Bu—1)/2 if X is odd;

e v > (3u—1)/2if X is even.
For A\=0 (mod 4) and u = 4,5,7, the minimum order is v = {%W + 1.
Proof Forany A =1 (mod 2), the existence of a P3(u, A) embedded into a KS(v, \),
where v is the minimum integer in 3, (K') such that v > 3“2_ L follows by Corollary
2.1. For any A = 41+ 2, paste 2] + 1 copies of a KS(v,2) from Theorem 3.1. For any
A = 4l and any u > 3, it is sufficient to paste [ copies of a KS(v,4) from Theorem
4.1 (see Lemma 5.1). O

Tables 3 and 4 provide the minimum embedding order v,,;, for each pair (A, u),
distinguishing between the cases where A is odd or even, respectively. In Table 3,
the values of u are partitioned into congruence classes modulo 16, organized in two
sets depending on the parity of u, with the corresponding v,,;, reported below in
the same column. Furthermore, the cases in which the lower bound established by
Lemma 2.1 is not attained are explicitly highlighted (see Table 4 for those specific
instances).
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u (mod 16) 0 4 8 12
Vi Suts Jutz p] mi243  ub2gug

u (mod 16) 1 5 9 13
L e s s s

Table 3: Minimum embedding orders v,,;, for odd A.

A u (mod 8) Upnin Exceptions (u, Vpin)
2 (mod 4) 0,1,3,6 (3"2_1-‘ none
2,5 F’“Q_W +1 none
4,7 (%W + 2 none

0 (mod 4) any Exd (4,7), (5,8), (7,11)

Table 4: Minimum embedding orders v,,;, for even A

6 Concluding remarks

A natural generalization for future research would be to investigate the embedding of
a Py-design, for a general k, into a G-design where G is a minimal graph containing P
as a subgraph. This would extend the results obtained here for P; into kite systems
to a broader class of graph designs, starting from the base case A = 1. Interesting
classes of minimal graphs (those obtained by adding only one or two edges to Fy)
include cycles and dragon graphs (also known as tadpole graphs, consisting of a
cycle with a path attached to one of its vertices [12]). A kite is, in fact, the smallest
dragon graph. The difference method employed in this paper could be effectively
adapted to solve these problems; indeed, the low degree of the vertices and the
sparse nature of dragon graphs make the search for difference sets significantly more
straightforward than for dense or complete graphs, allowing for a systematic and
tractable construction of the required base blocks.

Appendix

In this appendix, we provide a detailed verification of the difference set coverage for
the proof of Lemma 3.1. This lemma is chosen as a representative case because of its
importance for the subsequent results and because it contains the most significant
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and complex distribution of differences. This verification technique is particularly
useful to verify all constructions where families of base blocks are defined by means
of indices (e.g., i = 1,...,2h). To avoid redundant repetitions and to enhance the
readability of the manuscript, we limit our explicit analysis to this case.

Following the standard difference method (see, e.g., [2]), we recall that in X =
Z, % Zy the set of all mixed differences consists of dj; for d € {0,1,...,n — 1} and
for all j,k € Z; with j < k. Regarding the pure differences, for every j € Z; the
set of all pure differences consists of d;; where d € {1,2,..., ”T_l} if n is odd and
de{l,2,...,5} if nis even. In our specific case where X = Zs, 41 x Z3, the mixed
differences are d;i, for d € {0,1,...,2h} and j,k € Zs with j < k, and the pure
differences are dj;, for d € {1,2,...,h} and j € Z3;. Now, we must verify that the
collection B consisting of the edges

Bi — (—2)2 <]-Pia with R = [il,OO,iQ], for 1 = 1,2, . ,2h,
Bj = (=i)s < B, with P/ = [(2h +i)o, 01,01, fori=1,2,...,2h,
B =0y<P, with P = [01,007 11]7

covers twice every pure difference dj;, j = 0,1, and every mixed difference dj,
7,k € Z3, except the mixed differences 015 and 12, which are covered once.

Block | Edge 1 Edge 2 Edge 3 | Tail
By (2h —1)12 (2h)02 o1 Loo
By (2h —3)12 | (2h —1)02 201 200
Boph—1 419 202 (2h —1)o1 | 200
Boy, 212 o2 (2h)o1 Loo
B (2h)02 (2h)12 0Oo1 111
By (2h —2)o2 | (2h —1)12 (2h)o1 211
By, 4 302 212 301 111
B, Lo2 112 201 111
B 012 0Oo2 0Oo1 lo1

Table 5: Detailed differences for the base blocks in the proof of Lemma 3.1.

In Table 5 we list the differences covered by each base block. To facilitate the
verification, for a kite denoted by a < [b, ¢, d], we order its edges and we call {a,b},
{a,c}, {b,c}, and {c,d}, respectively, Edge 1, Edge 2, Edge 3, and Tail. Note that
Edge 3 and the Tail are the edges of the path [b, ¢, d]. Consequently, a simultaneous
verification of the differences covered by P;, P/, fori = 1,2,...,2h, and P is straight-
forward, confirming that these base blocks define a P3(4h + 2,2) on Zy,q1 x {0,1}.
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Following the convention that for a pair {z;, v} the mixed difference is d;;, = (y—z)x
with j < k, the table shows how the base blocks B;, B} and B satisfy the required
coverage. Specifically, the arithmetic progressions in the columns for Edge 1, 2, and
3, along with the difference in the last row and the Tail column, ensure that all mixed
differences do1, do2, d12 are covered exactly twice (with the exceptions noted in the
proof), while the Tail column ensures the double coverage of pure differences dyg and

dll-
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