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Abstract

As a generalization of super magic strength, the strength of a graph
was introduced by Ichishima et al. in [Australas. J. Combin. 72 (2018),
492-508]. For a vertex ordering f of graph G, the strength of f is the
maximum sum of the labels on any pair of adjacent vertices. The strength
of GG is defined as the minimum strength of f, taken over all vertex or-
derings of G. Bounds on the strength of the hypercube are known and
the upper bound will be improved in this paper.

1 Introduction

Let G be a graph on n vertices and f be a bijective function f : V(G) — {1,2,...,n}.
The strength of f, denoted stry(G), is defined as

str(G) = max{f(u) + f(v) : wv € E(G)}.
The strength of G, denoted by str(G), is defined as
str(G) = min{str;(G) : f is a vertex ordering of G'}.

The strength of a graph was first defined in [4] and was motivated by super edge-
magic labelings and the super magic strength of a graph. See the survey [6] for
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more on super edge-magic labelings and [1, 4] for more on super magic strength.
Ichishima et al. [4] determined the strength of a number of graph classes, including
paths, cycles, complete graphs, and complete bipartite graphs. The strength of some
trees, including caterpillars and complete n-ary trees, was determined in [5]. The
n-dimensional hypercube, denoted @),,, is the graph whose vertices correspond to the
(0, 1)-binary strings of length n, two vertices being adjacent if and only if the cor-
responding binary strings differ in exactly one digit. The n-dimensional hypercube,
Qn, was considered in [4], where they proved the following.

Theorem 1.1 ([4]). For the n-dimensional hypercube @, str(Qq) = 3, str(Q2) = 6,
and for every integer n > 3,

2" 4+ n < str(Q,) <2" +2"2 + 1.

For completeness, we note that the lower bound was improved in [2, Theorems
16, 17, and Corollary 18] to the following.

Theorem 1.2 ([2]). For the n-dimensional hypercube Q,, str(Q3) = 11, str(Q4) =
21, StI‘(Q5) = 40,

str(@,) >2"+4n—12  for5<n <9, and
str(@,) > 2" + L%QJ +4 forn>10.

In this note, we improve the upper bound for str(Q@,). We define a bijection f
between the set of all n-bit strings and {1,2,...,2"}. We first show the bijection
gives the exact strength of @3, )4, and (J5. We then determine the recurrence

-3 —2
str(Qy) < strp(Qn) < strp(Qn_2) +3-2"7% + (nng > -+ (nn2 )
el el
in Corollary 2.9. The recurrence provides an improvement over the upper bound of
Theorem 1.1 of [4] for n € {5,6,...,13}. Ultimately, in Corollary 2.10, we show that
for all n > 14,

str(Q,) < 2"+ 2" 428,

which is an improvement of 273 — 27 over the upper bound of Theorem 1.1 of [4].

2 An improved upper bound for str(Q,)

We state some important definitions before presenting the bijection between the n-bit
strings and {1,2,...,2"} and proving some initial observations.

Let x+ = xy29---2, and y = y1y2-- -y, be distinct n-bit strings; that is, x;,
y; € {0,1} for every ¢ € {1,2,...,n}. The Hamming weight, or simply weight of
a bit string is the number of non-zero bits in the string. The Hamming distance
between two n-bit strings x and y is the number of positions in which x and y differ.
Consequently, two vertices of @), are adjacent if and only if the Hamming distance
between the corresponding n-bit strings is one.
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We define z < y to be in lezicographic order if z; = y; for ©+ < k and xp < y; for
some k < n. We define reverse lexicographic order as the reverse ordering of the bit
strings. That is, if x < y < z then the sequence (z,y, z) is in lexicographic order
and the sequence (z,y,z) is in reverse lexicographic order. We will often refer to
the lexicographic or reverse lexicographic ordering of the set of bit strings of a fixed
length and weight, so we define S’ to be the sequence of n-bit strings of weight 4,
taken in lexicographic order; and R! be the sequence of n-bit strings of weight 4,
taken in reverse lexicographic order. Finally, define .S,, to be the sequence:

Sp=(Ry, RS, RS, ... RSS2 ..., Sh, 52, 50) for even n;
Sp=(Ry, R, R,... ., RV R SIS0 52 S0) for odd n.

Observe that S = R} since both contain only the string of weight n (i.e. the
all 1s string). Since every n-bit string appears exactly once in S, we can define a
bijection f between the sequence of all n-bit strings (in S,) and {1,2,...,2"}. Note
that the first 277! strings in S, each have odd weight and the second 2"~ ! strings
each have even weight. As an example, the sequences S,, for n = 3,4, 5,6 are given in
Tables 1a, 1b, 1c, 1d, respectively. Although it is already known that str(Qs3) = 11,
str(Q4) = 21 and str(Qs) = 40, the reader can verify from Tables 1a, 1b, and 1c that
these values are achieved using the bijection provided by .5,,.

The one’s complement of a binary string is the string obtained by flipping all the
bits in the representation, for example, 1011 is the one’s complement of 0100. We
will represent the one’s complement of a string = as . For odd n, suppose x is an
n-bit string with weight ¢ for some odd positive integer i. Then z € Rt and T € S"*
and by construction of S,

fx) +2"1 = f(7). (1)
Finally, we use the notation Ox or x0 to indicate that we prefix 0 to x or append
0 to z, respectively.

2.1 Preliminary observations

Remark 2.1. For any integer n > 1, let z and y be two n-bit strings. The vertices of
(@, that correspond to x and y are adjacent in @), if and only if x and y have Hamming
distance 1. Fixing a bijective function f from the n-bit strings to {1,2,...,2"}
necessarily implies that there exist n-bit strings x and y such that str;(Q,,) = f(z)+
f().

For a pair z, y of n-bit strings for which str;(Q,,) = f(x)+ f(y) and x has weight
17, we make the following assumption throughout this note:

x has odd weight ¢ and y has even weight ¢ — 1.

Since x and y have Hamming distance 1, their weights will be of different parity;
thus we may assume ¢ is odd. Consequently, y must have even weight ¢ — 1 or ¢ + 1.
Strings of weight ¢ — 1 fall later in sequence S, (and therefore map to larger function
values) than strings of weight i + 1. Thus, if x has odd weight ¢ then y has even
weight 7 — 1.
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bit string « | f(z) || bit string x | f(x) | |bit string x| f(x) || bit string « | f(z)
100 1 011 5 100000 | 1 | 11111l | 33
010 2 101 6 010000 | 2 [ oo1111 | 34
001 3 110 7 001000 | 3 | o10111 | 35
111 1 000 8 000100 | 4 | o11011 | 36
(a) Sequence S3 with R?l), R% on the left, 000010 5 011101 37
52, 50 on the sight. 000001 | 6 | 011110 | 38
111000 | 7 | 100111 | 39
bit string x| f(x)|bit string z | f(x) 110100 8 101011 40
000 11 1T : 110010 | 9 | 101101 | 41
0010 | 3 0101 1 101100 | 11 | 110011 | 43
000l | 4 0110 19 101010 | 12 | 110101 | 44
0T E 1001 3 101001 | 13 || 110110 | 45
01 |6 1010 " 100110 | 14 | 111001 | 46
o1 | 7 1100 5 100101 | 15 | 111010 | 47
o1 | s 5000 T 100011 | 16 | 111100 | 48
011100 | 17 | 000011 | 49
(11) Squue(I)lce Sy Wit.h R}l, Ri on the left, 011010 18 000101 50
S4, S, 53 on the right. 011001 | 19 | 000110 | 51
bit string z | f(x) || bit string = | f(x) 8181(1)(1) 3(1) 8818(1)(1) 2?,
10000 | 1 01111 17 010011 | 22 || 001100 | 54
01000 | 2 10111 18 001110 | 23 | 010001 | 55
00100 | 3 1101119 001101 | 24 | 010010 | 56
8885? g }}128 ;g 001011 | 25 || 010100 | 57
000111 | 26 | 011000 | 53
11100 ) 6 00011 | 22 111110 | 27 | 100001 | 59
1101017 00101 ) 23 111101 | 28 | 100010 | 60
11001 8 00110 24 111011 | 29 | 100100 | 61
101101 9 01001 | 25 110111 | 30 || 101000 | 62
183?1 i? 81288 ;S 101111 | 31 || 110000 | 63
et erall Bl I vt 011111 | 32 [ 000000 | 64
01101 13 10010 29 (d) Sequence Sg with Ré, Rg, Rg on the
01011 14 10100 30 left, Sg, Sél, Sg, Sg on the right.
00111 | 15 | 11000 | 31
11111 | 16 | 00000 | 32

(c¢) Sequence S5 with R, R3, R3 on the
left, S, S2, S on the right.

Table 1

134
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Lemma 2.2. For any integer n > 2, there exists an (n — 1)-bit string w such that
r=wl, y=w0 and stry(Q,) = f(x) + f(y).

Proof. Let x and y be n-bit strings for which str;(Q,,) = f(z) + f(y). Consequently,
x and y differ only in one digit. Assume, by Remark 2.1, that = has odd weight ¢
and y has weight ¢ — 1. We first prove the last digit in y will be 0, regardless of the
last digit in x.

First, suppose the last digit in = is 0. For a contradiction, assume the last digit
in yis 1. As x and y differ only in the last digit, y has a larger weight than x, which
provides a contradiction. Consequently, if the last digit in = is 0 then the last digit
in y is 0.

Second, suppose the last digit of z is 1, so x = 21 for some (n — 1)-bit string z
of weight ¢ — 1. Of the n-bit strings of weight ¢ — 1 that differ from x in exactly
one digit, 20 has the largest binary representation. Since the subsequence S:~! in
Sy, is in lexicographic order, f(z0) > f(y). Since f(z)+ f(y) is maximum, y = 20.
Consequently, if the last digit in  is 1 then the last digit in y is 0.

Therefore, if stry(Q,) = f(z) + f(y) and = has odd weight, then the last digit
of y is 0. Thus, y = w0 for some (n — 1)-bit string w of weight i — 1. Of the n-bit
strings of weight 7 that differ from y in exactly one digit, w1 has the smallest binary
representation. Since the subsequence R! in S, is in reverse lexicographic order,
f(wl) > f(x). Since f(z) + f(y) is maximum, z = wl. O

We state the next observation for n-bit strings of weights ¢ and 7 — 1, but apply
it to strings of other lengths and weights as well. For an n-bit string x of weight 1,
we define A(x, R’) to be the set of strings in R!, that come after z. For an n-bit
string y of weight ¢ — 1, we define B(y, S:™!) to be the set of strings in S’~! that
come before y.

Throughout the rest of the paper we will use the following binomial identities to
simplify expressions. For n, k € Z, n > k > 0,

() = G + (). (2)

(1) = (%)
Lemma 2.3. For any integer n > 2, let w be an (n — 1)-bit string of weight i — 1
for some odd integer i. Then

fwl) + f(w0) =2"+ ("1) — | A(wl, RL)| + | B(w0, S;1)| + 1.

(2

Forn,keZ, n> k>0,

Proof. For any integer n > 2, let w be an (n — 1)-bit string of weight ¢ — 1 for some
odd integer ¢. Since wl € R, and w0 € S5, we find

fwl) = [Ry|+ R} +-- -+ R = |A(wl, R = (1) + (5) +---+ (}) — [Awl, Ry
and

fwo) = 2" —[Sy| = |Su] = -+ = S, [+ [ B(w0, S,71)[ + 1
= 2= () = () = = (1) +IBw0, 57 + 1.
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To simplify the sum f(wl) 4+ f(w0), we use the identity'

‘ (N (N -1
> ()=o)
)+ fwo) = 2= (3(=DF()) ~ [Awl, By)|+ | Bwo, S5 )| +1
= 2"+ (")) = |A(wl, R.)| + | B(w0, Si7")| + 1.

)

2.2 Main results

We now provide an improved upper bound on the strength of the hypercube. Since
str(Q,,) is known for n € {1,2,3,4}, we consider n > 5 in this subsection.

Theorem 2.4. For any integer n > 5, let © and y be n-bit strings for which
strp(Qn) = f(z) + f(y). If x and y both begin with O then

-3 -2
Strf(Qn> < Strf(Qn—Q) +3:2"7 4+ (nn—3 ) * (n"_2 )
7] el
Proof. Let x,y be n-bit strings for which str;(Q,) = f(x)+ f(y), and assume z and
y both begin with 0. By Remark 2.1, x has odd weight ¢ and y has even weight ¢ — 1.
By Lemma 2.2, x and y differ only in that the last bit in x is 1 and the last bit in y

is 0. Therefore, z = Owl and y = OwO0 for some (n — 2)-bit string w of weight i — 1.
We apply Lemma 2.3 to both f(z)+ f(y) and f(wl) + f(w0):

(£@)+ 1) = (Fw1) + F(w0))
= 272 (T = (7))~ | A, B2 | By, S5+ Alwl, Ry = B(wo, Si25)|

i y Mn—1
= 2"+ (1) = | A(Owl, Ry)| + | B(0w0, Sy )| + [ A(wl, R;, ;)| — | B(w0, 5,7

» Mn—1

(3)

Observe that R!, consists of subsequence R’} with 1 prefixed to each string; followed
by subsequence R!_,, with 0 prefixed to each string. Consequently, the strings that
succeed 2 = Owl in RY, and the strings that succeed wl in R!,_; are the same except

that those in R! that have a 0 prefixed. Therefore,

| A(Owl, Ry = |A(wl, B, ). (4)

!This can be proved by induction on ¢ and using the identity (2); as it is an undergraduate
exercise, we omit the proof here.
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Similarly, S:~! consists of subsequence S’} with 0 prefixed to each string; fol-

lowed by subsequence S’~2 with 1 prefixed to each string. Thus,

| B(0Ow0, S5 1) = | B(w0, SE4)]. (5)

y Mn—1

Using Equations (4)-(5), the expression from (3) simplifies to
(@) + 1)) = (Fwl) + flw0)) =277 4 (172) <27+ (1,50 m):
Finally,

strp(Qn) = f(2)+ f(y)
fwl) + f(w0) + 2"~ + ([(nn:ﬁ/z])

st (Qn1) + 2"+ (1, 5 1) (6)
strp(Qn—2) +2"72 + ([(n:?m)} +2" ([(ni_z)z/ﬂ)
st (Qn2) +3- 2"+ (1,50 1) + (12 21)-

IAN AN IA

]

Note that the theorem statement is weaker than the result of Inequality (6). We
do this to ensure that upper bounds for all cases in this section match.

Theorem 2.5. For any integer n > 5, let x and y be n-bit strings for which
stry(Qn) = f(z) + f(y). If x,y both begin with 1 and n is odd, then

strp(Qn) < strp(Qn o) +3-2"2 + (nn33) + (anQ).
el (5 ]
Proof. Let x and y be n-bit strings for which str(Q,) = f(z) + f(y), and assume
n is odd and z and y both begin with 1. By Remark 2.1, x has odd weight ¢ and y
has even weight i« — 1. By Lemma 2.2, x and y differ only in that the last bit in x is
1 and the last bit in y is 0. Therefore, x = 1wl and y = 1w0 for some (n — 2)-bit
string w of weight ¢ — 2.
Then z = 1wl € R, and since n is odd, by Equation (1),

flx)+2" = f(lwl) + 2" ' = f(7) < f(lwl)+2""' = f(0w0).

Similarly, y = 1w0 € Si~1 and so ¥ = Owl € R**'. Asn — i+ 1 and n are both
odd,
fowl) + 2" = f(1w0).
So
strp(Qn) = f(z) + fy) = f(lwl) + f(1w0) = f(0wl) + f(0w0).
Observe that 0wl is an n-bit string of odd weight n — ¢ + 1 and 0w0 is an n-bit
string of even weight n — 4. Since strs(Q,) = f(0wl) 4+ f(0w0), by Theorem 2.4,

n—2 n—3 n—2
stry(Qn) < strp(Qno) +3-2"77 + ([(n_s)m) + ((@-2)/21)'
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Theorem 2.6. For any integer n > 5, let * and y be n-bit strings for which
strp(Qn) = f(z) + f(y). If x and y both begin with 11 and n is even, then

<o (1) + ()

Proof. Let x,y be n-bit strings for which stry(Q,) = f(x) + f(y) and assume n is
even, and x and y both begin with 11. By Remark 2.1, x has odd weight ¢ and y
has even weight ¢ — 1. By Lemma 2.2, x and y differ only in that the last bit in x
is 1 and the last bit in y is 0. Therefore, x = 11wl and y = 11w0 for some string
w of length n — 3 and weight ¢ — 3. We apply Lemma 2.3 to both f(z) + f(y) and

f(wl) + f(w0):
Fl@)+ fy) =2"+ (") = [Alx, B)| + | By, S + 1,

flwl) + f(w0) =277 + (7)) — [ Awl, B3| + | B(w0, $,75)] + 1,

and so

(F@)+ @) = (@) + fw0)) = 3-272+ (") = (1)
—[Ale, Byl + | AGwL RZ3)] + [ Bly, $7)] = [ B0, $i75) (7

To simplify Equation (7), we first relate | A(z, R%)| to | A(wl, R%%)|. Observe
that R! consists of:

subsequence R'~% with 11 prefixed to each string; followed by
subsequence R’ with 10 prefixed to each string, followed by
subsequence R’ with 01 prefixed to each string, followed by

subsequence R! _, with 00 prefixed to each string.

Thus, ' ' '
|Ale, Ry)| = [ALlwl, R,)| = |A(wl, B2 +2(577) + ("79)- (8)

We next relate | B(y, S:71)| to | B(w0, S%-%)|. Observe that S~ consists of:

subsequence S>% with 00 prefixed to each string; followed by
subsequence S:~% with 01 prefixed to each string, followed by
subsequence S:~% with 10 prefixed to each string, followed by

subsequence S:% with 11 prefixed to each string.

Thus,

[B(y. 8,71l = [B(11wl, 5,7 = (17) +2(7=5) + [ B(w0, $,75)|. (9)
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We now use Equations (8) and (9), along with Equation (2), to simplify Equa-
tion (7) to

(F@+5w) - (Fan)+rwo)
") = () - () - () +2(5)

|
w
\)
i
+ +

I

w

[\]
i
[\

IA Il
w w
\} [}
i i
V] ]
|
A~~~ /N /S
&
~
+
[\
—~
=3
v
~—

n—3 n—2
rayz) T (fnzyz)-
Thus,

strp(Qn) = f(a) + fly) < flwl) + f(w0) +3-2"72+ (1,55 0) + (o))
< strp(Quea) #3277 4 (1,2 ) + (o)

O

What remains to consider is the case where z and y both begin with 10 and n
is even; and the following lemma will be used. The lemma relates subsequence S?_,
to subsequence S”"}7? (and also to subsequences R’ , and R~} ?). This will be
helpful in relating the number of (n — 2)-bit strings that precede (and succeed) a
particular (n — 2)-bit string to the number of (n — 2)-bit strings that precede (and

succeed) its one’s complement.

Lemma 2.7. Let n — 2 be an even positive integer and j : 0 < j < n — 2, with
j# ”T’2 and S°_5 = (v1,v9,...,05_1,Vx), where k = (”;2) Then

n—j—2 _ [(— —— —
Sn—2 = (Uk,kal,...,Ug,Ul),

J _
R 5 = (g, Vp—1,...,02,v1); and
Rn—j—? S p— -

n—2 - (Ulav27"'7vk—lavk)-

Proof. Let vy, v, € S,jl_2 where v, < v,. Suppose v, and v, agree in the first ¢+ — 1
digits, for some integer i : 0 < i — 1 < n — 3 and disagree in the ¢th digit. Since
v, < vy, the ith digits of v, and v, are 0 and 1, respectively. Thus, 7, < 7,. Applying
the above argument to every pair v,, v, for which v, < w,, the conclusion that
SII7% = (Ug, U1, . . ., T3, 77) follows.

If Sﬂ;_g = (v1,v2,...,Vk_1,0x) then Ri_g = (Vk, Vk—1,-..,V9,v1). A similar argu-
ment shows R % = (07,73, . . ., Uh1, T)- O

Theorem 2.8. For any integer n > 5, let © and y be n-bit strings for which
stry(Qn) = f(z) + f(y). If x and y both begin with 10 and n is even, then

e zsniacsss v (150)(5)
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Proof. Let x and y be n-bit strings for which str¢(Q,) = f(x) + f(y), and assume n
is even, and x and y both begin with 10. By Remark 2.1, x has weight ¢« and y has
weight ¢+ — 1. By Lemma 2.2, x and y differ only in that the last bit in z is 1 and
the last bit in y is 0. Thus, x = 10wl and y = 10w0 for some string w of length
n — 3 and weight i — 2. We will bound the difference (f(z)+ f(y)) — (f(wl) + f(w0))
because we can exploit the relationships between f(x) and f(w0) and between f(y)
and f(wl).
By Lemma 2.3,

flo)+ fly)=2"+("") = Az, B + By, S, 1) + 1

(2

and since W is an (n — 3)-bit string of weight n — ¢ — 1, by the same lemma:
fwl) + f@0) = 2" + ("~%) — |A(WL, Ri74)| + | B(w0, S5 )| + 1.
Thus,
(F@) + £w) = (F@D) + f(@0))
=32+ (") = (120 — [ Ale, R+ By, S+ A(@L, By Z))| = | B(@0, Sp257)|

=327 (7))~ Al Rl B, 57 AL R -1 B, 57 )
10

Our goal is to simplify Equation (10). We first observe that
| B(w0, Sp=i )|+ |A@0, Sp=s ) +1=("2) = (777). (11)

n—i—1 i—1
We next relate | A(x, R:)| to | B(w0, S"~51)|. The sequence R! consists of

sequence R'~% with 11 prefixed to each string in the sequence; followed by
sequence Rfj_lQ with 10 prefixed to each string in the sequence; followed by
sequence R’ with 01 prefixed to each string in the sequence; followed by
sequence R!_, with 00 prefixed to each string in the sequence.

Then

|A(z,RL)| = |A(10wl, R))|
= AL R+ (7)) + (757)

1

= |A@O,S;=5 M)+ ("7) + (*;?) by Lemma 2.7

» Mn—2 i
= 2"+ ("7?) —1— | B0, S2=5")| by Equation (11). (12)
Equation (12) establishes the relationship between | A(z, R%)| and | B(w0, S*~41)].
We now observe that

AL, R+ | Bl R +1=("2) = ("22) (13)

n—i i—2

and we next relate | B(y, S571)| to | A(wl, R"7%)|. The sequence S’~! consists of
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sequence S:—% with 00 prefixed to each string in the sequence; followed by
sequence S:% with 01 prefixed to each string in the sequence; followed by
sequence S°~% with 10 prefixed to each string in the sequence; followed by

sequence S:~% with 11 prefixed to each string in the sequence.
Then
By, S, )l = [B(10w0, 8,7
= [B(w0, S5+ (75) + (=)
= |B@L Ry5)|+ (273) + (") by Lemma 2.7

i1
= (") - |A@L R -1+ (") + (=) by Equation (13)
2(1%) + (70) — L= [ A@L Ri5)l. (14)

We use Equations (12) and (14) to simplify the expression in Equation (10) to:

(F@)+fw) = (f@1)+ f@)
3.2+ (M) - (1) +2(5) - (50 = ()
3-2"7+2(15) - (1)
3.2+ (1) + (1)
< 3.2 ([@532}) + (((nr;,?/zw)-
So stry(Qn) < stry(Qn2) +3- 27+ (1,57 m) + (rasym)- =

The next corollary follows directly from Theorems 2.4, 2.5, 2.6 and Theorem 2.8.

Corollary 2.9. Forn > 5,

Str(Qu) < strp(Quos) +3-277 (F;?’) + (Fj)

2 2

2.3 A comparison of upper bounds

Table 2 compares the upper bound given by Corollary 2.9 to the upper bound given
by Theorem 1.1 [4] for n € {5,6,...,13}. For larger values of n, we compare the
bounds by using the following inequality, due to [3], which holds for & > 1:

(%) < j% (15)

We further observe that if £ > 6 then 7k > 4. From Inequality (15), it follows that
for k > 6,
(3F) < 41 (16)

Corollary 2.10. For all n > 14, str(Q,,) < 2" + 2773 4 28.
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n | upper bound on str(@,,) |upper bound on str(Q,)
from Theorem 1.1 from Corollary 2.9

5 41 40

6 81 78

7 161 152

8 321 300

9 641 591

10 1281 1173

11 2561 2323

12 5121 4623

13 10241 9181

Table 2: Comparison of upper bounds for small values of n.

Proof. First, suppose n—2 is even and n > 6. We use the fact that (2’“]; 1) = %(2:) and

str(Q4) = 21 to simplify the recurrence from Corollary 2.9 to that of Inequality (17).

tr(Qn) < 2143(2 42+ 22 (@) + () 4+ ((52) (17)

= o3( > ) +i(0> (3) (18)
k=2 k=2
(n—2)/2
n k
=542 43 Y () (19)
k=2
(n—2)/2
= 2 3( Y () s (20)
k=6
(n-2)/2
< 24 3( Y 44527 using (16)
k=6
= 2" 42" 1+ 15.

Note that (17)—(19) hold for n > 6. However, to get (20), we split up a summation
and this requires the condition that n > 14 (since the summation then runs from
k=6tok=(n—2)/2).

If n is odd, then since str(Qs) = 40, a similar calculation shows that for odd
n > 15, str(Q,) < 27 4 273 4 28. 0

Finally, we relate the bound in Corollary 2.10 to the bound of Theorem 1.1 [4].

From Theorem 1.1 [4], str(Q,) < 2"+ 22+ 1 =2" 4+ 2"3 4+ 28 + (2" — 27).
Consequently, for n > 14, the bound from Corollary 2.10 is an improvement of
(273 — 27) over Theorem 1.1 [4]. Observe there remains room for improvement
of the upper bound for str(@,): we used Inequality (16), which holds for k& > 6.
However, one could choose a larger value of k£ to gain a different inequality; for
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example, if k > 21 then (%) < £ = 1. 451 and if k > 82 then (%) < & = 452,

The tradeoff however, is that the constant term in the bound increases greatly.
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