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Abstract

The billiard “table” is modeled as an n-dimensional box [0, a;] x [0, as] X
-+ x [0,a,] C R", with each side having real-valued lengths a; that are
pairwise commensurable. A ball is launched from the origin in direction
d=(1,1,...,1). The ball is reflected if it hits the boundary of the box.
It comes to a halt when reaching a corner. We show that the number
of intersections of the billiard curve at any given point in the box is
either 0 or a power of 2. To prove this, we use algebraic and number
theoretic tools to establish a bijection between the set of intersections at
a given point of the billiard curve and the set of satisfying assignments
of a specific constraint satisfaction problem.

1 Introduction

The trajectory of a ball on a billiard table is studied in various areas of mathe-
matics, for example in ergodic theory, Teichmiiller theory [6, 11], from a geometry
perspective [10, 12], or through a combinatorial lens in the setting of arithmetic bil-
liards [2, 4, 5, 7, 8]. We build on prior work on arithmetic billiards, where several
questions about trajectories have been investigated. The thesis of da Veiga Bruno [2]
investigates the length of trajectories and the number of bouncing points. Lelievre [4]
studies the connection between billiards on polygons and Veech surfaces. Li [5] stud-
ies how many trajectories are required to reach all integer points of the box, while
Perucca, Reguengo De Sousa and Tronto [8] determine how many distinct closed
paths starting at integer points exist.

We model the billiard curve as follows. Let 7 C R™ be a domain and p € T a point
inside this domain. Additionally, let d € R™ be a direction. The billiard curve is the
trajectory starting at p moving in direction d, where the direction is reflected if the
trajectory reaches the boundary, in the sense of an elastic collision. If it reaches a
corner, the motion ceases. A natural question is to determine if for a given domain
there exists a periodic trajectory. For a specific domain, it might be challenging
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to decide whether a trajectory is periodic, stops, or has infinite length [1]. We are
considering a setting where all trajectories have finite length.

A set of positive reals ay,as,...,a, € R is called pairwise commensurable if
all ratios a;/a; are rational. In this paper, the domain 7 is always the box 7 =
[0,a1] x [0, as] x...x[0,a,] with pairwise commensurable side lengths a;, the starting
point is the origin, i.e. p = (0,...,0), and the direction d = (1,...,1). We denote
by [n] = {1,2,...,n} the set of the first n integers. A corner is a point w € T with
w; € {0,a;} for every ¢ € [n]. In this setting, it can be shown that the trajectory
always stops at a corner different from the origin, see e.g. [8] for an argument in
dimension 2.

We ask how often the trajectory crosses a given point within the domain. Given
a point v € T let the crossing number of v, denoted by ms(v), be the number of
times the trajectory crosses v. In the 2-dimensional setting, i.e. 7 = [0, a1 X [0, as],
for every v € T, trivially my(v) € {0, 1,2} simply because the trajectory is the union
of lines with only two directions. Our results concern the multi-dimensional case.

Remark 1.1. For any positive real numbers ay,...,a, and T = [0,a;1] x [0, as] X
... x [0,a,], we have my(v) < 2"~ for a given point v € T because v can only be
crossed in one of the two directions d or —d for a given d € {—1,1}".

We give a more precise description of crossing numbers.

Theorem 1.2. Let T = [0,a;1] X [0,a3] X ... x [0,a,] be the box with pairwise com-
mensurable side lengths a; > 0. Then for every v € T, we have my(v) € {0} U {2 :
0<k<n-—1}.

We note that the three-dimensional case of Theorem 1.2 was independently ob-
tained by Mendeleev, Perissinotto and Perucca [7]. For our proof, we initially es-
tablish a discrete structure, so that we can analyze the problem by using algebraic
and number theoretic methods. In the second step, we formalize the setting in the
language of translation manifolds. Following this, we establish a bijection to the set
of solutions of a specific boolean constraint satisfaction problem. Finally, we count
those solutions.

In the case of pairwise coprime side lengths, we determine the crossing number
of a given v € T precisely.

Theorem 1.3. Letaq, ..., a, be pairwise coprime positive integers, and let v € TNN"
not be a corner. If v; =0 mod 2 for all i € [n] or v; =1 mod 2 for all i € [n], then

— 2n717|{i: v;=0 or v;=a;}|

mr(v)
Otherwise, mr(v) = 0.

In the context of arithmetic billiards, the number of self-intersecting points in
the two-dimensional case has been explored by Perucca, Reguengo De Sousa and
Tronto [8], as well as by da Veiga Bruno [2]. Another counting question asks for the
number of bouncing points, i.e. the number of points in which the trajectory meets
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the boundary of the domain, this has been studied by Steinhaus [9], Gardner [3] and
also in the multi-dimensional case by Li [5].

The paper is organized as follows. In the first step, in Section 2, we discretize
the problem. As a warm-up, we will present an elementary proof of Theorem 1.3 in
Section 3. In Section 4 we introduce translation manifolds. Finally, in Section 5, we
present the proof of our main result, Theorem 1.2.

2 Discretization of the box

For our further reasoning, we rely on a discretization of the problem. Our first
observation is that scaling the box 7 does not change the shape of the billiard curve.
Since the side lengths a; are pairwise commensurable, after scaling, we can assume
that a; € N for all i € [n]. Throughout this paper, from now on, all a; will be
assumed to be positive integers.

Observe that the set of intersection points, i.e. the points satisfying my(v) > 2, is a
subset of N N 7. This means, it suffices to prove Theorem 1.2 and Theorem 1.3 for
v € N*NT. This is crucial for our argument since we will heavily rely on arithmetic
methods. The following lemma which follows by a result from Li [5] gives a necessary
condition for a point v € N N T to be on the billiard curve. We include a proof for
completeness.

Lemma 2.1 (Theorem 4.3 in Li [5]). Let v € T N N" with my(v) > 0. Then
v; =0 mod 2 for all i € [n] orv; =1 mod 2 for all i € [n].

Proof. The starting point (0,...,0) satisfies v; = 0 mod 2 trivially. The current
direction d of the trajectory is always of the form d € {—1,1}". For each v € T NN"
with v +d € T and v; = v; mod 2 for all 4,5 € [n], we have v +d € T NN" and
v; +d; = vj + d; mod 2 since the parity in all entries is changed. The claim follows
inductively. ]

The following lemma determines the length of the trajectory, i.e. the sum of the
lengths of the linear segments of the trajectory. Recall that our trajectory starts in
the origin and stops in a corner.

Lemma 2.2 (see e.g. Theorem 4.8 in Li [5]). Let a; € N for all i € [n]. Then the
trajectory has a length of \/nf, where { =lem(ay,. .., ay).

Proof. Whenever the initial segment of the trajectory has length a multiple of a;/n,
the current point has a; or 0 as the i-th coordinate. Since every corner p satisfies
p; = 0 mod q; for every i € [n], the length of the trajectory is £/n. O

An advantage of the discretization of the box is that we can use the Chinese Re-
mainder Theorem.

Theorem 2.3 (Chinese Remainder Theorem). Let ay, ..., a, be integers greater than
1 and ¢ =lem(aq, ag, ..., a,). Further, let vy, ..., v, be integers such that 0 < v; < q;
for every i € [n]. If and only if for all i # j we have v; = v; mod ged(a;, a;), then
there is a unique integer x, such that 0 < z < ¢ and x = v; mod a;.
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3 The coprime case: Proof of Theorem 1.3

Let ai,as, ..., a, be pairwise coprime integers. Given v € T N N", define
L={ien:v=0}, L={ien]:vy,=a} and I(v)=1UlI,.

For a given point v € T N N" a coordinate ¢ € [n] is on the border if i € I(v). We
present an upper bound on my(v) depending on |I(v)].

Lemma 3.1. Let v € T NN" be a non-corner. Then my(v) < 27 1=HE)I

Proof. Let W, C {—1,1}" be the set of directions which from v point towards the
interior of the box, i.e. the set of vectors w € {—1,1}" such that v + ew € T for

some ¢ > 0. Note that every w € W, satisfies w; = 1 if ¢ € I, and w; = —1 if
i € Iy. Thus, |W,| = 27— Since the trajectory enters and leaves the point v, we
conclude my(v) < |[W,|/2 < 271 for every v € T NN". O

Recall that, by definition, ms(v) = 1 for v being the start corner or the end
corner. For all other corners v € T, we have my(v) = 0. A point v € T NN" is
called reachable if v; = 0 mod 2 for all i € [n] or v; = 1 mod 2 for all i € [n]. Set by
to be the number of reachable points v € T N N" such that |I(v)| = k. Observe that
the contraposition of Lemma 2.1 states that if v is not reachable, then ms(v) = 0.

Lemma 3.2. Let 0 < k <n. Then we have

be =2 N T (- ).

JCln]: jem\J
|J|=k

Proof. We distinguish two cases.
Case 1: 21 q; for every i € [n].

Let v € T NN" such that |I(v)| = k and either v; = 0 mod 2 for all i € [n] or
v; = 1 mod 2 for all ¢ € [n]. Because |I(v)| = k there are exactly k coordinates of v
which are either 0 or a;. Further, since a; = 1 mod 2 for all i € [n], these k coordinates
are simultaneously either all equal to 0 or all equal to a;. The n — k coordinates,
which are not on the border, must have the same parity as the coordinates on the
border. Therefore, they can obtain precisely %= possible values. This yields, for
0<k<n,

R | I I

JC n] JEMN\J nl: jE€M]\J

Case 2: 2| a; for some i € [n].

Note that there is at most one even a; since the a; are assumed to be pairwise
coprime. Without loss of generality, we can assume 2 | a;. We count the number of
reachable v € T N N" such that |I(v)| = k by looking at the cases v; € {0,a,} and
v1 ¢ {0, a,} separately.
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If the first coordinate is on the border, i.e. v; € {0,a;}, then v; = 0 mod 2
for all ¢ € [n]. Thus, v; = 0 for j € I(v). There are two choices for v;. The
coordinates not on the border must be even, and therefore can obtain ajz_ ! possible
values. We conclude that the number of reachable v € T N N" such that |I(v)| = k

and vy € {0,a;} is

a; —1

2 : : 1
> (2 8

JC[n]: JEMNS

|J|=k, 1€J

If the first coordinate is not on the border, i.e. vy ¢ {0,a;}, there are a; — 1 choices
for v;. Since v is reachable, this choice determines the coordinates v; for j € I(v)
uniquely, and also the parity of v; for j ¢ I(v). There are “- L possible choices for
non-boundary coordinates. Thus, the number of reachable v € T N N” such that

|I(v)| = k and vy ¢ {0,a;} is

Y |l @-1 ] “j2_1 . (2)

JC[n: j€m)\J
|J|=k, 1¢. i#1

By adding up (1) and (2) we obtain, for 0 < k < n,

= > (2 T2+ X @y IT %5

JChn); jem\g JCn: Jem\J
|J|=k, 1eJ |J|=k, 1¢J j#1

— 9l-n+tk Z H (aj _ 1)7

JC[n]: jen\J

completing the proof of this lemma. n

Proof of Theorem 1.3. The length of the trajectory is /nf¢ by Lemma 2.2, with ¢ =
lem(ay,...,a,). Therefore, the trajectory passes through ¢ points from 7 N N,
when we count with multiplicities but without the starting point. The length ¢ can
be expressed as the sum over the crossed points in 7 N N" times their multiplicity,

(= Z mr(v).

veETNN™

Further, by partitioning the points by the dimension of the border they are lying on
and by Lemma 2.1,

n

(= > mr(v)=> > mr(v). (3)
vETNN™ k=0 vETNN™:
1(v)]=k
v is reachable
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By combining Lemmas 3.1, 3.2 with (3), we obtain

SR RN ST S D | (RS
k=0 wveTNN™: k=0 k=0 JC[n]: jen]\J
[T(0)|=k s

v is reachable

=3 J[w-n=]]a=¢ ()

JC[n] jeJ i€[n]

The second to last equality in (5) holds by a standard inclusion-exclusion argument,
or alternatively can be proven via induction. We conclude that the inequality in (4)
must hold with equality. Thus, if v € 7 N N" is reachable, then my(v) = 2"~ 1=H®),
Recall that if v is not reachable, then by Lemma 2.1, msy(v) = 0. This completes
the proof of Theorem 1.3. [l

4 Translation Manifolds

In this section we introduce the idea of translation manifolds, which we will use to
prove Theorem 1.2. A problem with analyzing the trajectory is that it changes its
direction whenever it hits the boundary. Using a classical idea, we will overcome
this issue by artificially extending the box in such a way that the trajectory on the
new “box” is simply a single straight line. This will be done in two steps. In the
first step, we extend the domain to 27. On this new domain the trajectory will not
change its directions, but will not be connected in the Euclidean sense as a trade-off.
In the second step, we embed 27 into R™. On this domain the trajectory will be a
straight line.

We now consider 27 = [0, 2a;] X ... x [0, 2a,] instead of 7. Let e¢; € R™ be the
standard basis vector with entry 1 in the i-th component. The domain 7 is bounded
by the hyperplanes

— I
P, = span{er,...,€i-1,€i41,..., e} and P} 1= a;-¢;+span{er, ..., €i-1,€i11,. .., €}

Let 7; be the reflection in the hyperplanes P/. We identify all points that are mapped
to each other by the concatenation of some combination of the 7;, i.e.

v~w < I Cn], [ ={iy,... ik} 7 0...07, (V) = w. (6)

This yields that a point v = (vq,...,v,) € T is identified with all points from the
set

[
Q) = s €27 |y € {v, 2a; — v}y,
Yn

see Figure 1 for an illustration. Points in the interior of 7 have 2" copies in 27 .
Points on a k-dimensional border only have 2* copies.



F.C. CLEMEN AND P. KAISER / AUSTRALAS. J. COMBIN. 95 (1) (2026), 49-59 59

Figure 1: The points with the same color are identified via the reflections. The old
trajectory on T is displayed with a solid line. The dashed line is the new trajectory
on 27 . Corresponding line segments in both trajectories are colored with the same
color. Note that the green and purple line segments are coinciding.

In 27 we glue opposite sides together and obtain an n-dimensional torus. Instead
of reflecting the direction of the trajectory on the border we continue the trajectory
on the point opposite to the bouncing point, see also Figure 1. The advantage of
this setting is that the direction of the trajectory is not changed at the border. This
implies that each point can be crossed in exactly one way, therefore we now can
count the number of identified points that are crossed to get ms(v). The drawback
of this new setup is that the trajectory now is not connected (when displayed in R"),
see Figure 1.

In the next step of our analysis we will even forget the gluing of the opposing sides
and consider the whole space R™. We identify points in R” with points in 27 via the
function v : R™ — 27, given by

V1 v1 mod 2a4
U( ) = :
Up, v, mod 2a,,
If v is of the form (z,...,x), we also use the following notation
x mod 2a4
P(x) = :
z mod 2a,,

By concatenation of the two identifications, via (6) and 1, we get another identifi-
cation of points, such that v = (vy,...,v,) € T is identified with all points from the
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set
Y1
R(v) = : | € R"|y; = v; mod 2a; or y; = —v; mod 2a;
Yn
Now the entire trajectory in R"™ is a straight line in direction d = (1,...,1) which

starts at the origin and, by Lemma 2.2, ends at /n - ({,...,{).

5 Determining crossing numbers via CSPs:
Proof of Theorem 1.2

Recall that for the proof of Theorem 1.2 the side lengths a; can be assumed to be
integers. We do not assume them to be additionally pairwise coprime.

We use the language of constraint satisfaction problems (CSP). Let P be the
family of all subsets of {0, 1} x{0, 1}. The elements of P are referred to as constraints.
A (boolean) CSP on a finite set V' C N is a pair (V,¢), where ¢ : (‘2/) — P is a
function assigning a constraint for each pair of vertices. An assignment on V is a
function ¢ : V' — {0, 1} which assigns for every v € V' an integer from {0,1}. An
assignment g : V' — {0,1} is satisfying for (V, o) if (g(a), g(b)) ¢ ¢({a,b}) for any
pair a,b € V such that a < b. For a CSP G = (V, ¢), denote by A(G) the set of

satisfying assignments for G. Define

C = {@, {(0,0%(1,1)}, {(0,1), (1,0)}, {(0,0), (0,1),(1,0), (171)}} c P

and, given v € N* N T, a function ¢, : ([g]) — C by

0 if v; = —v; and v; = v; mod ged(2a;, 2a;),
b (i) = {(0,1),(1,0)} if v; = v; and v; # —v; mod ged(2a,, 2a;),
{(0,0),(1,1)} if v; = —v; and v; #Z v; mod ged(2a;, 2a;),
{(0,0),(0,1),(1,0),(1,1)} if v; # —v; and v; # v; mod ged(2a;, 2a;).

Let v,z,a € Z". We write v = x mod a if v; = z; mod q; for all i € [n]. Given
veN'NT, define J(v) :={i € [n] : v; = —v; mod 2a;}. The following lemma sets
the crossing number in relation to the number of satisfying assignments of a CSP.

Lemma 5.1. Let v € N*NT be a non-corner and G = ([n], ¢,). Then,

1

mr(v) = W|A(G)|~

Proof. Let a := (a1,...,a,) and £ = lem(ay, ag, ..., a,). The trajectory in T passes
through v exactly if the trajectory in R™ passes through a point which is in R(v),
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i.e. if the following system of equations has one solution = € {0,1,...,¢} for all
i € [n]:

r =v; mod 2a; or x = —v; mod 2a;. (7)
Note that if v satisfies v; = —v; mod 2a; for some ¢, then there is only one equation

in the i-th condition of (7). Observe that x € {1,...,¢ — 1} satisfies (7) if and only
if 20 —x e {l+1,...,2¢ — 1} satisfies (7). Also x = 0 and z = ¢ do not satisfy (7),
because ¥ (0) = 0 and ¢ (¢) = 0 mod a. Therefore,

my(v) =|{z €{0,1,..., =1} : = v; mod 2a; or & = —v; mod 2a; for all i € [n]}|
1
= 5]{96 €{0,1,...,2¢ -1} : = v; mod 2a; or x = —v; mod 2a; for all i € [n]}|.
By the Chinese Remainder Theorem, Theorem 2.3, g : [n] — {0, 1} is a satisfying

assignment for G if and only if there exists a unique solution = € {0,1,...,2¢ — 1}
to the system of equations

z = (—1)?Dy; mod 2a; for i € [n]. (8)
Two satisfying assignments ¢, ¢’ for G correspond to the same set of equations in (8)
if and only if g(i) = ¢/(7) for all i € [n] \ J(v). We conclude that
mr(v) = %|{:p €{0,1,...,2¢ -1} : = v; mod 2a; or = —v; mod 2a; for all i € [n]}|

1 1 1
=3 g AG = g [AG)]:

completing the proof of this lemma. n

Lemma 5.2. Letn € N, ¢: ([’;]) — C and G = (|n], ¢) be a CSP. Then
[AG) € {0} U{2" [k > 1}

Proof. Construct an auxiliary graph H from the CSP G = ([n], ¢) as follows. The
vertex set of H is V(H) = [n] and the edge set E(H) = {e € ([g} : ¢(e) #0}. Let
Ci,...,Cx C [n] be the connected components of H. For i € [k], let

GlCy] = (Ci,gb}(ciQ

2

be the induced CSP of G on C;. Then g € A(G) if and only if g‘c. € A(G[C})) for

all 7 € [k], simply because for every pair ab with a < b,a € C;,b € C; for i # j we
have ¢(ab) = (). We conclude that

|A(G)| = H |A(GIC)]-

Next, we show that |A(G[Cy])| € {0,2} for i € [k], completing the proof of this
lemma. Let i € [k]. Then, since H[C;] is connected, there exists a spanning tree
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T C H[C;]. Let C; = {wy,wa, ..., w, } such that T[W;], where W; := {wy, ..., w;},
is a tree. We prove inductively, for j € [|C;|] that there exists at most one satisfying
assignment g of G[W,] such that g(w;) = 0. For j = 1, this is trivial. Now, let
J € [|Ci]] such that there exists at most one satisfying assignment g of G[W;] such
that g(w;) = 0. If there does not exist a satisfying assignment of G[W,] such that
g(wy) = 0, then in particular there does not exist a satisfying assignment of G[IW; 1]
such that g(w;) = 0. Let e = zw;; € E(T) be the unique edge such that x € W.
Now, assume there exists a satisfying assignment g of G[W;] such that g(w;) = 0. If
¢’ is a satisfying assignment of G[W,4], then ¢'(w,) = g(w,) for all a € [j] and

7

0, if g(x)=1and ¢(e) =<(0,0),(1,1) ¢,

S ) = 1, ifg(z) =1 and ¢(e) =4(0,1),(1,0) ¢,
1, if g(z) =0 and ¢(e) =< (0,0),(1,1) ¢,

LO, if g(z) =0 and ¢(e) = 1 (0,1),(1,0) ¢.

Thus, there is at most one satisfying assignment ¢’ of G[W,4] such that ¢'(w;) = 0.
Inductively, we conclude that there is at most one satisfying assignment of G[C;]
such that g(w;) = 0. Similarly, there is at most one satisfying assignment of G[C;]
such that g(w;) = 1. Thus, |[A(G[C;])| < 2. Further, if g is a satisfying assignment of
G[C;], then ¢’ : C; — {0, 1} defined by ¢'(j) =1 — g(j) for j € C; is also a satisfying
assignment of G[C;]. We conclude that |A(G[C;])| € {0, 2}. O

Proof of Theorem 1.2. If v is a corner, then ms(v) = 0 or my(v) = 1 simply because
the trajectory starts at the origin and its run is over when it hits a corner the first
time. If v is a non-corner, then Theorem 1.2 follows by combining Lemma 5.1 with
Lemma 5.2 and Remark 1.1. O]

6 Open questions

The reader may wonder how the crossing number changes when the set-up is mod-
ified. Several variations are possible: one may change the slope d, alter the box
by considering different polytopes, vary the starting position, or even adjust all of
these parameters simultaneously. We leave these questions for future work. Some of
these problems should be approachable by similar methods, while others will require
different techniques.
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