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Abstract

Let p(e) be the minimum number of cubes of side € needed to cover the

unit three-torus [R/Z]*. We prove new lower and upper bounds for p(e)

and find the exact value for all ¢ > 1—75 and all € € T+1/(T12+T+1), r—l/(17’2—1)

for any integer r > 3.

1 Introduction

Let d be a positive integer, and let e € (0,1). Consider the torus T := [R/Z]¢ and
the set 7. of (e-)sub-cubes of the form {(z1,...,zq) : z; € [29,27+¢]}. The question
is, what is the minimum number p = p(d;e) of sets Ay,..., A, from J. needed to
cover T? (i.e., T9= A, U...UA,)?

One easily notices that
(1) < pldie) < [1/]% and  pldh +dsie) < pldhie) - pu(dic). (1)
In [I1], it is proven that
p>[1/e]9, (2)
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where [2]% = [2[2]07V] and [2]®) = [z]. Moreover, it is shown that, for d = 2,
this lower bound is sharp, i.e. pu(2;e) = [[1]].

The behaviour of the function u for a fixed € and large d has been studied exten-
sively. Recall that u(d;e) > (1/€)¢. From a general result by Erdés and Rogers [7]
it follows that 1/¢ is the correct base of the exponent, i.e. u(d;e) = (1/e + o(1))%.
More precisely, they proved that u(d;e) = O(dlogd(1/e)?). This result has sev-
eral important generalisations, see, e.g. [§] for coverings by a family homothets, for
multiple coverings, and other generalisations. In the discrete case (i.e. [Z/tZ]? is
covered by sub-cubes with side s € [t] := {1,2,...,t}, ¢ = s/t) a direct application
of the probabilistic method allows one to put away the log d factor (see [4, Corollary
3.2], [12, Theorem 3.7]). In other words, the bound pu(d;e) = O(d(1/¢)?) applies
for all rational €. On the other hand, () gives pu(d;e) = Q((1/)?) for all € (both

rational and irrational).

Let us also mention that, for e = %, r € N, the corresponding packing problem [I]
(finding v(d;e), the maximum number of non-overlapping sub-cubes with side &
inside T9) is related to the problem of finding the Shannon capacity ¢(C,) of a
simple cycle on 7 vertices [6, [13]: ¢(C,) = supys,(v(d;2/r))*¢ (the same connection
works for other rational £ but the respective graphs are not so foreseeable). For
even r, ¢(C,) = r/2 is straightforward. It was shown by Lovész [10] that ¢(C5) =
/5. For larger odd r, the question of finding ¢(C,) is still open, see also [2] 3, 14
15]. A broader problem concerning graph packings has been studied extensively; in
particular, [5] establishes conditions for the existence of a perfect packing of a torus
by isomorphic copies of its subgraph.

In our paper, we mostly deal with d = 3, although some results hold for arbitrary
d. Since p(1;¢e) = Pw and p(2;¢) = P EH, we get that

3 £

111(1 < u(3e) < 111 1 (3)
— p— — . g — f— . —_— .
ele|e =HSEI=0 £
In [I1], the authors noticed that the lower bound in (B]) is not sharp. For example,
1(3;2) > [Z[Z]Z]]] = 17 (but the exact value of p(3;3/7) is unknown). Unfortu-
nately, no general bound better than (3] is known.
In this paper, we have found the exact value of u(3;¢) for e > 7/15. We have
also found exact values of 1(3;¢) for e close to 1/r, r € N. In Section [Tl we state
new results.

1.1 New results

We start with studying, for an arbitrary d > 2, the relation between the problem of
finding p(d; ) and its discrete version on covering the (discrete) torus [Z/tZ]? by a
minimum number o(d; s,t) of (discrete) sub-cubes with side length s, where ¢ and
s are positive integers. See full definitions in Section 2l This relation will be used to
derive new results on the value of p(d;e) for d = 3. An abbreviated version of our
principal result is as follows.
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Theorem 1. Let d > 2 and p be positive integers. Choose a minimum o such that
there is a covering of the torus T¢ by p e9-sub-cubes. Then ey = so/ty where sy and
to are coprime positive integers, with ty < p. Moreover, there exists a covering of
[Z/toZ)* with p sub-cubes of side length sg.

Remark 1. A minimum &, as in the statement of Theorem [ exists by a standard
compactness argument; the same applies to the statement of Claim [Ilthat is presented
in Section 21

In Section Bl we will state Claim [, which is a stronger unabbreviated version of
Theorem [Ml and show that it implies the following two corollaries, that will be of use
in our investigation of the case d = 3.

Corollary 1. Let d > 2 be an integer, and consider any € € (0,1]; set r = [1/e].
Then there exist coprime positive integers s and t with t < r% such that u(d;e) =
u(d; s/t) = pol(d; s,t), and £ € [1, L2 is the largest discontinuity point of pu(d; ) not
exceeding €.

In particular, in order to find p(d;e), it suffices to determine finitely many values of
the form po(d; s, t).

Corollary 2. For any rational € = s/t, where s < t are (not necessarily coprime)
positive integers, we have p(d;e) = po(d; s,t). In particular, po(d; s, t) depends only
on d and s/t.

We should notice here that Corollary 2 appears already in [11, Theorem 1] with
a simpler proof. However, this fact arises naturally in the proof of Theorem [I so we
find it natural to present it here.

In the rest of this section we present new results concerning the value of p(d;¢)
for d = 3. For an integer r > 2 and ¢ € [l ;>, both the lower and the upper

r)r—1/r2
bounds in (B]) are equal to 73, so the value of u(3;¢) also equals . We show that the
right-neighborhoods of 1/ where the function p(3;-) is constant can be extended in
the following way.

Theorem 2. Let r > 2 be an integer. If ¢ € [%, Tlﬂ—l)» then u(3;¢e) = r3.

So, the upper bound in (8] is tight on this larger half-open interval. We do not
know whether this interval can be extended to the right.

We also determine the values of u(3;-) on certain left neighborhoods of each
number of the form 1/r as follows.

Theorem 3. Let r be a positive integer. If ¢ € [+ 1), then u(3;¢e) =

r1/(r24r+1)0 7
4?4+ 1.

The lower bound in (B)) is tight on this half-open interval. On the other hand, (3]

yields that u(3;e) > r* +r? +r+1 for each € < m, so the interval in this
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theorem is maximal. Nevertheless, we do not know whether there exists an extension
of this interval to the left where the lower bound in (3) is tight. We also notice that
the gap between the bounds in (B)) is large (of order 72) on this interval.

Next, we improve the lower bound from (3)) in some special cases.

Theorem 4. Let r > 2 be an integer, and choose & € [r] satisfying

5252—(r+1>{ & J (4)

r+1
Let

o s=7r247r+¢,

° t:r3+r2+2£T+L%J.

Assume that t and s are coprime. Then u(3;s/t) > t.

One readily checks that, for e = s/t with s and ¢ as above, we have [1/¢] @ — g
and hence the lower bound in ([B) reads u(3;s/t) > t. Thus, Theorem Ml indeed
improves upon (B). Condition () implies that either & > +/r+1 or & = 1. For
instance, in the interval (1/3,1/2), there are two such values of s/t, namely s/t €
{7/16,8/21}.

Finally, we improve the upper bound from (B]) in some special cases.
Theorem 5. Let r > 1 be an integer, and choose § € [r]. Let

o s=1r24r+¢,

o t=r+r24+&(r+1).
Then n(3;s/t) <t.

For e = s/t with s and ¢ as in Theorem[5, the upper bound in (B)) reads u(3; s/t) <
(r2+r+1)(r+1)=r®+r*+ (r+1)* which is weaker than the one stated above.
Moreover, both Theorem ] and Theorem [l imply improvements of the bounds in (3])

for values of ¢ in certain right-neighborhoods of the respective s/t, according to
Corollary [

We notice that Theorem Bl immediately follows from the lower bound in (B) and
Theorem [l for £ = 1.

We complete this section with the result stating that the above results give tight
lower bounds for p(3;¢) for all € € [1/2,1).

Theorem 6. We have

4, ce[3/4,1);
)5 ceqzmam;
MBS =0 assa).
8, ccl1/2,3/5).
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Notice that, in contrast to d = 2, when ¢ € [1/2,1), the value of pu(d;¢) for d = 3
achieves the lower bound in ([B]) if and only if € € [1/2,4/7)U[3/5,1). As for the next
semi-open interval [1/3,1/2) of values of €, our results do not imply tight results for
the entire range. Nevertheless, for some specific subintervals our results are nearly
tight. For instance, Theorems [2] 3 [4], B and Corollary [l imply that

o fore € [, %), n(3;e) =27 (by Theorem [2);

o fore € [£,2), u(3;¢) is constant and lies on [22,24] (by Theorem E, Corol-

wu(3;¢) € [16,18] (by Theorem [l and (3));

[ ]
S
=
™
m
L—

[
S
=
™
Mm
L—

, 14(3;¢) = 15 (by Theorem []).

Notation. For convenience, for any a,b € R/Z, we denote by ||a — b|| the smallest
v € [0,1) such that a = b+ v. Similarly, for every a,b € Z/tZ, we denote by |la —b||;
the smallest v € {0,1,...,¢ — 1} such that a = b+ v.

Organisation. The rest of the paper is organised as follows. The proofs of The-
orem [I] and its corollaries are given in Sections 2H3l In particular, Section 2] states
Claim [ a stronger version of Theorem [I], and then derives Corollaries [I] and 2l Sec-
tion [ proves Claim [Il The proofs of Theorems 2] and [4] are presented in Section [
In Section [B we give a complete proof of Theorem [l for all values of £ that, in turn,
implies Theorem [Bl Section [6] describes the constructions that prove tightness of the
lower bounds given by (B]) and Theorem ] in the range € € [1/2,1) and, thus, prove
Theorem [6l Finally, Section [1is devoted to a discussion of remaining challenges.

2 Integer lattices

This section, along with the subsequent one, is devoted to the discussion of the
discrete version of the problem and a connection between the two versions. That
allows one to reduce continuously many problems of finding the values u(d;e) to
countably many discrete problems.

Let d > 2 be an integer. Let s <t be positive integers. Consider the (discrete)
torus [Z/tZ)*. We say that a sub-cube of side length s in this torus is a set of the
form

{(z1,...,wq) 2 <2, <2) +s5—1 mod t}, xy € Z/T.

Throughout the paper, the node (z9,...,29) of the above sub-cube will be referred
to as its base vertexr, and we use the same notion in the continuous setting. Let
to(d; s,t) be the minimum number of such sub-cubes needed to cover the torus.
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Clearly, po(d;s,t) > u(d;s/t), since any covering of the discrete torus [Z/tZ)
with p sub-cubes of side length s immediately yields a corresponding covering of 7
with y 3-sub-cubes. Conversely, the result we are about to prove shows that, in a
sense, all coverings of the continuous torus by e-sub-cubes may be reduced to the
discrete ones.

In fact, we prove a bit stronger statement than Theorem [Tl itself.

Claim 1. Let p be a positive integer. Choose a minimum €y such that there is a
covering of the torus T¢ by p eo-sub-cubes. Then gy = So/to where sy and to are
coprime positive integers with ty < pu.

Moreover, for every rational € = s/t > ey, there exists a covering of T with p
e-sub-cubes such that all the coordinates x] of their base vertices are multiples of 1/t.

We finish this section with deducing Corollaries [[l and 2] from Claim [l The next
section is devoted to the proof of Claim [

To prove Corollary [, put p := u(d;e) and notice that pu < [1/¢]? = r¢ by ().
Choose the smallest gy such that u(d;eg) = p; since u(d;-) is obviously non-increas-
ing, it is constant on [gg, €], and hence ( is indeed its largest discontinuity point
not exceeding . By Claim [l e9 = s¢/ty, where sy and t, are coprime integers
with to < p < 7% and p = u(d;eo) = po(d; s, to). Finally, since ﬁ > ¢ and
p <1t < p(d;e’) for every &’ < 1 by (), we have L= > o> L. This settles the first
part of the Corollary.

1
r—1

1 (d; %) = r¢. Therefore, for every integer r > 2, this semi-open interval contains at

rd=1(pd 1)
most W

one determines the values po(d; s, t) for all such candidates s/t, that would determine
all values of the form p(d;e) with e € [1, L),

To prove Corollary 2], assume that e = s/t is rational, set p := u(d;s/t), and
choose ¢y as above. The second part of Claim [Il implies that there exists a covering
of T with p e-sub-cubes such that all coordinates of their base vertices are integer
multiples of 1/t. This covering induces a covering of [Z/tZ]? by u sub-cubes of side
length s, thus showing that po(d; s,t) < p(d; s/t). In view of the converse inequality
wu(d; s/t) < po(d; s, t) mentioned above, this yields the result.

Next, for every discontinuity point 3 € [%, ), its denominator ¢ does not exceed

+ 74 candidates on the role of a discontinuity point. In particular, if

3 Proof of Claim [

Consider now any ¢ such that there is a covering A = {A4;, As,..., A, } of the torus
T by p e-sub-cubes

Aj={(z1,...,2a) s m; € [xf,xf+6]}, J € [ul.

We will modify this covering in two steps. The result of Step 1 will, in particular,
establish the second part of Claim [Il In Step 2, we will see that, if € is not of the
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form e = s/t with t < p and s,t coprime, then there is a covering with u £’-sub-cubes
for some ¢’ < €, thus establishing the first part of Claim [l

Let i € [d]. Consider in R/Z the segments [z}, 2] +¢], j € [u]. Let us introduce
a graph G;(A) with vertex set [u]. Let vertices ji, jo € [u] be adjacent in G;(A) if
and only if the sets {z]', zJ' + e}, {22, 2 + e} are not disjoint (i.c., the respective
segments have at least one common endpoint).

Step 1. We show that there exists a covering A of T by p e-sub-cubes such that
G;i(A) is connected, for every i € [d]. For that purpose, we shift some sub-cubes as
follows.

Assume that, in G;(A), there are several connected components Hy, ..., Hy, £ > 2.

Choose indices j € Hy and j' € [u]\ H1, and choose endpoints a and b of the jth and
j'th segments, respectively (i.e., a € {zJ, 27 + ¢} and b € {x{,x{ + e}), such that
the distance p = ||a — b|| is minimal over the choice of j, j’, a, and b; since j and j
are in different components, we have p > 0.

Without loss of generality, p = a — b. Now let us shift all segments labeled by
H, leftwards by distance p (with the sub-cubes shifted accordingly). By the choice
of p, all points of 79 remain covered — it follows from the fact that every circle
{ag} x -+ x {ais1} x (R/Z) x {aiy1} x - -+ x {a,} € T was completely covered by
the intersections with the sub-cubes before the shift, and neither the cyclic order of
those intersections nor their intersection scheme (i.e. the set of pairs of intersecting
segments) has been changed upon the shift.

Therefore, we get a covering A; of T, where the graph G;(A;) has at most £ — 1
components. If G;(A;) is not connected, we perform the same procedure with A;
and obtain a covering A, with G;(A2) having at most £ — 2 components. Proceeding
in this way, we reach a covering A where Gz(ﬁ) is connected.

Applying the same procedure for every ¢ € [d], we get a desired covering A

Now, if € = s/t is rational, we may assume that x' = (z],...,z}) = (0,0,...,0).
By connectedness of all graphs G;(.A), all coordinates of the vertices of the sub-cubes
are multiples of 1/¢; thus the second part of Claim [l is established.

Step 2. Now we may assume that for every i € [d], the graph G;(.A) is connected.
Suppose that there is no integer ¢t € [u] such that te € N; we will show that there
exists an €’ < € such that T can be covered by p €’-sub-cubes, thus proving the first
part of Claim [

Fix i € [d] and define a relation <; on the set of segments [z7, 27 + ¢] as the
transitive closure of the following elementary comparisons:

if 27" + & =2 mod 1, then [27", 27" + ¢] <; [z, 27 + €].

Since g ¢ N for any ¢ € [u], we get that <; is a partial order (recall that some
numbers of the form a7} may coincide).

Choose now a minimal segment [zJ, zJ' + ¢] with respect to <;. Shifting all ith

coordinates leftwards by z7’, we may assume that z7° = 0. Performing such shifts

1)
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along all coordinates, we arrive at the situation where all coordinates of all vertices
of the sub-cubes lie in the set

]gz{kz-: mod 1:k:0,1,...,u}.

Notice that I. consists of p + 1 distinct numbers; let v be the minimum distance
between elements of I. (modulo 1).

Choose a positive & < v/p and put €’ = e—4. Then, for every kq, ko € {0,1,..., 1}
we have

{kie} < {kqe} ifand only if {kie'} < {koe'},

where {-} stands for the fractional part. Informally speaking, the sets I. and I
again have the same cyclic order and the same intersection scheme.

Now choose the &’-sub-cubes
A= {(z1,... mq) s i€ [()], ()] + €}, jelu

as follows: if #7 = {ke}, then (2)] = {ke’}. The above relation shows that for every
a’ € [0,1) there exists a € [0, 1) such that

a € [(«"),(2") + €] if and only if a € [z, 2] + €].

79 Rt}

Therefore, for any point 2’ = (x,...,2};) € T? there exists a point x = (z1,...,74) €
T? such that 2’ is covered by A’ if and only if x is covered by A;. Thus, since the
Aj; form a covering of T so do the A%, and we have constructed a covering by p
g’-sub-cubes, as desired.

4 Proofs of Theorems 2] and 4

Introduce the following conditions on positive integers s and t:

L
(

1

» |+

J=r [ = tnd £

[£]] = s and, consequently, [£ [L[L]]] =t

(i)
1)
(iii) s > (r+1)A, where A := s> —t(r + 1);
) t
)

11

W |+

>r(s+ A);

(iv

(v) at least one of the inequalities ([{ll) and (iyl) is strict.

Notice here that the conditions ({)—(®) yield ¢ > s + A; indeed, in view of (iv),
this could fail only if » = 1 and ¢t = s + A. But then, due to (@), we should have
s > 2A and hence £ =1+ % < %, which contradicts (f).

In fact, Theorems 2] and [4] are particular cases of the following lemma. We start
with proving the Lemma, and then we derive both theorems from it.
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Lemma 1. Ift, s are coprime positive integers satisfying the conditions ([{l)—(w), then
w(3;s/t) > t.

Proof. Due to Corollary 2 it suffices to show p(3;s,t) > t. Assume, to the contrary,
that there is a covering of [Z/tZ)® with t sub-cubes Cy, Cy, ..., C; of side s.

For i € [t], let x°(i) = (29(4), 25(4), 23()) be the base vertex of the sub-cube Ci.
For every a € Z/tZ, define the ath layer S, as the intersection of the torus with
the hyperplane z3 = «, i.e., S, = [Z/tZ]3}x3:a. Each such intersection is a 2-torus
covered with the squares, i.e., the (nonempty) intersections of the sub-cubes with S,.

Let us denote the number of squares covering the layer S, by f(«). Since u(2;¢) =
[2[2]] (see [11]), for every a we get f(o) > p(2;s/t) = s due to (). On the
other hand, )" ., iz f (o) = st because each sub-cube meets exactly s layers. This
means that f(a) = s for every a € Z/tZ. In particular, for every i € [t] we have
f(x9() +s—1) = f(25(i) + s). In other words, the last layer of the sub-cube C; is
covered by the same number of squares as the next layer. It is only possible when
there is j € [t] such that 23(j) = 23(i) + s; informally speaking, the sub-cube C}
‘starts’ exactly when C; ‘finishes’. In this situation, we say that the sub-cube Cj is
a successor of the sub-cube C;.

Since s and t are coprime and we have exactly ¢t sub-cubes, for every a € Z/tZ
there is a unique sub-cube C; with 23(i) = a (surely, the same holds for any other
coordinate). Renumbering the sub-cubes C;, we assume that x3(i) = i for all ¢ € [¢];
we assume that the numeration of the sub-cubes is cyclic, i.e., C;yy = C;; so, further
we assume that the indices ¢ run over Z/tZ. Now, each sub-cube C; has a unique
successor C .

For v € {1,2,3}, we say that a y-column is a set of ¢ elements in [Z/tZ]? differing

only in the yth coordinate. Due to (i), we have p(1;s/t) = [t/s] = r + 1, so each
~v-column meets at least r + 1 sub-cubes.

Claim 2. Assume that a layer S is covered with squares Ay, Ao, ..., As. Fiz v €
{1,2}. Then there are no more than A ~y-columns crossing at least r + 2 squares in
the covering.

Proof. Let h be the number of y-columns crossing at least r + 2 squares in the
covering. Consider the pairs of the form (U, A;), where i € [s] and U is a y-column
in S that meets A;. The number of such pairs is exactly s? since every square A;
meets s columns. Since each y-column crosses at least r + 1 squares, and h of them
cross at least r + 2 squares, we obtain

S>h(r+2)+t—h)(r+1)=tr+1)+h,
soh<s*—tr+1)=A. O

Notice here that 0 < A < s due to ({l), (i), and (). In particular,

A:s2—t(r+1)@3F FH —t(r—i—l)ZtF-‘ —t(r+1)@0.

S|S S
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Claim 3. For every i € Z/tZ and every v € {1,2}, the intersection of the sets of
~v-coordinates of C; and Ciy4 has cardinality at least s — A, 1i.e.

|{x2(i),...,x3(i)—I—s—1}ﬂ{x3(i+s),...,x3(i+s)+s—1}| > s —A.

Proof. The layer S meets sub-cubes C, Cs, ..., Cy, while S;,1 meets sub-cubes Cj,
Cs, ..., Csy1. Let Ay be the projection of Cy onto S := S;, for £ € [s + 1].

Consider the covering of S by A, Ay, ..., A;. By Claim 2 among the (3 — 7)-
columns crossing Aj, there are at least s — A ones crossing exactly r + 1 squares in
the covering. This means that each of those columns is not covered completely by

Ay, As, ..., Ag, as u(1;s/t) > r. Hence each of those columns needs to cross Ag,q,
since § is covered by Ay, As, ..., Asi1 as well. This finishes the proof for i = 1; the
proof for other values of 7 is obtained by shifting the indices. O]

Notice that either the intersection of the sets of ~-coordinates of C; and Cj,
has cardinality s — [|29(i) — 29(i + s)l|, or those two sets cover Z/tZ; in the latter
case, since t > s + A, each set contains more than A elements not contained in the
other. Therefore, Claim B yields that for each i € Z/tZ and v € {1,2} we have
|29(7) — 25(i + s)||s < A. Therefore,

129G) = 256+ rs)le < D |29 + (G = 1)s) — aS(i + js)|[¢ < rA.
j=1

Now we distinguish two cases.

Case 1. The above inequality is sometimes strict, i.e., there exist v € {1,2} and

i € ZJtZ such that
[29(i) — 23 (i + rs)||: < rA.

Without loss of generality, we assume ¢ = 0. For x = 1,2, we denote

N = [{22(0),...,22(0) + s — 1} n{al(rs),...,al(rs) + s — 1}

I

in other words, N, is the number of common k-coordinates in Cy and C,,. Then we
have

N,>s—rA and Ns_,>s—rA. (5)
We show that there exists k € {1,2} such that
N,>s(r+1)—t and N3, > A. (6)
Indeed, notice that (i) and (iv)) yield

s—rA>A and (7)
s—rA=s(r+1)—r(s+A)>s(r+1)—t, (8)
respectively; moreover, one of the inequalities (7)) and (§]) is strict due to (@). There-

fore, if (7)) is strict, then (@) holds for xk = v; otherwise, (§) is strict, and (@) holds
for k =3 —1.
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Consider § := Sy, and let A, be the projection of Cy onto S, for £ € {t +1 —
s,t+2—s,...,t}. Notice that S is covered by the A,, where ¢ runs through the
same range.

Recall that t —s+1 <rs <t by (). In S, consider the x-columns crossing both
A,s and Ag(= A); there are N3_,, > A such k-columns. By Claim 2], at least one of
those is covered by exactly r 41 squares in the covering. But the intersections of the
column with two of those squares, namely A; and A,, have N, common elements,
hence those r + 1 squares cover at most

s(r+1) =Ny <s(r+1)—(s(r+1)—t)=t

elements in the column. Therefore, this column is not covered completely; this is a
contradiction.

Case 2. Conversely, assume now that, for every v € {1,2} and i € Z/tZ,

125(0) = S Gi+rs)lle = Y 236 + (G = 1)s) = a5(i + js)|l = rA. (9)

j=1
Without loss of generality, we assume also that x°(0) = (0,0, 0).

For a moment, fix v € {1,2}. By the triangle inequality, (@) is only possible
when, for every i € Z/tZ,

49() = a3 + 5)]l = A.

Moreover, all expressions of the form x9(i) — 29(i + s) with i € Z/tZ are equal.
Indeed, otherwise we would have z9(i) — 29(i + s) = 29(i) — 29(i — s) for some
i € Z/tZ (as s and t are coprime), so that 29 (i + s) = 29 (¢ — s). This is impossible,
since i + s # i — s in Z/tZ (because t > 2), and all y-coordinates of the base vertices
should be distinct.

Thus, both sequences z9(i) and z9(i), i = 0,1,...,¢ — 1, are arithmetic progres-
sions, each with difference +A. Since 29(0) = z9(0) = 0, we conclude that either
29(7) = 29(i) holds for all i € Z/tZ, or 29(i) = —x35(i) holds for all i € Z/tZ. Now we
can repeat the whole argument switching the second and the third coordinate. After
switching, we still cannot fall into Case 1, as it yields a contradiction. So we get
29(i) = +23(i) for all i+ € Z/tZ, with a fixed sign choice. Hence, we may reflect the
whole picture in some planes in order to get 29(i) = 23(¢) = 29(i) for all i € Z/tZ. In
other words, all base vertices of the sub-cubes have the form (i,4,4) with i € Z/tZ.

In order to get the final contradiction, it remains to notice that the point (0, s, —s)
is not covered by any of the C;. Indeed, otherwise some set {i,i+1,...,i+s—1} C
Z/tZ contains all three residues 0, s, —s. Choose a representative i € Z so that the

set of integers {i,i +1,...,i+ s — 1} contains 0. Then it contains neither s nor —s,
so it should contain both ¢ — s and s — ¢, and hence (t —s) — (s —t) < s—1, or
3s > 2t, which contradicts (). O

Proof of Theorem[]). We show that the parameters in the theorem satisfy ({)—(w);
the theorem follows then from Lemma [Tl
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To prove (fl), write
52
r+1

O<t—7“s:§r+{ J§§T+r—1§r2+r—1<s.

Notice that
52
r+1

where the last inclusion follows from (@l). Therefore,
HH IR N
= =|s——|=s
s|s s 5
which yields (i).

Moreover, (I0) implies that
(r+DA<&r+D)<rP+r<r+r+é=s.

This verifies ([l with a strict sign (hence (@) holds as well).
Finally, (I0) implies that

(s+Ar<(s+&r=*"+r+2r=r"+r*+2r£ <t
which establishes (ivl). O

A:sz—t(r+1):§2—{ J<r+1)e[0,g], (10)

Proof of Theorem[3. For convenience, we replace r with r+ 1 (i.e., we prove that
w(3;e) = (r +1)3 for any r € N and any € € [%, %))
Let s = (r+1)% t = (r +1)® — 1. Notice that the fractions
1 (r+1)2-1

d
Y (R E

are Farey neighbours, as
(r+1)-((r+1?=1)—=1-(r+1)*-r-2)=1
(for properties of Farey sequences, see [, Chapter I11]). Therefore, the rational num-
ber between them with the smallest denominator is
1+(r+1)2-1 o (r41)?
(r+1)+@r+13—r—2 (r+1B3-1
and the next smallest denominator is already greater than (r + 1)3. By Corollary [I]

in order to prove Theorem [ it suffices to show that pu(3;s/t) > (r 4+ 1)3. For that
purpose, we show that the numbers s and ¢ satisfy the conditions of Lemma, [Tl

Clearly, s and t are coprime. The conditions (fl)—(i) are straightforward to check.
Next, since A = s> —t(r + 1) =r + 1, we have
(r+1D)A=(r+1)?%=s

which yields (i) (with the equality sign). It remains to show that (il holds and is
strict:

r(s+A)=r(r+Dr+2)=F+D((r+1)>*-1) <t O
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5 Proof of Theorem

Let 7 > 1 be an integer, £ € [r], s=r?+r+& t =13 +r? +£(r+1). We construct
a covering of [Z/tZ)? consisting of ¢ sub-cubes of side s.

The main idea here is the same as in [I1]: to take each next sub-cube shifted
relative to the previous one by a fixed integer vector v. We take

v=(1,r,7 +r+1).

Thus, we need to prove that the sub-cubes C; with base vertices (i, 74, (r*+r—+1)i), i €
Z/tZ, cover the torus [Z/tZ)®. Since each layer {j} X [Z/tZ]? intersects s consecutive
sub-cubes C;_; with i € {0,1,...,s — 1}, the following claim finishes the proof of
Theorem

Claim 4. The squares of side length s with base vertices (ri,(r* +r + 1)i), i €
{0,1,...,5 — 1}, cover [Z/tZ]*.

Proof. Denote by By, i € {0,1,...,s— 1}, the square with the base vertex (ri, (r* +
r+1)i). In what follows, we assume that ¢ runs over Z/sZ, i.e., i+1 =0 fori = s—1.

Let C be an arbitrary column consisting of all points with a fixed first coordinate.
We show that C'is covered completely by the B;.

Notice that the first coordinate of the relative shift of B;; with respect to B; is
20 +1) —29(i) =r for i #s—1 and

0)—2Vs—1)=t—r(s—1)=r+¢

for i« = s—1. Notice that both r and r+¢ are smaller than s, so the projections of any
two cyclically consecutive squares B; and B;,; onto the first axis overlap, with that
of B, shifted to the right with respect to B;. Choose now an index j such that B;,
but not B;_;, overlaps with C' (so Bj_; is ‘cyclically to the left’ of C), and let p be
the largest integer such that each of the squares B;, Bj;1, ..., Bj+, meets C. Then
Bjipt1 is ‘cyclically to the right’ of C'. This implies that 29(j+p+1) —29(j —1) > s.
Therefore,

Prr+étl=s+1<2G+p+ 1) -G -1 < (p+Dr+(r+8),

which yields p > 7. So, C definitely meets the squares Bj, Bji1, ..., B, (and,
perhaps, some more).

Now, the second coordinate of the relative shift of B;;; with respect to B; is
23 (i+1) —a3(@) =r*+r+1fori#s—1and

250) —2Y(s— 1) =tlr+1) = +r+1)(s—1) =& +1<r?+r+1

for i« = s — 1. This yields that the parts of C' covered with two cyclically consecutive
squares are either tangent or even overlapping. So the interval covered by the r + 1
cyclically consecutive squares consists of at least min{t, s+ (r—1)(r?+r+1)+ (ré +
1)} = min{¢,t + r} = ¢ points, and hence the whole column is covered. O
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6 Proof of Theorem

We start with the lower bounds for pu(3; €) agreeing with the statement of the theorem.
For e € [1/2,4/7) U [3/5,1), such lower bounds follow from (B]). For ¢ € [4/7,3/5)
the lower bound follows from Theorem

In order to show that those bounds are achieved, it suffices to show that 1 (3; 3,4)
<4, 1p(3;2,3) <5, and p(3;3,5) < 7. The corresponding examples are provided
by the following sets of base vertices:

(0,0,0), (1,1,1), (2,2,2), (3,3,3), for s/t = 3/4;
(0,0,0), (1,1,1), (1,2,2), (2,1,2), (2,2,1), for s/t = 2/3;
(0,0,0), (1,1,3), (1,3,1), (2,4,4), (3,0,2), (3,2,0), (4,3,3), for s/t = 3/5.

The theorem is proved.

7 Further questions

This paper represents the first step toward determining the value of p(d;¢) for d = 3.
We found the exact value for ¢ > 7/15, proved non-trivial bounds for certain other ¢,
and established a connection with the discrete version of this problem which, in
particular, implies that for every € € (0, 1) it is sufficient to solve constantly many
instances of the discrete version. Although the discrete version (in other words,
determining p(3; s/t) for positive integers s < t) is clearly computable, and computer-
assisted results can be obtained for certain values of € not addressed in this paper —
even using a greedy approach — we leave open the question of whether an efficient
solution exists.

We believe that, even though slight extensions of our results with current methods
are possible, they are not sufficient to solve the problem entirely. Even getting the
precise value of u(3;¢) for any € € [1/3,1) seems a very challenging problem. One
particularly interesting case where we only know that u(3;¢) € [18,21] is € = 3/7,
which was also discussed earlier in [I1], as mentioned in the Introduction.

The assertions of Theorem 2l and Theorem Blimply that the function p(3;¢) has a
jump of size O(r?) at & = %, which is maximum possible in the interval ¢ € [%, ﬁ)
since the difference between the upper and lower bounds in (3) is at most 7%. We
believe that p(3;¢) has certain other large jumps inside this interval as well (recall
that the total number of jumps is at most O(r?), as (r — 1)® < u(3;e) < 73 in this
interval). In particular, Theorem [0 shows that there is a jump of size r = 2 at ¢ = 2/3
on the ‘middle’ of the considered interval. It would be interesting to investigate the

11

number of jumps in [;, H) and their sizes.

We did not make a serious attempt to extend our results to higher dimensions
and leave this direction for future work.
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