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Abstract

Archdeacon [Electron. J. Combin. 22 (2015), #P1.74] defined the concept
of a Heffter array in order to provide explicit constructions of Zv-regular
biembeddings of complete graphs Kv into orientable surfaces. In this
paper, we first introduce the quasi-Heffter arrays as a generalization of the
concept of Heffer array and we show that, in this context, we can define a
2-colorable embedding of Archdeacon type of the complete multipartite
graph K v

t
×t into an orientable surface. Then our main goal is to study

the full automorphism groups of these embeddings: here we are able to
prove, using a probabilistic approach, that, almost always, this group is
exactly Zv.

As an application of this result, given a positive integer t 6≡ 0 (mod 4),
we prove that there are, for infinitely many pairs of v and k, at least

(1−o(1))
( v−t

2
)!

φ(v)
non-isomorphic biembeddings of Archdeacon type of K v

t
×t

whose face lengths are multiples of k. Here φ(·) denotes Euler’s totient
function. Moreover, in case t = 1 and v is a prime, almost all these
embeddings define faces that are all of the same length kv, i.e. we have a
more than exponential number of non-isomorphic kv-gonal biembeddings
of Kv of this type.

1 Introduction

An m× n partially filled (p.f., for short) array on a set Ω is an m× n matrix whose
elements belong to Ω and where some cells can be empty. In 2015, Archdeacon (see
[1]), introduced a class of p.f. arrays which have been extensively studied: the Heffter
arrays.

Definition 1.1 A Heffter array H(m,n;h, k) is an m× n p.f. array with entries in
Z2nk+1 such that:

(a) each row contains h filled cells and each column contains k filled cells,
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(b) for every x ∈ Z2nk+1 \ {0}, either x or −x appears in the array,

(c) the elements in every row and column sum to 0 (in Z2nk+1).

These arrays were introduced because of their vast variety of applications and
links to other problems and concepts, such as orthogonal cycle decompositions and 2-
colorable embeddings (briefly biembeddings), see for instance [1, 4, 12]. The existence
problem of Heffter arrays has also been deeply investigated starting with [2]: we refer
to the survey [23] for the known results in this direction. This paper will focus mainly
on the connection between p.f. arrays and embeddings. To explain this link, we first
recall some basic definitions, see [21, 22].

Definition 1.2 Given a graph Γ and a surface Σ, an embedding of Γ in Σ is a
continuous injective mapping ψ : Γ→ Σ, where Γ is viewed with the usual topology
as a 1-dimensional simplicial complex.

The connected components of Σ \ ψ(Γ) are said to be ψ-faces. Also, with abuse
of notation, we say that a circuit F of Γ is a face (induced by the embedding ψ) if
ψ(F ) is the boundary of a ψ-face. Then, if each ψ-face is homeomorphic to an open
disc, the embedding ψ is called cellular. In this context, we say that two embeddings
ψ : Γ→ Σ and ψ′ : Γ′ → Σ′ are isomorphic if and only if there is a graph isomorphism
σ : Γ→ Γ′ such that σ(F ) is a ψ′-face if and only if F is a ψ-face.

Archdeacon, in his seminal paper [1], showed that, if some additional technical
conditions are satisfied, Heffter arrays provide explicit constructions of Zv-regular
biembeddings of complete graphs Kv into orientable surfaces. Following [7, 8] and
[11] the embeddings defined, using this construction, via partially filled arrays, will be
denoted as embeddings of Archdeacon type or, more simply, Archdeacon embeddings.
Indeed, this kind of embedding can be considered also for more general arrays than
the Heffter’s. In [9], the authors introduced the concept of a relative Heffter array
and, in [10], it was proved that it can be used, with essentially the same construction
of [1], to embed the complete multipartite graph with v/t parts each of size t, denoted
by K v

t
×t, into orientable surfaces. More recently, in [7] the authors introduced a

variation of the Heffter arrays, denoted by non-zero sum Heffter arrays (see also
[6, 19, 20]) and showed that, also in this case, that embedding is well defined. In
this paper, we first provide a generalization (already reported in the survey [23],
Definition 6.56) of both the relative Heffter and the non-zero sum Heffter arrays,
and then we define the Archdeacon embedding in this more general context.

Definition 1.3 Let v = 2nk + t be a positive integer, where t divides 2nk, and let
J be the subgroup of Zv of order t. A quasi -Heffter array A over Zv relative to J ,
denoted by QHt(m,n;h, k), is an m× n p.f. array with elements in Zv such that:

(a1) each row contains h filled cells and each column contains k filled cells,

(b1) the multiset [±x | x ∈ A] contains each element of Zv \ J exactly once.

If, moreover, also the following property holds, then A is said to be a non-zero
sum Heffter array A over Zv relative to J , and it is denoted by NHt(m,n;h, k).

(c1) The sum of the elements in every row and column is different from 0 (in Zv).
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Also, as done with the Heffter arrays and the non-zero sum Heffter arrays, a square
quasi-Heffter array will be simply denoted by QHt(n; k) or, if t = 1, by QH(n; k).

Example 1.4 Let v = 21 and let J be the subgroup of Z21 given by 7Z21 = {0, 7, 14}.
Consider the array:

A1 =
−1 −2 3
10 −5 6
8 9 −4

.

We note that the elements of [±x | x ∈ A] are exactly Z21 \ J and hence A is a
QH3(3; 3). On the other hand, since the sum of elements in the first row is zero, A
is not an NH3(3; 3).

On the other hand, if we just change the sign of the element in position (1, 1),
we obtain the array

A2 =
1 −2 3

10 −5 6
8 9 −4

which rows and columns all have non-zero sums. In particular, the vector of the row
sums is (2, 11, 13) and the vector of the column sums is (19, 2, 5) and hence A2 is an
NH3(3; 3).

Since the set Z21 \ J is closed under multiplication of invertible elements of Z21,
we can obtain a third example by simply multiplying A2 by 2. This means that the
following array, A3, is also an NH3(3; 3).

A3 = 2A2 =
2 −4 6
−1 −10 −9
−5 −3 −8

.

A formal definition of the Archdeacon embedding, starting from suitable quasi-
Heffter arrays, will be given in Section 2. Then, we will study the full automorphism
group of these kinds of embeddings. As remarked in [1] (see also [10]), the embeddings
of Archdeacon type are Zv-regular where, if we start from an Ht(m,n;h, k), v =
2kn + t. Another interesting result about these embeddings has been presented in
[8], where it was shown (by presenting a class of examples) that the automorphism
group could be strictly larger than Zv. Indeed, as an application of the interesting
class of arrays recently introduced by Buratti in [3], they exhibited, for infinitely
many values of v, an embedding of this type having a full automorphism group of
size

(
v
2

)
, which is the largest possible size.

On the other hand, the results exposed in this paper show that these very regular
embeddings are a rarity among all of Archdeacon’s embeddings. Indeed, here, we
will first show that, if we construct the embedding starting from a QHt(m,n;h, k)
or from an NHt(m,n;h, k), almost always its full automorphism group is exactly Zv.
These two theorems will be proved in Section 3 of this paper. Then, in Section 4, we
will show that, given a positive integer t 6≡ 0 (mod 4), there are, for infinitely many
pairs of v and k, at least (1− o(1))(v−t

2
)! different biembeddings of Archdeacon type

of K v
t
×t whose face lengths are multiples of k and whose automorphisms group is
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exactly Zv. Finally, in the last section, we will apply these results to show that we
also have (again given a positive integer t 6≡ 0 (mod 4) and for infinitely many pairs

of v and k), at least (1−o(1))
( v−t

2
)!

φ(v)
non-isomorphic Archdeacon embeddings of K v

t
×t

whose face lengths are multiples of k. Here φ(·) denotes the Euler’s totient function.
Moreover, if we start from quasi-Heffter arrays of type QH(n; k) and v = 2nk+1 is a
prime, almost all these embeddings define only faces of length kv, i.e. we have more
than an exponential number of non-isomorphic kv-gonal Archdeacon biembeddings
of Kv. Even though, perhaps, this kind of lower-bound is not unexpected, we believe
it can be of some interest also from the graph-theoretical point of view. Indeed the
number of non-isomorphic embeddings of complete graphs whose faces are of a given
length is a well-studied problem (see, for instance, [14, 18]) and in some situations,
only exponential bounds are known (see [16, 17]).

2 The Archdeacon Embedding

Following [13, 15, 24], we provide an equivalent, but purely combinatorial, definition
of graph embedding into a surface. Here, we denote by D(Γ) the set of all the oriented
edges of the graph Γ and, given a vertex x of Γ, by N(Γ, x) the neighborhood of x
in Γ.

Definition 2.1 Let Γ be a connected graph. A combinatorial embedding of Γ (into
an orientable surface) is a pair Π = (Γ, ρ) where ρ : D(Γ) → D(Γ) satisfies the
following properties:

(a) for any y ∈ N(Γ, x), there exists y′ ∈ N(Γ, x) such that ρ(x, y) = (x, y′),

(b) we define ρx as the permutation of N(Γ, x) such that, given y ∈ N(Γ, x),
ρ(x, y) = (x, ρx(y)). Then the permutation ρx is a cycle of order |N(Γ, x)|.

If properties (a) and (b) hold, the map ρ is said to be a rotation of Γ.

Then, as reported in [13], a combinatorial embedding Π = (Γ, ρ) is equivalent to
a cellular embedding ψ of Γ into an orientable surface Σ (see also [1], Theorem 3.1).

Example 2.2 As explained in [22], the rotation ρ associated with the cellular em-
bedding of Figure 1 can be obtained through the following steps.

1) Given x ∈ {1, 2, 3, 4, 5, 6, 0}, we define the map ρx by looking at the neighbourgs
of x in a clockwise order. For example, given x = 3 we have that ρ3 is the cyclic
permutation of {1, 2, 4, 5, 6, 0} given by (4, 1, 0, 2, 5, 6).

2) Due to property (b) of the definition of combinatorial embedding we have that
ρ((x, y)) = (x, ρx(y)).

Clearly, these steps are enough to determine the map ρ. However, in this case, we
can also choose just one x ∈ {1, 2, 3, 4, 5, 6, 0}, define, as above, the map ρ on the
oriented edges that start from x, and then define the map ρ for the other ones as
follows.
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Figure 1: A biembedding of K7 into the torus. This picture is taken from [24].

3) We note that every oriented edge of K7 can be written in the form (x+z, y+z)
where the sum is performed modulo 7. Here we set ρ((z + x, z + y)) = (z +
x, z + ρx(y)).

If we do so, we can easily check that the expression we obtain for ρ is independent
of the initial vertex x.

Now we show that the Archdeacon embedding can be defined also starting from
quasi-Heffter arrays. We first introduce some notation. The rows and the columns of
an m × n array A are denoted by R1, . . . , Rm and by C1, . . . , Cn, respectively. Also
we denote by E(A), E(Ri), E(Cj) the list of the elements of the filled cells of A, of
the i-th row and of the j-th column, respectively. Given an m × n p.f. array A, by
ωRi and ωCj we denote a cyclic ordering of E(Ri) and E(Cj), respectively and we
define by ωr = ωR1 ◦ · · · ◦ ωRm the ordering for the rows and by ωc = ωC1 ◦ · · · ◦ ωCn
the ordering for the columns.

Definition 2.3 Given a quasi-Heffter array A, the orderings ωr and ωc are said to
be compatible if ωc ◦ ωr is a cycle of order |E(A)|.

Example 2.4 Let us consider the array A2 of Example 1.4

A2 =
1 −2 3

10 −5 6
8 9 −4

.

Here we consider the cyclic orderings

ωR1 := (1,−2, 3);

ωR2 := (10,−5, 6);

ωR3 := (8, 9,−4);
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and
ωC1 := (1, 10, 8);

ωC2 := (−2,−5, 9);

ωC3 := (−4, 6, 3).

These orderings define, respectively, the ordering for the rows

ωr := (1,−2, 3)(10,−5, 6)(8, 9,−4)

and the ordering of the columns

ωc := (1, 10, 8)(−2,−5, 9)(−4, 6, 3).

Here we have that
ωc ◦ ωr = (1,−5, 3, 10, 9, 6, 8,−2,−4)

which is a cycle of order 9 = |E(A2)|. Thus, the orderings ωr and ωc are compatible.
Also, note that, considering the array A3 = 2A2 of Example 1.4, we can get compat-
ible orderings by considering ω′r and ω′c defined by ω′Ri := 2ωRi and ω′Ci = 2ωCi .

Now we are ready to adapt the definition of the Archdeacon embedding, see
[1, 10], to the case of quasi-Heffter arrays.

Definition 2.5 (Archdeacon embedding) Let A be a QHt(m,n;h, k) that ad-
mits two compatible orderings ωr and ωc. We consider the permutation ρ0 on
±E(A) = Z2nk+t \ 2nk+t

t
Z2nk+t, where 2nk+t

t
Z2nk+t denotes the subgroup of Z2nk+t

of order t, so defined

ρ0(a) =

{
−ωr(a) if a ∈ E(A),

ωc(−a) if a ∈ −E(A).
(2.1)

Now, we define a map ρ on the set of oriented edges of this graph as follows

ρ((x, x+ a)) = (x, x+ ρ0(a)). (2.2)

Example 2.6 Considering the array A2 and the orderings ωr and ωc of Example
2.4, we have that, these orderings define the permutation of Z21 \ {0, 7, 14}

ρ0 := (1, 2,−5,−6, 3,−1, 10, 5, 9, 4, 6,−10, 8,−9,−2,−3,−4,−8).

Also, note that, considering the array A3 = 2A2 of Example 1.4, we obtain the
Archdeacon embedding defined by the permutation

ρ′0 : 2ρ0 = (2, 4,−10,−9, 6,−2,−1, 10,−3, 8,−9, 1,−5, 3,−4,−6,−8,−5).

This observation suggests that the Archdeacon embedding deeply depends on the
combinatorial structure of the compatible orderings. This link will be developed in
Section 4 of this paper.
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Remark 2.7 Note that in Definitions 2.3 and 2.5 we can interchange the roles of
ωr and ωc. This operation corresponds to transposing the array A and hence it does
not change the class of maps here considered.

Reasoning as in [7] and in [10] (see also Proposition 5.6 of [19]), we can prove that,
since the orderings ωr and ωc are compatible, the map ρ is a rotation of K 2nk+t

t
×t

and we get the following Theorem.

Theorem 2.8 Let A be a QHt(m,n;h, k) that admits two compatible orderings ωr
and ωc. Then there exists a cellular biembedding ψ of K 2nk+t

t
×t, such that every edge

is on a face whose boundary length is a multiple of h and on a face whose boundary
length is a multiple of k.

Moreover, setting v = 2nk + t, ψ is Zv-regular.

We are also interested in describing the faces (and the face lengths) induced by the
Archdeacon embedding under the condition of Theorem 2.8.

For this purpose, we take a p.f. array A that is a QHt(m,n;h, k) and that admits
two compatible orderings ωr and ωc. We consider the oriented edge (x, x + a) with
a ∈ E(A), and let C be the column of A containing a. We denote by λc the minimum

positive integer such that
∑λc|E(C)|−1

i=0 ωic(a) = 0 in Z2nk+t. Due to Theorem 6.4 of [7]
(see also [19]) (x, x+ a) belongs to the face F1 whose boundary isx, x+ a, x+ a+ ωc(a), . . . , x+

λc|E(C)|−2∑
i=0

ωic(a)

 . (2.3)

We also note that, denoted by ΣC the sum of the elements of the column C, then λc
is the minimum positive integer such that λc(ΣC) = 0 in Z2nk+t and F1 has length
kλc. Moreover, this face covers exactly λc edges of type (y, y+a) for some y ∈ Z2nk+t.
Since the total number of such edges is 2nk + t, the column C induces (2nk + t)/λc
different faces.

Let us now consider the oriented edge (x, x + a) with a 6∈ E(A) and let R be
the row containing −a. In this case, we denote by λr the minimum positive integer
such that

∑λr|E(R)|−1
i=0 ωir(−a) = 0 in Z2nk+t and hence a =

∑λr|E(R)|−1
i=1 ωir(−a). Then

(x, x+ a) belongs to the face F2 whose boundary isx, x+

λr|E(R)|−1∑
i=1

ω−ir (−a), x+

λr|E(R)|−2∑
i=1

ω−ir (−a), . . . , x+ ω−1
r (−a)

 . (2.4)

Here we have that, denoted by ΣR the sum of the elements of the row R, then λr is
the minimum positive integer such that λr(ΣR) = 0 in Z2nk+t and F2 has length hλr.
Moreover, reasoning as for the columns, we have that the row R induces (2nk+ t)/λr
different faces.

To describe the spectrum of the face lengths, we need to introduce the following
notation. Given a multiset M , we denote by Mα the multiset in which each element
of M appears α times. From the above discussion, it follows that (see also [19]).
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Theorem 2.9 Let A be a QHt(m,n;h, k) that admits two compatible orderings ωr
and ωc. Then, set v = 2nk + t, there exists a Zv-regular, cellular biembedding ψ of
K v

t
×t whose face lengths define the following multiset⋃

C is a column of A

[kλc]
v/λc ∪

⋃
R is a row of A

[hλr]
v/λr .

Example 2.10 We describe here the faces of the Archdeacon embedding obtained
in Example 2.6. In this case, the vector of the row sums is (2, 11, 13) and the vector
of the column sums is (19, 2, 5). Since all the row sums and the column sums are
invertible in Z21, we get a Z21-regular biembedding K7×3 whose faces have all length
63 (i.e., a 63-gonal embedding).

We explicitly write here the face obtained by starting from the oriented edge
(0, 1) and proceeding through the column C1.

F1 := (0, 1,−10,−2,−1, 9,−4,−3, 7,−6,−5, 5,−8,−7, 3,−10,−9, 1, 9, 10,

−1, 7, 8,−3, 5, 6,−5, 3, 4,−7, 1, 2,−9,−1, 0, 10,−3,−2, 8,−5,−4, 6,−7,

−6, 4,−9,−8, 2, 10,−10, 0, 8, 9,−2, 6, 7,−4, 4, 5,−6, 2, 3,−8).

3 On the Automorphism group

This section aims to study the full automorphism group (i.e. the group of all its
automorphisms) of an embedding of Archdeacon type. We first recall that also
the notions of embedding isomorphism and automorphism can be defined purely
combinatorially as follows (see Korzhik and Voss [16] page 61).

Definition 3.1 Let Π := (Γ, ρ) and Π′ := (Γ′, ρ′) be two combinatorial embeddings
of, respectively, Γ and Γ′. We say that Π is isomorphic to Π′ if there exists a graph
isomorphism σ : Γ→ Γ′ such that, for any (x, y) ∈ D(Γ), we have either

σ ◦ ρ(x, y) = ρ′ ◦ σ(x, y) (3.1)

or
σ ◦ ρ(x, y) = (ρ′)−1 ◦ σ(x, y). (3.2)

We also say, with abuse of notation, that σ is an embedding isomorphism between
Π and Π′. Moreover, if equation (3.1) holds, σ is said to be an orientation pre-
serving isomorphism while, if (3.2) holds, σ is said to be an orientation reversing
isomorphism.

Example 3.2 We consider again the embedding (K7, ρ) represented by Figure 1.
Due to the step (3) of its definition (see Example 2.2), ρ satisfies the following
property

ρ((z + x, z + y)) = (z + x, z + ρx(y)). (3.3)
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We denote by τz : Z7 → Z7 the map τz(x) := z + x, and, by abuse of notation, we
set τz(x, y) := (z + x, z + y). Then, property (3.3) can be written as

τz ◦ ρ(x, y) = ρ ◦ τz(x, y).

This means that, for any z ∈ Z7, the map τz is an orientation preserving automor-
phism of (K7, ρ).

Example 3.3 Let Π := (K7×3, ρ) and Π′ := (K7×3, ρ
′) be the Archdeacon embed-

dings defined in Example 2.6 starting from, respectively the arrays A2 and A3. We
denote by µ2 the map µ2(x) = 2x of Z21 which can be seen as a graph automorphism
of K7×3 if we ideintify its vertices with Z21.

Then, for any oriented edge (x, x+ a) ∈ D(K7×3), we have that

µ2 ◦ ρ(x, x+ a) = µ2(x, x+ ρ0(a)) = (2x, 2x+ 2ρ0(a)).

Since ρ′0(2a) = 2ρ0(a), this can be rewritten as

(2x, 2x+ ρ′0(2a)) = ρ′(2x, 2x+ 2a) = ρ′ ◦ µ2(x, x+ a)

implying that µ2 is an orientation preserving automorphism between the Aerchdeacon
embeddings Π and Π′.

Here, using the notation of [11], given an embedding Π, we denote by Aut(Π) the
group of all automorphisms of Π and by Aut+(Π) the group of the orientation pre-
serving automorphisms. Similarly, we denote by Aut0(Π) the subgroup of Aut(Π) of
the automorphisms that fix 0 and by Aut+0 (Π) the group of the orientation preserv-
ing automorphisms that fix 0. We remark that, since an orientable surface admits
exactly two orientations, Aut+(Π) (respectively, Aut+0 (Π)) is a normal subgroup of
Aut(Π) (respectively, Aut0(Π)) whose index is either 1 or 2. Also, as done in Exam-
ple 3.2, we denote by τg the translation by g, i.e. the map V (Γ) = Zv → V (Γ) = Zv
such that τg(x) = x + g. Then, when we consider a Zv-regular embedding Π of Γ,
we identify the vertex set of Γ with Zv and we assume that the translation action
is regular. Applying this convention, we have that τg ∈ Aut(Π) for any g ∈ Zv.
Moreover, in the case of the Archdeacon embedding, recalling equation (2.2), the
translations also belong to Aut+(Π).

Now we want to characterize some properties of the elements of Aut0(Π) inspired
by the work of Korzhik and Voss [16]. Indeed, in that paper, the authors provided
a very nice characterization of the automorphisms of a Zv-regular embedding of a
complete graph Kv. More precisely, in the proof of their Theorem 1, they implicitly
proved the following theorem.

Theorem 3.4 ([16]) Let Π be a Zv-regular embedding of Kv and let us assume that
all the translations belong to Aut+(Π). Then a permutation σ of Zv \ {0} belongs to
Aut0(Π) if and only if
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a) Set ρ0 = (x1, x2, . . . , xv−1) we have that either

(x1, x2, . . . , xv−1) = (σ(x1), σ(x2), . . . , σ(xv−1))

or
(x1, x2, . . . , xv−1) = (σ(xv−1), . . . , σ(x2), σ(x1))

where the equalities are considered as cycle equality.

b) The permutation σ is an automorphism of the additive group Zv.

Here we deal with the more complicated case of multipartite graphs Km×t (where
m = v/t) but Propositions 3.5 and 3.7 below adapt condition (a) of Theorem 3.4 and
Proposition 3.8, even though it is much weaker, should be read in the same spirit of
Theorem 3.4 (b).

First, we deal with the elements of Aut+0 : the following proposition was already
implicity proved in the proof of Proposition 3.3 of [11] but, for the sake of complete-
ness, we also write its proof here.

Proposition 3.5 Let Π be a Zv-regular embedding of Km×t (where m = v/t) and
let us assume that all the translations belong to Aut+(Π). Then, given σ ∈ Aut+0 (Π),
the following condition holds

σ|N(Km×t,0) = ρ`0 for some 1 ≤ ` ≤ (m− 1)t− 1.

Moreover, given σ1, σ2 ∈ Aut+0 (Π) such that σ1|N(Km×t,0) = σ2|N(Km×t,0), then
σ1 = σ2.

Proof. Because of the definition, σ ∈ Aut+0 (Π) implies that, for any x ∈ N(Km×t, 0)

σ ◦ ρ(0, x) = ρ ◦ σ(0, x).

Recalling that ρ(0, x) = (0, ρ0(x)) for a suitable map ρ0 : N(Km×t, 0)→ N(Km×t, 0),
we have that

(0, σ ◦ ρ0(x)) = σ ◦ ρ(0, x) = ρ ◦ σ(0, x) = (0, ρ0 ◦ σ(x)). (3.4)

Since |N(Km×t, 0)| = (m− 1)t, we can write ρ0 as the cycle (x1, x2, x3, . . . , x(m−1)t).
Then, setting σ(x1) = xi, equation ((3.4)) implies that

(0, σ(x2)) = (0, σ ◦ ρ0(x1)) = (0, ρ0 ◦ σ(x1)) = (0, ρ0(xi)) = (0, xi+1).

Therefore, we can prove, inductively, that

σ(xj) = xj+i−1

where the indices are considered modulo (m−1)t. This means that σ|N(Km×t,0) = ρi−1
0

and that σ is fixed in N(Km×t, 0) when the image of one element is given.
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Now we need to prove that, if two automorphisms σ1 and σ2 of Aut+0 (Π) coincide
in N(Km×t, 0), they coincide everywhere. Set σ1,2 = σ−1

2 ◦ σ1, this is equivalently to
proving that σ1,2 is the identity. Given x ∈ N(Km×t, 0) we have that σ1,2(x) = x and
hence σ1,2 belongs to the subgroup Aut+x (Π) of Aut+(Π) of the elements that fix x.
Proceeding with the elements of Aut+0 , we prove that σ1,2|N(Km×t,x) is fixed when the
image of one element is given. But now we note that 0 ∈ N(Km×t, x) and we have
that σ1,2(0) = 0. It follows that

σ1,2|N(Km×t,x) = id.

Since σ1 and σ2 coincide in N(Km×t, 0), we also have that

σ1,2|N(Km×t,0) = id.

Now the thesis follows because, for m ≥ 2,

V (Km×t) = N(Km×t, 0) ∪N(Km×t, x).

2

Example 3.6 We consider again the embedding Π = (K7, ρ) defined in Example 2.2
(see also Figure 1). Here we want to determine the group Aut+0 (Π). We recall that
ρ0 is the cyclic permutation of {1, 2, 3, 4, 5, 6} defined by (4, 6, 2, 3, 1, 5). We want to
prove that the map σ : Z7 → Z7 is an element of Aut+0 (Π) where

σ(x) :=

{
0 if x = 0,

ρ0(x) otherwise.

In this example it is more convenient to use the topological definition of graph em-
bedding: we need to verify that σ maps faces into faces. Since this map rotates
clockwise the neighbors of 0 and the faces are triangles, it maps faces through zero
into faces through zero. It is left to prove that it maps also the family of the faces
that do not contain zero, which we denote by Fnz, into itself. Here we have that

Fnz := {{6, 4, 3}, {6, 5, 3}, {4, 2, 1}, {4, 3, 1}, {4, 5, 2}, {5, 3, 2}, {5, 6, 1}, {6, 1, 2}}.

Applying σ we have

σ(Fnz) = {{2, 6, 1}, {2, 4, 1}, {6, 3, 5}, {6, 1, 5}, {6, 4, 3}, {4, 1, 3}, {4, 2, 5}, {2, 5, 3}}.

Since this set is still Fnz, we have that σ is an element of Aut0(Π). Moreover, since
it is a rotation around 0 it does not change the orientation and so σ ∈ Aut+0 (Π). But
then we also have that, for any ` ∈ {1, 2, . . . , 6}, σ` ∈ Aut+0 (Π). Finally, because of
Proposition 3.5, we obtain that

Aut+0 (Π) = {σ` : ` ∈ {1, 2, . . . , 6}}.

Now we prove a characterization, similar to that of Proposition 3.5, also for the
elements of Aut−0 (Π) := Aut0(Π) \ Aut+0 (Π).
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Proposition 3.7 Let Π be a Zv-regular embedding of Km×t (where m = v/t) and
let us assume that all the translations belong to Aut+(Π). Then, given σ ∈ Aut−0 (Π),
set ρ0 = (x1, x2, . . . , x(m−1)t), and reading the indices modulo (m− 1)t, the following
condition holds

σ(xj) = x`−j for some ` ∈ {1, . . . , (m− 1)t}.

Moreover, given σ1, σ2 ∈ Aut−0 (Π) such that σ1|N(Km×t,0) = σ2|N(Km×t,0), then
σ1 = σ2.

Proof. Because of the definition, σ ∈ Aut−0 (Π) implies that, for any x ∈ N(Km×t, 0),

σ ◦ ρ(0, x) = ρ−1 ◦ σ(0, x).

Recalling that ρ(0, x) = (0, ρ0(x)) for a suitable map ρ0 : N(Km×t, 0)→ N(Km×t, 0),
we have that

(0, σ ◦ ρ0(x)) = σ ◦ ρ(0, x) = ρ−1 ◦ σ(0, x) = (0, ρ−1
0 ◦ σ(x)). (3.5)

Since |N(Km×t, 0)| = (m− 1)t, we can write ρ0 as the cycle (x1, x2, x3, . . . , x(m−1)t).
Then, setting σ(x1) = xi, equation ((3.5)) implies that

(0, σ(x2)) = (0, σ ◦ ρ0(x1)) = (0, ρ−1
0 ◦ σ(x1)) = (0, ρ−1

0 (xi)) = (0, xi−1).

Therefore, we can prove, inductively, that

σ(xj) = x(i+1)−j

where the indices are considered modulo (m− 1)t.

Finally, proceeding as in the proof of Proposition 3.5, we obtain that, if two auto-
morphisms σ1 and σ2 of Aut−0 (Π) coincide in N(Km×t, 0), they coincide everywhere.
Here, in order to apply the arguments of the proof of Proposition 3.5, it suffices to
note that, because of equation (3.2), σ−2 ◦ σ1 ∈ Aut+0 (Π) 2

Proposition 3.8 Let A be a QHt(m,n;h, k) that admits two compatible orderings ωr
and ωc. Let Π be the Archdeacon embedding of K 2nk+t

t
×t defined by A (see Definition

2.5). Then, given σ ∈ Aut0(Π) and x ∈ E(A), the following condition holds

σ(x+ ωc(x))− σ(x) ∈

{
{ωc(σ(x)), ω−1

r (σ(x))} if σ(x) ∈ E(A),

{−ω−1
c (−σ(x)),−ωr(−σ(x))} if σ(x) ∈ −E(A).

(3.6)

In particular if we set, by convention, ωr(y) = −ωr(−y) and ωc(y) = −ωc(−y) when
y ∈ −E(A), also the following, weaker, condition is realized

σ(x+ ωc(x))− σ(x) ∈ {ωc(σ(x)), ω−1
r (σ(x)),−ω−1

c (−σ(x)),−ωr(−σ(x))}. (3.7)
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Proof. Given x ∈ E(A), one of the two faces that contain the edge (0, x) is, according
to equation (2.3), of the form

F1 := (0, x, x+ ωc(x), x+ ωc(x) + ω2
c (x), . . . ,−ω−1

c (x)).

Since σ ∈ Aut0(Π), it maps faces onto faces. Therefore the face σ(F1), that contains
the edge (0, σ(x)), is of the form

σ(F1) = (0, σ(x), σ(x+ ωc(x)), σ(x+ ωc(x) + ω2
c (x)), . . . , σ(−ω−1

c (x))).

We observe that, due to equations (2.3) and (2.4), the oriented edge (0, z) belongs
to exactly two faces among the following ones:

1) (0, z, z + ωc(z), z + ωc(z) + ω2
c (z), . . . ,−ω−1

c (z)), this face is obtained setting
x = 0 and a = z in equation (2.3),

2) (0, z, z+ω−1
r (z), . . . ,−ω2

r(z)−ωr(z),−ωr(z)), this face is obtained setting x = z
and a = −z in equation (2.4),

3) (0, z, z − ω−1
c (−z), . . . , ωc(−z) + ω2

c (−z), ωc(−z)), this face is obtained setting
x = z and a = −z in equation (2.3),

4) (0, z, z−ωr(−z), z−ωr(−z)−ω2
r(−z), . . . , ω−1

r (−z)), this face is obtained setting
x = 0 and a = z in equation (2.4),

according to whether z ∈ E(A) (cases 1 and 2) or z ∈ −E(A) (cases 3 and 4). It
follows that the difference σ(x+ ωc(x))− σ(x) belongs to the set

{ωc(σ(x)), ω−1
r (σ(x))} if σ(x) ∈ E(A)

and to the set

{−ω−1
c (−σ(x)),−ωr(−σ(x))} if σ(x) ∈ −E(A).

2

Given a p.f. array A, by skel(A) we denote the skeleton of A, that is the set of the
filled positions of A. Similarly, given the orderings ωr and ωc for the rows and the
columns of A, we denote with αr and αc the induced permutations on the skeleton.
We remark that ωr and ωc are compatible if and only if αr ◦ αc is a cycle of order
|E(A)|. In this case, we say, with abuse of notation, that αr and αc are compatible
orderings of skel(A). If the elements of ±E(A) are all distinct, given x ∈ ±E(A)
we define its position p(x) as the cell (i, j) such that ai,j = ±x; we also set, by
convention, p(x) to be ∞ whenever x 6∈ ±E(A). Using this notation we have that
αr ◦ p = p ◦ ωr and αc ◦ p = p ◦ ωc.

Now we want to estimate the probability that there exists an automorphism σ
that satisfies the conditions of Propositions 3.5 and 3.8 (or 3.7 and 3.8 when σ is an
orientation reversing automorphism) for a given value of `. Since this computation is
quite technical, we split it into the following three lemmas according to whether σ is
an orientation reversing or preserving automorphism and, in the latter case, according
to the value of `. Moreover, since we are more interested in the asymptotic behavior
of those estimations and since in our applications (see Sections 4 and 5) we always
have that h, k ≥ 3, we consider here QHt(m,n;h, k) such that h, k ≥ 3.
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Lemma 3.9 Let B be a set of cells of an m × n array that contains exactly h ≥ 3
cells in each row and exactly k ≥ 3 cells in each column and let us assume it admits
two compatible orderings αr and αc. Given Ω ⊂ Z2nk+t such that [±x | x ∈ Ω]

contains each element of Z2nk+t \ (2nk+t)
t

Z2nk+t exactly once, we consider the set A
of all the QHt(m,n;h, k), A, such that:

a) skel(A) = B,

b) E(A) = Ω.

Let us choose, uniformly at random, A ∈ A and let us denote by ωr and ωc the com-
patible orderings of A that correspond to αr and αc, by Π the Archdeacon embedding
of K 2nk+t

t
×t defined by A (see Definition 2.5), and by ρ the corresponding rotation.

Let us also, fix ` ∈ {1, . . . , 2nk − 1} such that ` 6= nk when nk is odd.
Then the probability that there exists σ ∈ Aut+0 (Π) such that σ|N(K 2nk+t

t ×t
,0) = ρ`0,

for a fixed t is O
(

1
(nk)2

)
.

Proof. We note that, if there exists an automorphism σ whose restriction to
N(K 2nk+t

t
×t, 0) is ρ`0, then σ2|N(K 2nk+t

t ×t
,0) = ρ2`

0 . Hence we have that

P(∃ σ ∈ Aut+0 (Π) : σ|N(K 2nk+t
t ×t

,0) = ρ`0) ≤ P(∃ σ ∈ Aut+0 (Π) : σ|N(K 2nk+t
t ×t

,0) = ρ2`
0 ).

Therefore, in the following, we can assume that ` is an even integer in {1, . . . , 2nk−1}
and that there exists an automorphism σ whose restriction to N(K 2nk+t

t
×t, 0) is ρ`0.

Then, according to condition (3.7) of Proposition 3.8, we must have that

σ(x+ ωc(x))− ρ`0(x) ∈ {ωc(ρ`0(x)), ω−1
r (ρ`0(x)),−ω−1

c (−ρ`0(x)),−ωr(−ρ`0(x))} (3.8)

whenever x ∈ E(A). We note that, when x + ωc(x) ∈ ±E(A), σ(x + ωc(x)) =
ρ`0(x+ωc(x)) and hence, for such x, the realization of relation (3.8) only depends on
the elements of A. Therefore we consider the following, weaker, condition

0 = 0 if x+ ωc(x) 6∈ ±E(A),

ρ`0(x+ ωc(x))− ρ`0(x) ∈ {ωc(ρ`0(x)), ω−1
r (ρ`0(x)),−ω−1

c (−ρ`0(x)),−ωr(−ρ`0(x))}
otherwise.

(3.9)
Clearly, the probability that condition (3.9) holds is greater than the probability that
condition (3.8) holds.

Now we assume, without loss of generality, that 1 ∈ E(A) and we want to provide
an upper bound on the probability that (3.9) holds. We begin by upper-bounding
the probability that (3.9) holds for x = 1. Here it will be more convenient to extend
again that event by considering the following three ones.

E1) 1 + ωc(1) 6∈ ±E(A) or 1 + ωc(1) is one of the following values

±{1, ωc(1)},
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E2) σ(1 + ωc(1)) is in one of the following positions

{p(1), αc(p(1)), p(ρ`0(1)), αc(p(ρ
`
0(1))), α−1

r (p(ρ`0(1))), α−1
c (p(ρ`0(1))), αr(p(ρ

`
0(1)))},

E3) this event is condition (3.8), i.e.

σ(1 + ωc(1))− ρ`0(1) ∈ {ωc(ρ`0(1)), ω−1
r (ρ`0(1)),−ω−1

c (−ρ`0(1)),−ωr(−ρ`0(1))}.

Using this notation, we want to bound the probability that E1 or E3 occur: here
the auxiliary event E2 has been introduced for convenience reasons. Indeed, we note
that

E1 ∪ E3 = E1 ∪ (E1 ∩ E3) ⊆ E1 ∪ (E1 ∩ E2) ∪ ((E1 ∩ E2) ∩ E3).

This implies that, if (3.9) holds for x = 1, then either E1 holds, or E1 does not
hold and E2 holds, or E1 and E2 do not hold and E3 does. Now we evaluate the
probability of each of these cases: their sum will provide an upper bound to the
probability that (3.9) holds.

1) Estimation of P(E1): We have |E(A)\{1}| = nk−1 possible choices for ωc(1)
and hence nk − 1 possible values for 1 + ωc(1). Among these values, at most
t+1 give elements of (Zv \(±E(A)))∪±{1, ωc(1)} since 1+ωc(1) 6∈ {0, 1, ωc(1)}.
Therefore

P(E1) ≤ t+ 1

nk − 1
.

2) Estimation of P(E2|E1): Since we are assuming E1, E2|E1 is equivalent to
require that p(ρ`0(1 + ωc(1))) is in

{p(1), αc(p(1)), p(ρ`0(1)), αc(p(ρ
`
0(1))), α−1

r (p(ρ`0(1))), α−1
c (p(ρ`0(1))), αr(p(ρ

`
0(1)))}.

Note that p(ρ`0(1 + ωc(1))) depends on the position of 1 + ωc(1). Indeed, due
to Definition 2.5, and since ` is even, we have that,

p(ρ`0(1 + ωc(1))) =

{
(αc ◦ αr)`/2(p(1 + ωc(1))) if 1 + ωc(1) ∈ E(A),

(αr ◦ αc)`/2(p(1 + ωc(1))) if 1 + ωc(1) ∈ −E(A).

Moreover, since 1 + ωc(1) 6∈ ±{1, ωc(1)}, the position of 1 + ωc(1) varies, uni-
formly at random among the other nk − 2 possible ones. This means that E2
is satisfied for at most 7 positions of 1 + ωc(1) while we have nk − 2 possible
choices for p(1 + ωc(1)). Therefore

P(E2|E1) ≤ 7

nk − 2
.

3) Estimation of P(E3|(E2,E1)): Since E2 does not hold, p(ρ`0(1 + ωc(1))) 6∈
{p(1), αc(p(1))}. In this case, since ` is even and because of Definition 2.5, ρ0

maps E(A) onto E(A) and −E(A) onto −E(A). Therefore, p(ρ`0(1 + ωc(1))) =
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p(1 + ωc(1)) would imply ρ`0(1 + ωc(1)) = 1 + ωc(1) that is not possible since
` 6= 0. It follows that p(ρ`0(1 + ωc(1))) 6= p(1 + ωc(1)).

Hence the value of ρ`0(1 + ωc(1)) varies uniformly at random among nk − 3
possible ones. Moreover, since E2 does not hold, we also have that p(ρ`0(1 +
ωc(1))) does not belong to

{p(ρ`0(1)), αc(p(ρ
`
0(1))), α−1

r (p(ρ`0(1))), α−1
c (p(ρ`0(1))), αr(p(ρ

`
0(1)))}.

Hence ρ`0(1 + ωc(1)) is independent from the values of

{ρ`0(1), ωc(ρ
`
0(1)), ω−1

r (ρ`0(1)),−ω−1
c (−ρ`0(1)),−ωr(−ρ`0(1))}.

Once these 5 values have been given, we have at most 4 values of ρ`0(1 + ωc(1))
that satisfy condition (3.9). Here we still have at least nk − 8 possible values
for ρ`0(1 + ωc(1)). Therefore

P(E3|(E2, E1)) ≤ 4

nk − 8
.

Summing up, the probability that

σ(1 + ωc(1))− ρ`0(1) ∈ {ωc(ρ`0(1)), ω−1
r (ρ`0(1)),−ω−1

c (−ρ`0(1)),−ωr(−ρ`0(1))}

is at most of c1
nk

for some constant c1 that does not depend on n and k.

Now we choose a position (i, j) ∈ B = skel(A) that does not belong to

{p(1), αc(p(1)), p(1 + ωc(1)), p(σ(1 + ωc(1))), p(ρ`0(1)), αc(p(ρ
`
0(1))),

α−1
r (p(ρ`0(1))), α−1

c (p(ρ`0(1))), αr(p(ρ
`
0(1)))}.

We name by x̄ the element in position (i, j). Since condition (3.9) must hold for
any x ∈ E(A), now we assume that it holds for x = 1 and we want to provide an
upper-bound to the probability that it is satisfied also by x = x̄. Here we proceed as
for x = 1. We consider three events defined in a similar way as the ones of the case
x = 1: we do not use exactly E1, E2, and E3 because we are assuming that (3.9)
holds for x = 1.

E1′) x̄+ ωc(x̄) 6∈ ±E(A) or x̄+ ωc(x̄) is one of the following values

±{x̄, ωc(x̄), 1, ωc(1), 1 + ωc(1), σ(1 + ωc(1)), ρ`0(1), ωc(ρ
`
0(1)),

ω−1
r (ρ`0(1)), ω−1

c (−ρ`0(1)), ωr(−ρ`0(1))},

E2′) σ(x̄ + ωc(x̄)) is in one of the following positions (that are the ones involved in
the events E1, E2, and E3)

{p(1), αc(p(1)), p(1 + ωc(1)), p(σ(1 + ωc(1))), αc(p(ρ
`
0(1))),

α−1
r (p(ρ`0(1))), α−1

c (p(ρ`0(1))), αr(p(ρ
`
0(1)))}

or in one of the following ones (that depend on p(x̄))

{p(x̄), αc(p(x̄)), p(ρ`0(x̄)), αc(p(ρ
`
0(x̄))), α−1

r (p(ρ`0(x̄))), α−1
c (p(ρ`0(x̄))), αr(p(ρ

`
0(x̄)))},
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E3′) this event is condition (3.8), i.e.

σ(x̄+ ωc(x̄))− ρ`0(x̄) ∈ {ωc(ρ`0(x̄)), ω−1
r (ρ`0(x̄)),−ω−1

c (−ρ`0(x̄)),−ωr(−ρ`0(x̄))}.

We observe that (3.9) holds for x = x̄, then either E1′ holds, or E1′ does not hold
and E2′ holds, or E1′ and E2′ do not hold and E3′ does. Here, reasoning as in the
case x = 1, we obtain that the sum of these probabilities is at most of c2

nk
for some

constant c2 that does not depend on n and k.

Since (3.9) must hold both for x = 1 and for x = x̄, the probability that there
exists an automorphism σ whose restriction to N(K 2nk+t

t
×t, 0) coincides with ρ`0 is,

considering t fixed, O
(

1
(nk)2

)
. 2

Lemma 3.10 Let B be a set of cells of an m× n array that contains exactly h ≥ 3
cells in each row and exactly k ≥ 3 cells in each column and let us assume it admits
two compatible orderings αr and αc. Given Ω ⊂ Z2nk+t such that [±x | x ∈ Ω]

contains each element of Z2nk+t \ (2nk+t)
t

Z2nk+t exactly once, we consider the set A
of all the QHt(m,n;h, k), A, such that:

a) skel(A) = B,

b) E(A) = Ω.

Let us choose, uniformly at random, A ∈ A and let us denote by ωr and ωc the com-
patible orderings of A that correspond to αr and αc, by Π the Archdeacon embedding
of K 2nk+t

t
×t defined by A (see Definition 2.5), and by ρ the corresponding rotation.

Then the probability that there exists σ ∈ Aut+0 (Π) such that σ|N(K 2nk+t
t ×t

,0) = ρnk0 ,

is, considering t fixed, O
(

1
(nk)2

)
.

Proof. Because of Lemma 3.10, we can assume nk to be odd. In this case ρnk0

interchanges E(A) with −E(A) and vice versa. More precisely, due to Definition 2.5,
we have that

ρnk0 (z) =

{
−ωc ◦ (ωr ◦ ωc)(nk−1)/2(z) if z ∈ E(A),

ωr ◦ (ωc ◦ ωr)(nk−1)/2(−z) if z ∈ −E(A).
(3.10)

Here we consider the set of the positions P of B defined by

P := {(i, j) ∈ B : αc ◦ (αr ◦ αc)(nk−1)/2(i, j) = (i, j)}.

If we take z ∈ E(A), then, because of equation (3.10), we have that p(z) = p(ρnk0 (z))
implies p(z) ∈ P . On the other hand, if z belongs to −E(A) and p(z) = p(ρnk0 (z)),
since ρnk0 interchanges E(A) with −E(A), it follows that −z = ρnk0 (z). Here, since ρ0

has order 2nk, ρnk0 is an involution. Therefore we also have that z = ρnk0 (−z) and,
since −z ∈ E(A), that

p(z) = p(ρnk0 (−z)) = αc ◦ (αr ◦ αc)(nk−1)/2(p(−z)) = αc ◦ (αr ◦ αc)(nk−1)/2(p(z)).
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This means that p(z) = p(ρnk0 (z)) implies, for any z ∈ ±E(A), that p(z) ∈ P .

Now we divide the proof of this Lemma into two cases according to the cardinality
of P .

CASE 1: |P| < 10. Here we proceed as in the proof of Lemma 3.9. We just modify
the events E2 and E2′ as follows:

1) in the event E2 we also allow the possibility that 1 + ωc(1) ∈ P ,

2) similarly, also in the event E2′, we add the possibility that x+ ωc(x) ∈ P .

Here, the estimation of P(E1) can be done in exactly the same way as Lemma 3.9.

We also note that the new event E2 is satisfied by at most other 9 positions of
1 + ωc(1). Hence we obtain the following upper-bound

P(E2|E1) ≤ 16

nk − 2
.

Then, during the estimation of P(E3|E2, E1), we can assume 1 + ωc(1) 6∈ P that
implies

p(ρnk0 (1 + ωc(1))) 6= p(1 + ωc(1)).

Therefore we obtain the same upper-bound of Lemma 3.9 for P(E3|E2, E1).

Since these arguments work also for the estimation of P(E2′|E1′) and P(E3′|E2′,E1′),
we obtain that, if |P| < 10, the probability that there exists σ ∈ Aut+0 (Π) such that

σ|N(K 2nk+t
t ×t

,0) = ρnk0 , is, considering t fixed, O
(

1
(nk)2

)
.

CASE 2: |P| ≥ 10. In this case we consider the set of the positions B of B such
that

B := {(i, j) ∈ B : αc ◦ (αr ◦ αc)(nk−1)/2(i, j) 6= αc(i, j)}.
We claim that P ⊆ B.

Here, since k ≥ 3 > 2, we have that (i, j) 6= αc(i, j). Therefore any (i, j) ∈ P is such
that

αc ◦ (αr ◦ αc)(nk−1)/2(i, j) = (i, j) 6= αc(i, j)

that is (i, j) ∈ B and hence P ⊆ B.

This means that |B| ≥ |P| ≥ 10. Now we proceed as in the proof of Lemma 3.10
with the following changes:

1) it is not restrictive, in this estimation, to assume that 1 ∈ B,
2) in the event E3 we consider condition (3.6) of Proposition 3.8 instead of (3.7).

Since ρnk0 interchanges E(A) and −E(A), the event E3 is here

σ(1 + ωc(1))− ρnk0 (1) ∈ {−ω−1
c (−ρnk0 (1)),−ωr(−ρnk0 (1))},

3) since |B| ≥ 10, x can be chosen in B,
4) we consider, also in the event E3′, condition (3.6) of Proposition 3.8 instead of

(3.7).
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Here we have that the same estimations of Lemma 3.9 for P(E1) and P(E2|E1) still
hold. For the event (E3|E2, E1), instead, we provide the following upper-bound.

3) Estimation of P(E3|E2,E1): In this case we can assume that p(ρnk0 (1 +
ωc(1))) = p(1 + ωc(1)), otherwise we can apply the same argument of Lemma
3.9. Since ρnk0 interchanges E(A) and −E(A), we have that ρnk0 (1 + ωc(1)) =
−1− ωc(1) and hence condition (3.6) of Proposition 3.8 becomes

−1− ωc(1)− ρnk0 (1) ∈ {−ω−1
c (−ρnk0 (1)),−ωr(−ρnk0 (1))}. (3.11)

Here we note that, since we are assuming h, k ≥ 3, we have that ωc(1) 6= ω−1
c (1)

and ωc(1) 6= ωr(1). It follows that, when p(ρnk0 (1)) = p(1), (3.11) can not be
satisfied. Indeed, in this case we would have that ρnk0 (1) = −1 and condition
(3.11) becomes

ωc(1) ∈ {ω−1
c (1), ωr(1)}.

Hence we can assume that p(ρnk0 (1)) 6= p(1). Furthermore, since 1 ∈ B, we also
have that p(ρnk0 (1)) 6= αc(p(1)).

Therefore, we can assume p(ρnk0 (1)) 6∈ {p(1), αc(p(1))} and, since E2 does not
hold, we also have that p(ρnk0 (1)) 6= p(ρnk0 (1 + ωc(1))). This implies that the
value of ρnk0 (1) varies, uniformly at random, among

−E(A) \ ±{1, ωc(1), 1 + ωc(1)}.

Moreover, since h, k ≥ 3 > 2, we also have that

p(ρnk0 (1)) 6∈ {α−1
c (p(ρnk0 (1))), αr(p(ρ

nk
0 (1)))}.

Hence ρnk0 (1) is independent from the values of

{−ω−1
c (−ρnk0 (1)),−ωr(−ρnk0 (1))}.

Once these two values have been given, we have at most 2 values of ρnk0 (1) that
satisfy condition (3.9). Here we still have at least nk − 5 possible values for
ρnk0 (1). Therefore

P(E3|(E2, E1)) ≤ 2

nk − 5
.

Since the same arguments work also for the estimation of P(E3′|E2′, E1′), we obtain
that, also when |P| ≥ 10, the probability that there exists σ ∈ Aut+0 (Π) such that

σ|N(K 2nk+t
t ×t

,0) = ρnk0 , is, considering t fixed, O
(

1
(nk)2

)
. 2

Let A be a quasi Heffter array that admits compatible orderings ωr and ωc, and let us
consider the associated rotation ρ0 = (x1, . . . , x2nk). Since ρ0 is a cyclic permutation,
we can assume that p(x1) is minimal, with respect to the lexicographic order, among
the positions of skel(A) and that x1 ∈ E(A). Then, because of Proposition 3.7, the
elements of Aut−0 can be expressed on N(K (2nk+t)

t
×t, 0) as a function of the map ρ0

(and of a suitable integer `) and these elements are involutions. Hence we can adapt
the proof of Lemma 3.10 to obtain the following statement.
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Lemma 3.11 Let B be a set of cells of an m× n array that contains exactly h ≥ 3
cells in each row and exactly k ≥ 3 cells in each column and let us assume it admits
two compatible orderings αr and αc. Given Ω ⊂ Z2nk+t such that [±x | x ∈ Ω]

contains each element of Z2nk+t \ (2nk+t)
t

Z2nk+t exactly once, we consider the set A
of all the QHt(m,n;h, k), A, such that:

a) skel(A) = B,

b) E(A) = Ω.

Let us choose, uniformly at random, A ∈ A and let us denote by ωr and ωc the
compatible orderings of A that correspond to αr and αc, by Π the Archdeacon em-
bedding of K 2nk+t

t
×t defined by A (see Definition 2.5), and by ρ the corresponding

rotation. We also set ρ0 = (x1, x2, . . . , x2nk) where p(x1) is minimal, with respect to
the lexicographic order, among the positions of B and x1 ∈ Ω.

Then, for a fixed ` ∈ {1, . . . , 2nk}, the probability that there exists σ ∈ Aut−0 (Π)

such that σ(xi) = x`−i, is, considering t fixed, O
(

1
(nk)2

)
.

Proof. We divide the proof into two cases according to the parity of `.

CASE 1: ` is even. Here σ is an involution that maps E(A) in E(A) and −E(A) in
−E(A). Therefore p(σ(xi)) = p(xi) implies xi = σ(xi) = x`−i and 2i ≡ ` (mod 2nk)
that is i ∈ {`/2, nk + `/2}. Hence, if we consider the set P defined by

P := {p(x`/2), p(xnk+`/2)},

we have that p(σ(z)) = p(z) implies p(z) ∈ P whenever z ∈ ±E(A). Note that,
since the position of x1 has been fixed and because of Definition 2.5, however we
take i ∈ {1, . . . , 2nk}, the position of xi only depends on B, αr and αc. It follows
that the set P is well defined once B, αr and αc are given. This means that, since
|P| = 2 < 10, we can proceed as in the proof of CASE 1 of Lemma 3.10.

CASE 2: ` is odd. In this case σ is an involution that interchanges E(A) and
−E(A). Here, we consider the set P defined by

P := {p(xi) : i ∈ {1, . . . , 2nk} and xi = −σ(xi) = −x`−i}.

Note that the set of pairs (i, j) such that xi = −xj are those for which p(xi) = p(xj)
and i 6= j. Since the position of x1 has been fixed, and because of Definition 2.5,
this set of pairs (and the positions of the corresponding xi and xj) is well defined
once we know B, αr and αc. This means that also P is well defined when B, αr and
αc are given. Therefore we can proceed, exactly as in the proof of Lemma 3.10, by
considering two cases according to the cardinality of P .

In all cases, we obtain that the probability that there exists σ ∈ Aut−0 (Π) such that

σ(xi) = x`−i, is, considering t fixed, O
(

1
(nk)2

)
. 2
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Theorem 3.12 Let B be a set of cells of an m×n array that contains exactly h ≥ 3
cells in each row and exactly k ≥ 3 cells in each column and let us assume it admits
two compatible orderings αr and αc. Given Ω ⊂ Z2nk+t such that [±x | x ∈ Ω]

contains each element of Z2nk+t \ (2nk+t)
t

Z2nk+t exactly once, we consider the set A
of all the QHt(m,n;h, k), A, such that:

a) skel(A) = B,

b) E(A) = Ω.

Let us choose, uniformly at random, A ∈ A, let us denote by ωr and ωc the compatible
orderings of A that correspond to αr and αc, and by Π the Archdeacon embedding of
K 2nk+t

t
×t defined by A (see Definition 2.5).

Then the probability that there exists σ ∈ Aut(Π) that is not a translation (i.e.
that Aut(Π) 6= Z2nk+t) is, considering t fixed, O

(
1
nk

)
.

Proof. We note that the existence of σ ∈ Aut(Π) that is not a translation is equivalent
to the existence of σ ∈ Aut0(Π) different from the identity. So we will show that the
probability that there exists σ ∈ Aut0(Π) different from the identity is, considering
t fixed, O

(
1
nk

)
.

For this purpose, first, we evaluate the expected value E(X) of the random variable
X given by the cardinality of Aut+0 (Π) \ {id}.
Here we denote by ρ the rotation corresponding to the embedding Π. Due to Propo-
sition 3.5, for each such automorphism σ there is 1 ≤ ` ≤ 2nk − 1 such that
σ|N(K 2nk+t

t ×t
,0) = ρ`0. Therefore, because of the linearity of the expected value

E(X) =
2nk−1∑
`=1

E(|{σ ∈ Aut+0 (Π) : σ|N(K 2nk+t
t ×t

,0) = ρ`0}|).

Moreover, again due to Proposition 3.5, we have that, for each ` ∈ {1, . . . , 2nk− 1},
there exists at most one automorphism σ such that σ|N(K 2nk+t

t ×t
,0) = ρ`0. Therefore

E(|{σ ∈ Aut+0 (Π) : σ|N(K 2nk+t
t ×t

,0) = ρ`0}|) = P(∃ σ ∈ Aut+0 (Π) : σ|N(K 2nk+t
t ×t

,0) = ρ`0).

Due to Lemmas 3.9 and 3.10, we have that, considering t fixed, there exists a constant
c such that

P(∃ σ ∈ Aut+0 (Π) : σ|N(K 2nk+t
t ×t

,0) = ρ`0) ≤ c

(nk)2
= O

(
1

(nk)2

)
.

Summing up, we have that

E(X) ≤ (2nk − 1)c

(nk)2
≤ c′

nk
= O

(
1

nk

)
for some constant c′ independent from n and k.
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Similarly, denoted by E(Y ) the expected value of the random variable Y given by
the number of automorphisms in Aut−0 (Π), as a consequence of Lemma 3.11 and
considering t fixed, we have that there exists a constant c′′ independent from n and
k such that

E(X) + E(Y ) = E(X + Y ) ≤ c̄′′

nk
= O

(
1

nk

)
.

Since
P(Aut0(Π) 6= {id}) ≤ E(X + Y )

it follows that also P(Aut0(Π) 6= {id}) ≤ c̄′′

nk
= O

(
1
nk

)
. 2

Now we prove that a similar theorem holds also if we consider non-zero Heffter
arrays instead of quasi-Heffter ones. First, we need to prove that, asymptotically in
h and k, almost all the QH are actually NH.

Lemma 3.13 Let B be a set of cells of an m× n array that contains exactly h ≥ 3
cells in each row and exactly k ≥ 3 cells in each column. Given Ω ⊂ Z2nk+t such
that [±x | x ∈ Ω] contains each element of Z2nk+t \ (2nk+t)

t
Z2nk+t exactly once, we

consider the set A of all the QHt(m,n;h, k), A, such that:

a) skel(A) = B,

b) E(A) = Ω.

Let us choose, uniformly at random, A ∈ A, then the probability that A is an
NHt(m,n;h, k) is at least

1−
(

m

mh− (h− 1)
+

n

nk − (k − 1)

)
= 1−O

(
1

k

)
−O

(
1

h

)
.

Here we observe that, since h, k ≥ 3, then 0 < 1−
(

m
mh−(h−1)

+ n
nk−(k−1)

)
.

Proof. We denote by E1 the event that the array A is an NHt(m,n;h, k). Due to
the proof of Theorem 4.2 of [7] we have that, if we choose uniformly at random an
element of A, then the expected value of the variable X defined by the number of
rows and columns that sum to zero is

E(X) ≤
(

m

mh− (h− 1)
+

n

nk − (k − 1)

)
.

Since P(E1) ≥ 1− E(X) we have that

P(E1) ≥ 1−
(

m

mh− (h− 1)
+

n

nk − (k − 1)

)
= 1−O

(
1

k

)
−O

(
1

h

)
.

2

Theorem 3.14 Let B be a set of cells of an m×n array that contains exactly h ≥ 3
cells in each row and exactly k ≥ 3 cells in each column and let us assume it admits
two compatible orderings αr and αc. Given Ω ⊂ Z2nk+t such that [±x | x ∈ Ω]

contains each element of Z2nk+t \ (2nk+t)
t

Z2nk+t exactly once, we consider the set D
of all the NHt(m,n;h, k), D, such that:
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a) skel(D) = B,

b) E(D) = Ω.

Let us choose, uniformly at random, D ∈ D, let us denote by ωr and ωc the compatible
orderings of D that correspond to αr and αc, and by Π the Archdeacon embedding of
K 2nk+t

t
×t defined by D (see Definition 2.5).

Then the probability that there exists σ ∈ Aut(Π) that is not a translation (i.e.
that Aut(Π) 6= Z2nk+t) is, considering t fixed,

O

(
1

nk

)
.

Proof. We consider here the set A of the quasi-Heffter arrays defined, as in Theorem
3.12, on the same skeleton B and on the same support Ω of D. To evaluate the
required probability we define the following events:

E1) Given A ∈ A, A also belongs to D,

E2) Given A ∈ A there exists σ ∈ Aut(Π) that is not a translation.

Due to Lemma 3.13 we have that

P(E1) ≥ 1−
(

m

mh− (h− 1)
+

n

nk − (k − 1)

)
= 1−O

(
1

k

)
−O

(
1

h

)
.

Here we recall that, since h, k ≥ 3, then 0 < 1−
(

m
mh−(h−1)

+ n
nk−(k−1)

)
.

Moreover, because of Theorem 3.12, we have that, considering t fixed,

P(E2) = O

(
1

nk

)
.

Using these notations the probability we need is P(E2|E1) and hence

P(E2|E1) =
P(E2 ∩ E1)

P(E1)
≤ P(E2)

P(E1)
=

O
(

1
nk

)
1−O

(
1
k

)
−O

(
1
h

) = O

(
1

nk

)
.

Here the last equality holds because of the positivity of 1 −
(

m
mh−(h−1)

+ n
nk−(k−1)

)
.
2

4 Crazy Knight’s Tour Problem

Looking for compatible orderings for Heffter array leads us to consider the following
problem introduced in [5] (see also Remark 5.5 of [19]). Given an m × n p.f. array
A, by ri we denote the orientation of the i-th row, precisely ri = 1 if it is from left
to right and ri = −1 if it is from right to left. Analogously, for the j-th column,
if its orientation cj is from top to bottom then cj = 1 otherwise cj = −1. Assume
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that an orientation R = (r1, . . . , rm) and C = (c1, . . . , cn) is fixed. Given an ini-
tial filled cell (i1, j1) consider the sequence LR,C(i1, j1) = ((i1, j1), (i2, j2), . . . , (i`, j`),
(i`+1, j`+1), . . .) where j`+1 is the column index of the filled cell (i`, j`+1) of the row
Ri` next to (i`, j`) in the orientation ri` , and where i`+1 is the row index of the filled
cell of the column Cj`+1

next to (i`, j`+1) in the orientation cj`+1
.

The problem proposed in [5] is the following.

Crazy Knight’s Tour Problem. Given a p.f. array A, do there exist R and C
such that the list LR,C covers all the filled cells of A?

The Crazy Knight’s Tour Problem for a given array A is denoted by P (A). Also,
given a filled cell (i, j), if LR,C(i, j) covers all the filled positions of A we say that
(R, C) is a solution of P (A). The relationship between the Crazy Knight’s Tour
Problem and quasi-Heffter arrays is explained by the following result, see [5, 10].

Theorem 4.1 Let A be a QHt(m,n;h, k) such that P (A) admits a solution (R, C).
Then there exists a cellular biembedding ψ of K 2nk+t

t
×t, such that every edge is on a

face whose boundary length is a multiple of h and on a face whose boundary length
is a multiple of k.

Moreover, setting v = 2nk + t, ψ is Zv-regular.

Remark 4.2 If A is a QHt(m,n;h, k) such that P (A) admits a solution (R, C), then
A also admits two compatible orderings ωc and ωr that can be determined as follows.
We first define the natural ordering of a row (column) of A as the ordering from left
to right (from top to bottom). Then, for each row R (column C), we consider ωR
to be the natural ordering if ri = 1 (respectively ci = 1) and its inverse otherwise.
As usual we set ωr = ωR1 ◦ · · · ◦ ωRm and ωc = ωC1 ◦ · · · ◦ ωCn and, since (R, C)
is a solution, ωr and ωc are compatibile. Moreover, the embedding obtained using
(R, C) via Theorem 4.1 is exactly the Archdeacon embedding of K 2nk+t

t
×t defined by

Definition 2.5.

Now, to present the results of this section we need some other definitions and
notations. Given an n×n p.f. array A, for i ∈ {1, . . . , n} we define the i-th diagonal
of A as follows

Di = {(i, 1), (i+ 1, 2), . . . , (i− 1, n)}.

Here all the arithmetic on the row and column indices is performed modulo n, where
{1, 2, . . . , n} is the set of reduced residues. The diagonals Di+1, Di+2, . . . , Di+k are
called k consecutive diagonals.

Definition 4.3 Let n, k be integers such that n ≥ k ≥ 1. An n × n p.f. array A is
said to be:

1) k-diagonal if the non-empty cells of A are exactly those of k diagonals,

2) cyclically k-diagonal if the non-empty cells of A are exactly those of k consec-
utive diagonals.

We recall the following results about solutions of P (A).
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Proposition 4.4 ([5]) Given a cyclically k-diagonal QHt(n; k), A, there exists a
solution (R, C) of P (A) in the following cases:

1) if nk is odd, n ≥ k ≥ 3, and gcd(n, k − 1) = 1,

2) if nk is odd, n ≥ k, and 3 < k < 200,

3) if nk is odd, n ≥ k ≥ 3, and n ≥ (k − 2)(k − 1).

In all these cases A also admits a pair of compatible orderings.

Remark 4.5 Let n and k be positive integers that satisfy one of the conditions of
Proposition 4.4 and let us assume exists a QHt(n; k). Then we must have t 6≡ 0
(mod 4). Indeed nk is odd and, for definition, t|2nk.

We note that, if we fix the set B of cells that belong to k diagonals inside an
n × n array and a set Ω of nk distinct elements, we have (nk)! ways to fill B with
the elements of Ω. Hence we obtain the following corollary.

Corollary 4.6 Let t 6≡ 0 (mod 4) be a fixed positive integer and let n and k be as
in Proposition 4.4 and such that t|2nk and let B be a set of cells of an n× n array
defined by the diagonals D1∪D2∪ . . .∪Dk. Given Ω ⊂ Z2nk+t such that [±x | x ∈ Ω]

contains each element of Z2nk+t \ (2nk+t)
t

Z2nk+t exactly once, we consider the family
F of all the QHt(n; k), A, such that:

a) skel(A) = B,

b) E(A) = Ω,

c) the embedding obtained using (R, C) via Theorem 4.1 has Z2nk+t as its full
automorphism group.

Then

|F| =
(

1−O
(

1

nk

))
(nk)!

Moreover, it follows from Lemma 3.13 and Theorem 3.14, that:

Corollary 4.7 Let t 6≡ 0 (mod 4) be a fixed positive integer and let n and k be as
in Proposition 4.4 and such that t|2nk and let B be a set of cells of an n× n array
defined by the diagonals D1∪D2∪ . . .∪Dk. Given Ω ⊂ Z2nk+t such that [±x | x ∈ Ω]

contains each element of Z2nk+t \ (2nk+t)
t

Z2nk+t exactly once, we consider the family
F of all the NHt(n; k), A, such that:

a) skel(A) = B,

b) E(A) = Ω,

c) the embedding obtained using (R, C) via Theorem 4.1 has Z2nk+t as its full
automorphism group.

Then the cardinality of F is at least(
1−

(
2n

nk − (k − 1)

))(
1−O

(
1

nk

))
(nk)! =

(
1−O

(
1

k

))(
1−O

(
1

nk

))
(nk)!

where the term
(
1−O

(
1
k

))
is strictly positive for any k ≥ 3.
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Note that we do not know, a priori, that the embeddings here defined are distinct.
In the following, we will prove that these embeddings are indeed different from each
other. Because of Proposition 2.16 of [11], we have that:

Proposition 4.8 Let A and B be QHt(m,n;h, k) such that E(A) = E(B). Assume
that both A and B admit compatible orderings and denote them, respectively, by
(ωAr , ω

A
c ) and by (ωBr , ω

B
c ). Then (ωAr , ω

A
c ) and (ωBr , ω

B
c ) determine (via Theorem

2.5) the same embedding of K 2nk+t
t
×t if and only if ωAr = ωBr and ωAc = ωBc .

Proposition 4.9 Let A and B be cyclically k-diagonals QHt(n; k) such that E(A) =
E(B), skel(A) = skel(B) = D1 ∪D2 ∪ . . . ∪Dk, and n > k. Assume that both P (A)
and P (B) admit solutions denoted, respectively, by (RA, CA) and by (RB, CB) where
RA = RB = (1, . . . , 1), CA = (cA1 , . . . , c

A
n ) and CB = (cB1 , . . . , c

B
n ).

Then (RA, CA) and (RB, CB) determine (via Theorem 2.5 or, equivalently, Theo-
rem 4.1) the same embedding of K 2nk+t

t
×t if and only if there exists ` ∈ {0, . . . , n−1}

such that:

a) denoted by ai,j (respectively bi,j) the element in position (i, j) of A (respectively
B), we have ai,j = bi+`,j+`,

b) cAi = cBi+`,

where, in both conditions, the indices are considered modulo n.

Proof. Let us assume that conditions a and b hold for some ` ∈ {0, . . . , n−1}. Then,
denoted by ωAr and ωAc the compatible orderings of A induced by (RA, CA) and by ωBr
and ωBc the compatible orderings of B induced by (RB, CB), we have that ωAr = ωBr
and ωAc = ωBc . Therefore, due to Proposition 4.8, (RA, CA) and (RB, CB) determine
(via Theorem 2.5) the same embeddings of K 2nk+t

t
×t.

In the following we will assume that (RA, CA) and (RB, CB) determine (via Theorem
4.1) the same embeddings of K 2nk+t

t
×t, and we need to prove that conditions a and

b hold true. Since E(A) = E(B), we can assume, without loss of generality that
1 ∈ E(A) = E(B). Moreover, up to a translation of the elements of A (i.e. considering
the array A′ defined by a′i,j = ai−p,j−p for some p ∈ {0, . . . , n − 1}, where the index
are taken modulo n) and of B, we can assume that 1 is in the first column in both
A and B, that is 1 = ai,1 = bi′,1.

Now we prove, inductively, that E(CA
j ) = E(CB

j ) for any j ∈ {1, . . . , n}.
BASE STEP: We note that

E(CA
1 ) = {1, ωAc (1), (ωAc )2(1), . . . , (ωAc )k−1(1)}

and
E(CB

1 ) = {1, ωBc (1), (ωBc )2(1), . . . , (ωBc )k−1(1)}.

Due to Proposition 4.8, we also have that ωAc = ωBc and hence E(CA
1 ) = E(CB

1 ).
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INDUCTIVE STEP: Here we assume that E(CA
j ) = E(CB

j ) for any j ∈ {1, . . . ,m}
and we prove that E(CA

m+1) = E(CB
m+1) where m+ 1 ≤ n. We note that, since P (A)

and P (B) admit solutions, due to Corollary 2.8 of [5], k is odd and it must be at
least 3 since when k = 1 the maps ωAr , ωAc , ωBr , ωBc all coincide all with the identity
and can not define compatible orderings. Since E(CA

m) = E(CB
m) and k ≥ 3, there

is x̄ ∈ E(CA
m) = E(CB

m) such that x̄ 6∈ {am,m, bm,m} and hence x̄ is not in position
(m,m) in both the arrays A and B. Since RA = (1, . . . , 1) = RB, we have that
ωAr (x̄) ∈ E(CA

m+1) and ωBr (x̄) ∈ E(CB
m+1). Moreover, because of Proposition 4.8, we

also have that ωAr = ωBr and hence ωAr (x̄) = ωBr (x̄) = ȳ ∈ E(CA
m+1) ∩ E(CB

m+1).

Here we note that

E(CA
m+1) = {ȳ, ωAc (ȳ), (ωAc )2(ȳ), . . . , (ωAc )k−1(ȳ)}

and
E(CB

m+1) = {ȳ, ωBc (ȳ), (ωBc )2(ȳ), . . . , (ωBc )k−1(ȳ)}.
Due again to Proposition 4.8, we also have that ωAc = ωBc and hence E(CA

m+1) =
E(CB

m+1).

It follows that E(CA
j ) = E(CB

j ) for any j ∈ {1, . . . , n}.
Now we consider z̄ ∈ E(A) = E(B). Since the columns of A and B, considered
as sets of elements coincide, we must have that z̄ = ai,j and z̄ = bi′,j for some
i, i′, j ∈ {1, . . . , n}. We note that

E(RA
i ) = {z̄, ωAr (z̄), (ωAr )2(z̄), . . . , (ωAc )k−1(z̄)}

and
E(RB

i′ ) = {z̄, ωBc (z̄), (ωBc )2(z̄), . . . , (ωBc )k−1(z̄)}.
However, due to Proposition 4.8, we have that ωAr = ωBr and hence E(RA

i ) = E(RB
i′ ).

Since E(CA
j ) = E(CB

j ) for any j ∈ {1, . . . , n} and every elements of E(A) and E(B)
appears only once in A and B, this is possible only if RA

i and RB
i′ intersect the same

columns, that means i = i′. Due to the arbitrariness of z̄ we have proved that,
assuming 1 belongs to the first column of both A and B and that (RA, CA) and
(RB, CB) determine (via Theorem 4.1) the same embeddings of K 2nk+t

t
×t, the array

A must be equal to the array B. Moreover, it follows from Proposition 4.8 that
ωAc = ωBc and hence, under the same assumptions, cAi = cBi .

Equivalently we have that conditions a and b hold assuming that (RA, CA) and
(RB, CB) determine (via Theorem 4.1) the same embedding of K 2nk+t

t
×t. 2

We remark that the solutions (RA, CA) of the problems P (A) listed in Proposition
4.4, have all RA = (1, . . . , 1). As usual, we set CA = (cA1 , . . . , c

A
n ). Then the solutions

at points 1 and 3 of Proposition 4.4 (and the ones at point 2 when n is big enough)
are such that there is no ` 6= 0 for which cAi = cAi+` for all i ∈ {1, . . . , n} where
the sum is considered modulo n. We also remark that, here, we are interested in
asymptotic estimation and, when 3 < k < 200, requiring that n is big enough is
equivalent to requiring that nk is big enough.
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Therefore, applying Proposition 4.9 to the Corollaries 4.6 and 4.7, we obtain the
following:

Corollary 4.10 Let t 6≡ 0 (mod 4) be a fixed positive integer and let n and k < n be
as in Proposition 4.4 and such that t|2nk. Then the number of distinct biembeddings
Π of K 2nk+t

t
×t such that:

a) Aut(Π) = Z2nk+t,

b) the faces determined by Π have lengths multiples of k,

is at least (
1−O

(
1

nk

))
(nk)!

Corollary 4.11 Let t 6≡ 0 (mod 4) be a fixed positive integer and let n and k < n be
as in Proposition 4.4 and such that t|2nk. Then the number of distinct biembeddings
Π of K 2nk+t

t
×t such that:

a) Aut(Π) = Z2nk+t,

b) the faces determined by Π have lengths multiples of k strictly greater than k,

is at least(
1−

(
2n

nk − (k − 1)

))(
1−O

(
1

nk

))
(nk)! =

(
1−O

(
1

k

))(
1−O

(
1

nk

))
(nk)!

where the term
(
1−O

(
1
k

))
is strictly positive for any k ≥ 3.

Moreover, if v = 2nk + t is a prime (that can occur only if t = 1), all these
biembeddings of Kv are kv-gonal.

5 Non-isomorphic embeddings

The goal of this section is to determine a lower bound on the number of non-
isomorphic Archdeacon embeddings of K 2nk+t

t
×t. Following the procedure of [11],

it is possible to provide a first bound that involves the cardinality of Aut+0 . Even
though we will then improve this result, we believe it is interesting to explicitly report
it since this has been the starting point of the present investigation. We will first
recall, without proving, Proposition 3.4 of [11] and then we will state some bounds as
its consequences. In the second part of this section, we will provide an improvement
of these results whose proof will be completely independent.

Proposition 5.1 (Proposition 3.4 [11]) Let F = {Πα : α ∈ A} be a family of
Zv-regular distinct embeddings of Km×t where v = mt and m ≥ 2. Then, if Πα is
isomorphic to Π0 for any α ∈ A, we have that

|F| ≤ 2|Aut0(Π0)| · |N(Km×t, 0)| ≤ 4|N(Km×t, 0)|2 = 4((m− 1)t)2.

Moreover, if for any α ∈ A and any g ∈ Zv, the translation τg belongs to Aut+(Πα),
then

|F| ≤ 2|Aut+0 (Π0)| · |N(Km×t, 0)| ≤ 2|N(Km×t, 0)|2 = 2((m− 1)t)2.
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Since in our case we have that Aut+0 (Π0) = Aut0(Π0) = id and |N(K 2nk+t
t
×t, 0)| =

2nk, we can state the following corollaries.

Corollary 5.2 Let t 6≡ 0 (mod 4) be a fixed positive integer and let n and k < n
be as in Proposition 4.4 and such that t|2nk. Then the number of non-isomorphic
biembeddings Π of K 2nk+t

t
×t such that:

a) Aut(Π) = Z2nk+t,

b) the faces determined by Π have lengths multiples of k,

is at least on the order of (
1−O

(
1

nk

))
(nk)!

4(nk)
.

Corollary 5.3 Let t 6≡ 0 (mod 4) be a fixed positive integer and let n and k < n
be as in Proposition 4.4 and such that t|2nk. Then the number of non-isomorphic
biembeddings Π of K 2nk+t

t
×t such that:

a) Aut(Π) = Z2nk+t,

b) the faces determined by Π have lengths multiples of k strictly greater than k,

is at least of order(
1−

(
2n

nk − (k − 1)

))(
1−O

(
1

nk

))
(nk)!

4(nk)
=

(
1−O

(
1

k

))(
1−O

(
1

nk

))
(nk)!

4(nk)

where the term
(
1−O

(
1
k

))
is strictly positive for any k ≥ 3.

Moreover, if v = 2nk + t is a prime (that can occur only if t = 1), all these
biembeddings of Kv are kv-gonal.

Now we see how, exploiting our result on the cardinality of Aut0, we can improve
these bounds with a computation that is independent of the results of [11].

Lemma 5.4 Let Π and Π′ be two Zv-regular embeddings of Km×t that are isomorphic
through the isomorphism σ. Given g ∈ Zv we set φσ,g := σ ◦ (τg)

−1 ◦ (σ−1) ◦ τσ(g).
Then φσ,g = id if and only if the following diagram commutes

Π Π′

Π Π′

σ

τg τσ1(g)

σ

In particular, identifying V (Km×t) with Zv, we have that φσ,g = id for any g ∈ Zv
if and only if σ is a group automorphism of Zv.
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Proof. Because of the definition we have that φσ,g = σ◦(τg)−1◦(σ−1)◦τσ(g). Therefore
φσ,g = id is equivalent to

τg ◦ σ−1 = σ−1 ◦ τσ(g),

and to
σ ◦ τg = τσ(g) ◦ σ. (5.1)

i.e. the diagram commutes.

Equation (5.1) can be also written as

σ(x+ g) = (σ(x) + σ(g)). (5.2)

Note that, if equation (5.2) holds for any g ∈ Zv, it means that σ is a group auto-
morphism of Zv. 2

To state a refinement of Proposition 5.1, we recall that the number of automorphisms
of Zv is φ(v), where φ(·) is Euler’s totient function.

Proposition 5.5 Let F = {Πα : α ∈ A} be a family of Zv-regular distinct embed-
dings of Km×t where v = mt. Then, if Πα is isomorphic to Π0 for any α ∈ A and if
Aut0(Π0) = {id}, we have that

|F| ≤ 2φ(v).

Proof. We can assume Π0 ∈ F and let us denote by σα an isomorphism between
Πα and Π0 that fixes 0. Note that this isomorphism exists since F is a family of
Zv-regular embeddings.

Now we prove that, for any α ∈ A and any g ∈ Zv, φσα,g is an element of Aut0(Π0).
Since φσα,g is a composition of isomorphisms, it is an embedding isomorphism. It is
also easy to see that φσα,g : Π0 → Π0 and hence it is an element of Aut(Π0). Because
of the definition, we have that

φσα,g(0) = σα ◦ (τg)
−1 ◦ (σ−1

α ) ◦ τσα(g)(0) =

σα ◦ (τg)
−1 ◦ (σ−1

α )(σα(g)) = σα ◦ (τg)
−1(g) = σα(0) = 0.

This means that φσα,g is an element of Aut0(Π0). On the other hand, we know that
Aut0(Π0) = {id} and hence φσα,g = id for any g ∈ Zv. Due to Lemma 5.4, this
implies that σα is a group automorphism of Zv.
Let now assume, by contradiction, that |F| > 2φ(v). Since the number of automor-
phisms of Zv is φ(v) and each σα is an automorphism of Zv, due to the pigeonhole
principle, there exists Π1,Π2 and Π3 that are isomorphic to Π0 through the same map
σ̄ : Zv → Zv. Hence we would have that the identity is an isomorphism both from
Π1 = (Km×t, ρ1) to Π2 = (Km×t, ρ2) and from Π1 = (Km×t, ρ1) to Π3 = (Km×t, ρ3).
It follows from Definition 2.1 that ρ2, ρ3 ∈ {ρ1, ρ

−1
1 }. But this means that either

Π1 = Π2 or Π1 = Π3 or Π2 = Π3. In each of these cases, we would obtain that the
elements of F are not all distinct which contradicts the hypotheses. 2
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Remark 5.6 Note that Proposition 5.5 is always an improvement of Proposition
5.1. Indeed, set v = mt, we have that the elements of mZv are not invertible and
hence

φ(v) = |{x ∈ Zv : x is invertible}| ≤ |Zv \mZv| = v − t = (m− 1)t.

But this means that 2φ(v) ≤ 2(m− 1)t = 2|N(Km×t, 0)| that is the bound of Propo-
sition 5.1 assuming that |Aut0| = {id}.

As a consequence of Proposition 5.5, we obtain the following theorems.

Theorem 5.7 Let t 6≡ 0 (mod 4) be a fixed positive integer and let n and k < n
be as in Proposition 4.4 and such that t|2nk. Then the number of non-isomorphic
biembeddings Π of K 2nk+t

t
×t such that:

a) Aut(Π) = Z2nk+t,

b) the faces determined by Π have lengths multiples of k,

is, setting v = 2nk + t, at least on the order of(
1−O

(
1

nk

))
(nk)!

2φ(2nk + t)
= (1− o(1))

(v−t
2

)!

2φ(v)
.

Theorem 5.8 Let t 6≡ 0 (mod 4) be a fixed positive integer and let n and k < n
be as in Proposition 4.4 and such that t|2nk. Then the number of non-isomorphic
biembeddings Π of K 2nk+t

t
×t such that:

a) Aut(Π) = Z2nk+t,

b) the faces determined by Π have lengths multiples of k strictly greater than k,

is, setting v = 2nk + t, at least on the order of(
1−

(
2n

nk − (k − 1)

))(
1−O

(
1

nk

))
(nk)!

2φ(2nk + t)
=

(
1−O

(
1

k

))
(1− o(1))

(v−t
2

)!

2φ(v)

where the term
(
1−O

(
1
k

))
is strictly positive for any k ≥ 3.

Moreover, if v is a prime (that can occur only if t = 1), all these biembeddings of
Kv are kv-gonal.
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using integer Heffter arrays, J. Combin. Des. 28 (2020), 900–922.

[5] S. Costa, M. Dalai and A. Pasotti, A tour problem on a toroidal board, Aus-
tralas. J. Combin. 76 (2020), 183–207.

[6] S. Costa and S. Della Fiore, Existence of λ-fold non-zero sum Heffter arrays
through local considerations, Australas. J. Combin. 87 (2023), 301–339.

[7] S. Costa, S. Della Fiore and A. Pasotti, Non-zero sum Heffter arrays and their
applications, Discrete Math. 345 (2022), 112952.

[8] S. Costa and L. Mella, A class of highly symmetric Archdeacon embeddings,
Australas. J. Combin. 88 (2024), 294–307.

[9] S. Costa, F. Morini, A. Pasotti and M. A. Pellegrini, A generalization of Heffter
arrays, J. Combin. Des. 28 (2020), 171–206.

[10] S. Costa, A. Pasotti and M. A. Pellegrini, Relative Heffter arrays and biembed-
dings, Ars Math. Contemp. 18 (2020), 241–271.

[11] S. Costa and A. Pasotti, On the number of non-isomorphic (simple) k-gonal
biembeddings of complete multipartite graphs, Ars Math. Contemp. 24 (2024),
#P4.02.

[12] J. H. Dinitz and A. R. W. Mattern, Biembedding Steiner triple systems and n-
cycle systems on orientable surfaces, Australas. J. Combin. 67 (2017), 327–344.

[13] M. J. Grannell and T. S. Griggs, Designs and topology, Surveys in Combinatorics
2007, London Math. Soc. Lec. Note Series 346 (Eds.: A. Hilton and J. Talbot),
Cambridge University Press, Cambridge (2007), 121–174.

[14] M. J. Grannell and M. Knor, A lower bound for the number of orientable tri-
angular embeddings of some complete graphs, J. Combin. Theory Ser. B. 100
(2010), 216–225.

[15] J. L. Gross and T. W. Tucker, “Topological Graph Theory”, John Wiley, New
York, 1987.



S. COSTA/AUSTRALAS. J. COMBIN. 93 (3) (2025), 428–460 460

[16] V.P. Korzhik and H. J. Voss, On the Number of Nonisomorphic Orientable Reg-
ular Embeddings of Complete Graphs, J. Combin. Theory Ser. B. 81 (2001),
58–76.

[17] V. P. Korzhik and H. J. Voss, Exponential Families of Non-isomorphic Non-
triangular Orientable Genus Embeddings of Complete Graphs, J. Combin. The-
ory Ser. B. 86 (2002), 186–211.

[18] S. Lawrencenko, S. Negami and A. T. White, Three nonisomorphic triangula-
tions of an orientable surface with the same complete graph, Discrete Math. 135
(1994), 367–369.

[19] L. Mella and A. Pasotti, Tight globally simple non-zero sum Heffter arrays and
biembeddings, J. Combin. Des. 31 (2022), 41–83.

[20] L. Mella and T. Traetta, Constructing generalized Heffter arrays via near alter-
nating sign matrices, J. Combin. Theory Ser. A 205 (2024), 105873.

[21] B. Mohar Combinatorial local planarity and the width of graph embeddings,
Canad. J. Math. 44 (1992), 1272–1288.

[22] B. Mohar and C. Thomassen, “Graphs on surfaces”, Johns Hopkins University
Press, Baltimore, 2001.

[23] A. Pasotti and J. H. Dinitz, A survey of Heffter arrays, Fields Inst. Commun.
86 (2024), 253–292.

[24] J. Siran, Graph Embeddings and Designs, in: Handbook of Combinatorial De-
signs, (Eds.: C.J. Colbourn and J.H. Dinitz), Second edition, Discrete Mathe-
matics and its Applications, Chapman & Hall/CRC, Boca Raton, 2007.

(Received 16 May 2024; revised 12 Sep, 28 Nov 2025)


