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Abstract

Since 2005, the smallest open case in Hadamard’s conjecture from 1893 is
n = 668. A 32-modular Hadamard matrix of that order has been known
since 2001, and the modulus m = 32 has remained the record since
then. In this note, we improve it and reach m = 64, by constructing
a square matrix H of order n = 668, with coefficients ±1, such that
HH> ≡ nIn mod 64.

1 Introduction

A Hadamard matrix is a square matrix H of order n, with entries ±1 exclusively,
satisfying

HH> = nIn.

Hadamard’s conjecture (1893) states that there exists a Hadamard matrix of order
n for every n ∈ 4N = {4` | ` ∈ N}. At the time of writing, the remaining open
cases n ≤ 1000 in Hadamard’s conjecture are 668, 716 and 892. In sharp contrast,
the density of open cases in the whole of 4N remains frozen at 1. Illustrating the
slowness of progress on this problem, the two predecessors of 668 as smallest open
case in Hadamard’s conjecture are 268 and 428, solved in 1985 by Sawade [14] and
in 2005 by Kharaghani and Tayfeh-Rezaie [9], respectively.

Given an integer m ∈ N, an m-modular Hadamard matrix is still a square matrix
H of order n with entries ±1, but satisfying the weaker condition

HH> ≡ nIn mod m.

(The case m = 0 corresponds to true Hadamard matrices.) This notion was in-
troduced by Marrero and Butson [12, 13]. The m-modular version of Hadamard’s
conjecture states that there exists an m-modular Hadamard matrix of order n for
every n ∈ 4N.
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While true Hadamard matrices are m-modular Hadamard matrices for all m ∈ N,
a modest partial converse holds: any m-modular Hadamard matrix of order n < m
is a true Hadamard matrix. Indeed, the dot product of two rows with entries ±1
is an integer k ∈ [−n, n], and [−n, n] ∩ mZ = {0} whenever m > n. This has the
following consequence. See e.g. [2, 3].

Proposition 1.1. Hadamard’s conjecture is equivalent to the validity of the m-
modular Hadamard’s conjecture for any infinite set of moduli m.

This observation yields a powerful incentive to tackle the m-modular Hadamard’s
conjecture for moduli m ∈ N as large as possible, as a sort of staircase to Hadamard’s
conjecture proper.

The m-modular Hadamard conjecture has been solved for m = 32 in [2], the
record since 2001. For completeness, it is currently solved for m ∈ {5, 12, 32} and
their divisors only. The cases m = 5 and m = 12 are achieved in [11] and [12, 13],
respectively. There are also asymptotic solutions (i.e., for large orders n ∈ 4N only)
for m ∈ {7, 11} in [10].

The purpose of this note is to tackle the widely open case m = 64 and present
a 64-modular Hadamard matrix of order n = 668. More generally, in a forthcoming
paper [4], we shall construct 64-modular Hadamard matrices for all orders n = 4`
such that ` ∈ N is congruent to either 1, 3 or 5 mod 16, or 7 mod 32. This result was
first presented in May 2025 at the conference Hadamard 2025 in Sevilla [8]. Note
that 668 = 4 · 167 and 167 ≡ 7 mod 32.

Our construction rests on Golay quadruples, their m-modular counterparts, and
the Goethals-Seidel array which produces Hadamard matrices of order 4` from Golay
quadruples of length `.

See [15] for a general reference on construction methods of Hadamard matrices.

2 Golay pairs and quadruples

Let s = (a0, . . . , a`−1) be a sequence of length ` in some commutative ring R. For
k ≥ 0, the kth aperiodic autocorrelation coefficient of s is

ck(s) =
`−1−k∑
i=0

aiai+k.

Definition 2.1. A Golay pair is a pair (A,B) of ±1 sequences of length ` such that
for all 1 ≤ k ≤ `− 1, one has

ck(A) + ck(B) = 0. (1)

Definition 2.2. A Golay quadruple is a quadruple (A,B,C,D) of ±1 sequences of
length ` such that for all 1 ≤ k ≤ `− 1, one has

ck(A) + ck(B) + ck(C) + ck(D) = 0. (2)
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Golay pairs and quadruples were introduced under the names complementary
series and supplementary series in [6, 7].

As with Hadamard matrices, there are modular versions of Golay pairs and
quadruples, obtained by replacing the equalities (1) and (2) by congruences mod
m, i.e.

ck(A) + ck(B) ≡ 0 mod m (3)

and
ck(A) + ck(B) + ck(C) + ck(D) ≡ 0 mod m (4)

for all 1 ≤ k ≤ ` − 1, respectively. These variants were introduced in [1] and [2],
respectively.

It is well-known, since the work of Goethals and Seidel in [5], that Golay quadru-
ples give rise to Hadamard matrices. This link effortlessly extends to the m-modular
context [2, 3].

Theorem 2.3. Let m ∈ N. An m-modular Golay quadruple of length ` gives rise to
an m-modular Hadamard matrix of order 4`.

Proof. Let (A,B,C,D) be an m-modular Golay quadruple of length `. Still denote
by A,B,C,D their respective circulant matrices. Put them in the Goethals-Seidel
array :

M = GS(A,B,C,D) =


A −BR −CR −DR
BR A −DTR CTR
CR DTR A −BTR
DR −CTR BTR A


where R is the anti-identity matrix, i.e. with Ri,`+1−i = 1 for all i and 0 elsewhere.
Then M is an m-modular Hadamard matrix of order n = 4`.

The Golay-Turyn conjecture, informally stated in [7, 16], postulates that there
exists a Golay quadruple of any length ` ∈ N.

2.1 Special Golay quadruples

Our strategy for constructing m-modular Golay quadruples is to search for ones of a
very special form that we now describe. Consider the involution ′ : {±1}` → {±1}`
given by

s = (x1, . . . , x`) 7−→ s′ = (x1, . . . , xh,−xh+1, . . . ,−x`)

where h = d`/2e. In words, this map switches all signs in the second half of s if
` = 2h, and in its short second half if ` = 2h− 1.

For any s ∈ {±1}`, the pair (s, s′) enjoys the property that ck(s) + ck(s′) = 0
for all k ≥ d`/2e, as easily verified. Hence, for quadruples (A,B,C,D) of the form
(s, s′, t, t′) with s, t ∈ {±1}`, half of the Golay conditions in (2) or (4) are already
satisfied.

Golay quadruples of this special form seem to be quite abundant and might pos-
sibly exist in every length `. (This would be a sharper form of the above-mentioned
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Golay-Turyn conjecture.) Now, in actual m-modular Golay quadruples (s, s′, t, t′),
the Hadamard component-wise product q = st tends to have a simpler structure
than that of s and t. See Fact 3.1 below for a sharp illustration.

The above comments lead to the following search strategy. We first look for rela-
tively simple sequences q ∈ {±1}` whose pattern looks promising based on solutions
of smaller length. We then search for sequences s ∈ {±1}`, if any, such that the
quadruple

(s, s′, (sq), (sq)′)

has the desired property.

3 The case m = 64 and n = 668

Figure 1: A 64-modular Hadamard matrix of order n = 668

We may now construct a 64-modular Hadamard matrix of order n = 668. It rests
on a special 64-modular Golay quadruple (s, s′, (sq), (sq)′) of length ` = n/4 = 167
and on Theorem 2.3. This quadruple was found through a mix of theory, computer
experiments and some guesswork on patterns spotted at shorter lengths. More details
on this construction will be given in [4].

To exhibit our binary sequences, we use the run-length encoding, which gives
the lengths of the successive maximal constant subsequences. We also need a more
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compact form of that encoding. For instance, consider the following binary sequence
of length 22:

+ + + +−−−−+ +−+ +−+ +−+ + + + + .

Its run-length encoding is (4, 4, 2, 1, 2, 1, 2, 1, 5), and (4)2(2, 1)3(5) in more compact
form.

Fact 3.1. Let q, s ∈ {±1}167 be the binary sequences encoded as follows and starting
with +1:

q : (83, 2, 81, 1)

s : (4)5(2, 1, 1)5(1, 5)(4)4(2, 1, 1)6(4)4(3)(1, 2, 1)5(3)(4)4(3)(1, 2, 1)5

Let (A,B,C,D) = (s, s′, (sq), (sq)′) and H = GS(A,B,C,D). Then (A,B,C,D) is
a 64-modular Golay quadruple of length ` = 167, and H is a 64-modular Hadamard
matrix of order 4` = 668.

The matrix H is displayed in Figure 1, with +1 coded in pale yellow and −1
in dark blue. The statement on (A,B,C,D) is easy to verify by computer. More
specifically, denoting ci = ci(A) + ci(B) + ci(C) + ci(D) for 1 ≤ i ≤ 166, these 166
integer coefficients ci are all 0 with the following 13 exceptions:

c4 c8 c12 c16 c26 c30 c34 c38 c42 c46 c50 c54 c58
−512 384 −256 128 −64 128 −192 256 −320 256 −192 128 −64

The statement on the matrix H follows from Theorem 2.3. Here are some details on
H and its Gram matrix G = HH>:

• Each row of H is truly orthogonal (i.e. over Z) to 641 other rows of H. That
is, each row of G contains 641 true zeros.

• In each row of G, the only 26 nonzero off-diagonal entries are

−64, 2 · 64, −3 · 64, 4 · 64, −4 · 64, −5 · 64, 6 · 64, −8 · 64,

of multiplicity 4, 6, 4, 4, 2, 2, 2, 2, respectively.

Conclusion

To the best of our knowledge, the matrix H constructed in this note is the closest
approximation to date of the still elusive true Hadamard matrices of order n = 668.
It is a significant improvement upon the previous best approximation, dating back
to 2001, namely by a 32-modular Hadamard matrix of this order [2]. It will be
interesting to see how long that new record will remain in place. Or, for that matter,
for how many more years the order n = 668 will remain the smallest open case in
Hadamard’s conjecture proper.
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