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Abstract

It is known that for the Young diagram of any partition of an integer
n, the sum of squares of the hook lengths of its cells is exactly n? more
than that of the contents of its cells. That is, for any partition A of an

integer n,

D h(u)? =n*+> c(u).

UEA UEN
We provide a bijective proof of this fact, thus solving a problem posed by
Stanley. Along the way, we obtain a formula for the number of rectangles
in the Young diagram of a partition. We also mention a result for sums
of other powers of hook lengths and contents.

1 Preliminaries

A partition A\ of an integer n, denoted A F n, is a weakly decreasing sequence of
non-negative integers \;y > Ay > A3 > --- whose sum is n. We represent a partition
A using its Young diagram. This consists of rows of boxes with the i'* row (from
the top) consisting of \; boxes. For example, the Young diagram of the partition
(5,5,4,2) is given in Figure 1.

Figure 1: Young diagram of (5, 5,4, 2).

We label the boxes, which we call cells, just as one would label the entries of a
matrix. For example, the cell (3,4) in the Young diagram in Figure 1 is the last cell
in the third row.
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For any cell u = (i,7) € A (we often identify A with its Young diagram), the hook
of u, denoted H(u), is the set of cells (k,l) € A such that k =iand ! > jorl=j
and k > i. The highlighted cells in the Young diagram in Figure 2 form the hook of
the starred cell.

Figure 2: Highlighted cells form the hook of the starred cell.

For any cell u = (i,7), its hook length is the size of H(u), which we denote by
h(u). It can also be checked that h(u) = A\j+\;—i—j+1 where X' is the conjugate of
A. The partition X is the one obtained by flipping the Young diagram of \ along the
diagonal (changing rows to columns and vice-versa). The content of a cell u = (i, j)
is simply defined to be c(u) = j — 1.

We have the following result connecting these two notions.

Theorem 1.1. For anyn > 1 and A Fn, we have

Zh(u)2 =n? —|—Zc(u)2. (1)

UEN UEA

This identity appears as Problem 74(a) in the supplementary problems for [4,
Chapter 7]. This statement also appears as Example 5 in [3, Section I.1]. A compu-
tational solution by Zaimi [5] and an inductive solution by Hopkins [2] are available
on MathOverflow.

We give a bijective proof of this result, thus providing a solution to Supplementary
Problem 74(b) of [4, Chapter 7].

2 Bijective proof of Theorem 1.1

Here and in the sequel, we fix n > 1 and a partition A of n. To prove Theorem 1.1,
we interpret each term in Equation (1) in the following manner (the example that
follows might make these interpretations clearer):

1. Note that °, ., h(u)? is the cardinality of the set
H(A) :={(u,v1,v2) | u € A vi,v2 € H(u)}.

We represent each element of this set in the Young diagram of A by using a
star to specify the cell u, 1 for the cell v{, and 2 for the cell vs.



2.
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We interpret the term n? as counting ordered pairs of cells in the Young diagram

of X\. Again, we represent such a choice by placing 1 in the first cell of the pair
and 2 in the second. We use N () to denote the set of such pairs.

. To interpret the term Y _, c¢(u)?, we first break up the Young diagram of X

using diagonal hooks. These are the hooks corresponding to the cells of A on
the main diagonal, i.e., the hooks corresponding to cells of the form (i,4) in .
Note that each cell is in a unique diagonal hook.

Suppose that the cell u is in the diagonal hook corresponding to (i,7). Note
that if u = (4,4), then c(u) = 0. If u is below (i,%), then |c(u)| is the number of
cells in the diagonal hook that are in the same column as u and strictly above
it. Similarly, if u is to the right of (7,7), then |c(u)| is the number of cells in
the diagonal hook that are in the same row as u and strictly to the left of it.

Hence, we interpret >, ¢(u)? as the number of ways to choose a cell and

then pick an ordered pair of cells to the left or above it in the diagonal hook
in which it lies. We represent such a choice by placing a star in the cell u and,
just as before, use labels 1,2 to represent the chosen ordered pair. We denote
the set of these choices by C'(X\). That is, C(\) consists of the tuples (u, vy, v2)
where u is a cell in A and vy, vy are cells in the same diagonal hook as u and
that lie either

e in the same row and strictly to the left of u, or
e in the same column and strictly above wu.

Example 2.1. Let A = (5,5,4,2). The elements

((1,3),(1,4),(3,3)) € H(N),
((2,2),(2,2)) € N(A), and
((2,5),(2,4),(2,2)) € C(})

are shown in Figure 3. The diagonal hooks have been colored in the last figure for
clarity.

1,2 2 1| %

Figure 3: Elements of H(\), N(A), C'()\) from Example 2.1.

We prove Theorem 1.1 by exhibiting a bijection

H(\) = N(A)UC(N).
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We actually describe three maps from three disjoint subsets of H(\) to N(A)UC())
which combine to give us the required bijection. In examples, we use red labels for
elements in N(\) U C'()) to distinguish them from elements of H ().

We first describe a map between certain subsets Hy(\) € H(A) and Ny(\) C
N(X). We define Hy(A) to be the set of those elements of H () where

e the cells labeled 1 and 2 are neither in the same row nor in the same column,
or

e at least one of the cells labeled 1 or 2 coincides with the cell containing the
star.

The subset N1(A) consists of those elements of N(\) where

e the chosen cells are of the form (k,[) and (i, j) where k > i and [ < j, or
e the chosen cells are either in the same row or same column.

Lemma 2.2. There is a bijection ¢1 between Hi(\) and Ni(\).

Proof. We describe how to construct an element of N;y(\) when given an element of
Hi(N).

1. If the cells labeled 1 and 2 in an element of H;(\) are neither in the same row
nor in the same column, then we associate the element in Ni(\) obtained by
simply deleting the star.

2. If at least one of the cells labeled 1 or 2 coincides with the cell containing the
star, then in this case as well, we associate the element in N;(\) obtained by
simply deleting the star.

It can be checked that this gives us the required bijection. [l
*x |1 ﬂ) 1 * 1 ﬂ) 1
2 2 2 2
1,2 1 1, 2

Figure 4: Elements of Ny(\) associated to certain elements of Hi(A) under ¢;.

We now describe a map between another subset of H(\) and the remaining ele-
ments of N(X).

The elements of H(\) \ Hy(\) are those where
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e all the labeled cells are either in the same row or same column, and

e the starred cell does not contain any other label.

We use Hy(\) to denote the set of those elements of H(A) \ Hy(A) where the labels
do not lie in a single diagonal hook.

We define Ny(\) to be the set N(A) \ Ni(A). Note that Ny(\) consists of those
elements of N(\) where the chosen cells are of the form (k,[) and (i, 7) where k < i
and [ < j.

Lemma 2.3. There is a bijection ¢y between Ha(N) and Na(N).

Proof. Suppose we are given an element of Hy(\). We will construct an element of
N5(A) such that the position of the south-east labeled cell coincides with that of the
last labeled cell along the row or column of the given element of Hy(\).

First suppose that the element of Hy(\) has the labels in distinct cells. If the
labels are in row 4, in the cells (i, k), (4,1), (¢, ) where k < I < j, then move the label
in cell (4,1) to cell (k,) and delete the star (in cell (i, k)). Note that k < i is implied
by the fact that all labels are not in the same diagonal hook. Similarly, if the labels
are in column j in the cells (k, 7), ({,7), (i, j) where k < [ < i, then move the label in
cell (1,7) to cell (I, k) and delete the star.

Figure 5 will hopefully make this map clearer. Note that when the labels of the
element of Hy(\) are in the same row, the label not in the rightmost cell moves to a
cell strictly above the diagonal. When the labels are in the same column, the label
not in the lowermost cell moves to a cell strictly below the diagonal.

Figure 5: Methods for relabeling an element of Hy(\).

Next, suppose that the element of Hy(\) has labels 1,2 in the same cell (7, 7). If
the starred cell is in the same row, in cell (i, k), then label the cell (7, 7) with 1, the
cell (k,k) with 2, and delete the star. Similarly, if the starred cell is in the same
column, in cell (k, 7), then label the cell (7, j) with 2, the cell (k, k) with 1, and delete
the star.



K. MENON / AUSTRALAS. J. COMBIN. 92 (1) (2025), 70-79 75

Figure 6: Methods for relabeling an element of Hy(\).

To define the inverse map, we are given an element of Ny(\) with labels on two
cells (k, 1), (i,7) where k < i and [ < j. Consider the rectangle in the Young diagram
containing the first ¢ rows and first 7 columns. Now look at whether the the cell
(k1) is

above the diagonal,

below the diagonal,

on the diagonal with label 1, or

on the diagonal with label 2.

If it is above the diagonal, the star in the element of Hy(\) that we want to
construct should be in cell (i, k), the label in cell (k,1) should be moved to (i,1), and
the label in cell (i, 7) should remain where it is. One can check that this is indeed
an element of Hy(A). One can similarly define the inverse map in the other three
cases. [

We now exhibit a bijection between the remaining elements of H(\) and those
of C(N). We use H3(\) to denote the set H(\) \ (H1(A\) U Ho(A)). Note that the
elements of H3(\) are those elements of H(\) where

e all the labeled cells are either in the same row or same column,
e the starred cell does not contain any other label, and

e all the labels lie in a single diagonal hook.

Lemma 2.4. There is a bijection ¢3 between Hs(\) and C()).

Proof. Starting with an element of H3(\), if the labels are all in one row, then we
swap the leftmost labeled cell with the rightmost one. Similarly, if the labeled cells
are all in one column, we swap the highest labeled cell with the lowest one.
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Since the star in an element of H3(A) must be above (or to the left) of the labels
1,2 but the star in an element of C'(A) must be below (or to the right) of the labels

1,2, the map described above is a bijection. O]
”, ”,
* 1 * 1,2 1, 2 *
2 2
*

Figure 7: Elements of C'(\) associated to certain elements of Hs(\) under ¢s.

Proof of Theorem 1.1. Combine the previous three lemmas with the fact that
H(\) = Hi(A\) U Hy(M\) U Hz(A) and N(A) = Ny(A) L Nao(N). O

Remark 2.5. The inductive proof of Theorem 1.1 in [1] is obtained by deleting an
outside cell of the partition A. This is a cell that has cells neither to its right nor
below it. Note that the deletion of such a cell gives us a partition, say u. There
is a natural way to see H(u) as a subset of H(\) and similarly for N(u) and C(u).
This shows that our bijection also gives us a bijection between H(\) \ H(u) and
(NA)\ N(p)) U (C(AN)\ C(p)). Equating the sizes of these sets is precisely what is
done in the proof given in [1].

3 Rectangles in partitions

Definition 3.1. A thick rectangle in (the Young diagram of) \ is a rectangle made
up of cells in A such that both the height and width of the rectangle are greater
than 1. Other rectangles in A\ are called thin rectangles.

It is straightforward to see that the total number of rectangles in \ is Zu:(i, et
and that the number of thick rectanglesis 3, o, (i —1)(j —1). As a consequence
of the map ¢9 described in the previous section, we obtain another nice formula for
the number of rectangles contained in the Young diagram of a partition.

The elements of No(A) described in the previous section correspond to (twice
the number of) thick rectangles in the Young diagram of A\. The chosen cells in an
element of No(A) form the north-west and south-east corners of the rectangle. Note
that there are two ways to label the cells.

Also, one can check that the number of elements of Hy(\) with starred cell at u
is given by h(u)?, where we define the partial hook length of the cell u = (i, j) as

0, if i = j,
h(u) = N\ — 7, if i > j, and
Ny —i, if i < j.
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The quantity \; — j is usually denoted by arm(u) and A; — i by leg(u). Note that
h(u) = arm(u) 4 leg(u) + 1.

It is also easy to see that the number of thin rectangles in Ais } ., ~(u). Hence,
from the above observations and Lemma 2.3 we get the following result.

Result 3.2. For any n > 1 and A F n, the number of rectangles in the Young

diagram of X is
1 (N2
E h(u) + 3 E h(u)

UEA UEAN

where the first term counts thin rectangles and second counts thick rectangles.

4 Other powers

We first study what happens when we consider sums of higher powers of hook lengths
and contents.

Proposition 4.1. For anyn > 1, A\ n, and k > 3, we have

Do h(w) <ty e(u)*

UEA UEA
with equality holding if and only if X is a hook (i.e., A\ = H((1,1))).

Proof. We define H*()\), N¥(\) and C*()\) analogously to Section 2 (using labels in
[k] := {1,2,...,k} instead of just 1,2). To prove the result, we use simple gener-
alizations of the maps described in Section 2. But we now show that these maps
combine to an injection from H¥()) into N*(\) U C*(\) and that it is a bijection
exactly when X is a hook.

Map ¢b: Start with an element of H¥()) that either has

e at least one label from [k] strictly to the right of the starred cell and at least
one label strictly below the starred cell, or

e all labeled cells in the same row or column with the starred cell having at least
one label from [k].

To such an element of H*()), we associate the element of N*(\) obtained by deleting
the star.

Map ¢5: Start with an element of H*(\) such that

e all the labeled cells are either in the same row or same column,
e the starred cell does not contain any other label, and
e all labels do not lie in a single diagonal hook.
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We now describe a method to associate an element of N*(\) to such an element of
HE ().

First suppose that the element of H*(\) does not have a cell labeled with all
elements of [k]. If the labels are in row 7, in the cells (4, jo), (¢, 1), - - -, (4, Jm) Where
Jo < j1 <+ < jm. Note that the starred cell is (7, jo). Move the labels in cell (4, j;)
to cell (jo, ji) for all [ € [m — 1] and delete the star. The map for when all the labels
are in the same column is defined analogously.

Next suppose that the element of H*(\) has a cell (4, j) labeled with all elements
of [k]. If the starred cell is (4,1), then we move the label k from cell (4, 7) to cell (I,1)
and delete the star. If the starred cell is (I, ), then we move the label 1 from cell
(i,7) to cell (I,1) and delete the star.

Map ¢%: Just as for the k = 2 case, we now exhibit a bijection between the remaining
elements of H*(\) and the elements of C*()).

Starting with such an element of H*()), if the labels are all in one row, then we
swap the leftmost labeled cell with the rightmost one. Similarly, if the labeled cells
are all in one column, we swap the highest labeled cell with the lowest one.

When ) is a hook, the maps ¢} and ¢% cover all elements of H*()\) and those of
NE(X) U C*(\) and hence gives us the required bijection. If A is not a hook, it must
contain the cell (2,2). The element of N*(\) that has the label 2 in the cell (1,1)
and the rest of the labels in cell (2,2) is in the image of neither ¢§ nor ¢5. O

We now consider the lower power k£ = 1.

Proposition 4.2. For anyn > 1, A= n, we have

> h(u) =n+ Y fe(u)

UEA UEA

with equality holding if and only if A is a hook.

Proof. We define H'(\), N'(\) and C'()) just as in the proof of the previous propo-
sition. An injection from N'(A) U C'()) into H'()) is defined using similar ideas as
before. For an element of N1()), we obtain the corresponding element of H'()\) by
adding a star in the same cell that contains the label 1. For an element of C'()), we
obtain the corresponding element of H'(\) by swapping the star and the label 1.

It is easy to check that this is an injection. The elements of H'()\) that are in
the image of this injection are those where the star and the label 1 are in the same
diagonal hook. Such elements exhaust all of H'()) if and only if A is a hook. O
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