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Abstract

Let C,, denote the set of words w = w; - - - w,, on the alphabet of positive
integers satisfying w;1 1y < w; +1 for 1 < i < n — 1 with w; = 1. The
members of C,, are known as Catalan words and are enumerated by the
n-th Catalan number C,. The problem of finding the cardinality of var-
ious avoidance classes of C, has been an ongoing object of study, and
members of C,, avoiding one or two classical or a single consecutive pat-
tern have been enumerated. In this paper, we extend these results to
vincular patterns and seek to determine the cardinality of each avoid-
ance class corresponding to a pattern of type (1,2) or (2,1). In several
instances, a simple explicit formula for this cardinality may be given. In
the more difficult cases, we find only a formula for the (ordinary) generat-
ing function which enumerates the class in question. We make extensive
use of functional equations in establishing our generating function results.

1 Introduction

Let 7 = 7 -+ -7, denote a sequence in [(] = {1,...,¢} for some ¢ > 1 that contains
each letter in [(] at least once and let m = 7 - - -, be a positive integral sequence,
where n > m > 1. Then 7 is said to contain 7 if there exist indices 1 < ¢ <

-+ < iy < nosuch that m;, xm;, if and only if 7527, for all j,k € [m] and each
x € {<,>,=}, That is, m contains 7 if there exists a subsequence of 7 that is
order-isomorphic to 7 and is said to avoid T otherwise. In this context, 7 is often

ISSN: 2202-3518 ©The author(s). Released under the CC BY 4.0 International License



T. MANSOUR AND M. SHATTUCK / AUSTRALAS. J. COMBIN. 91 (1) (2025), 177-216 178

referred to as a pattern. The pattern avoidance problem is one that has been studied
extensively in enumerative combinatorics on a variety of discrete structures, starting
with permutations.

The concept of pattern avoidance can be generalized as follows. Suppose one
decomposes the pattern 7 into nonempty sections as 7 = 71 ... 7)) for some k > 1.
Then 7 contains an occurrence of 7 = 71— .- ) as a vincular (or dashed) pattern
if there exists a subsequence « of 7 that is order-isomorphic to 7 such that, for each
p € [m — 1], if 7, and 7,1 both belong to the same section 79 of 7 for some i € [k],
then the p-th and (p+ 1)-st entries of a correspond to adjacent letters of 7. That is,
letters within the groups separated by dashes must be adjacent within an occurrence
of 7in 7. If a; = |[7@| for 1 < i < k, then the vincular pattern 7 = 7(J-....7(*)
is said to be of type (ai,...,a;). We refer the reader to the authoritative text by
Kitaev [11, Chapter 7] for a full discussion of these and other kinds of patterns.

For example, the sequence m = 123411232 contains one occurrence of the pat-
tern 7 = 12-3-21 of type (2,1,2), as witnessed by the subsequence 23432. On the
other hand, 7 avoids the pattern 13-2 of type (2,1), though it is seen to contain
subsequences isomorphic to 132. Note that the cases in which each 7(9 contains a
single letter or in which £ = 1 correspond to what are known as the classical and
consecutive patterns, respectively. Thus, any isomorphic subsequence of 7 gives rise
to an occurrence of a classical pattern, whereas for a consecutive pattern (sometimes
called a subword), the entries must correspond to a string of adjacent letters of 7
and therefore it imposes the least restriction with regard to its avoidance.

A Catalan word m = my - - - m, is a sequence of positive integers satisfying m;11 <
m+1for 1 <i¢<n-—1, with m = 1. Let C, denote the set of Catalan words of
length n. For example, if n = 4, then

Cy = {1111,1121,1211,1221, 1231, 1112, 1122, 1212, 1222, 1232, 1123, 1223, 1233, 1234}

It is well known that |C,| = C,, for all n > 0, where C,, = n+-1 (2:) is the n-th Catalan
number; see, e.g., [20, Exercise 80]. This fact may be realized quickly as follows. Let
D,, denote the set of Dyck paths of semi-length n, i.e., lattice paths that use u = (1,1)
and d = (1, —1) steps going from (0, 0) to (2n,0) and never dipping below the z-axis,
which is a fundamental structure enumerated by C,. Given 7 = my -+ -7, € C,, let
1(m) denote the member of D,, whose j-th u from the left terminates at height 7, for
each j € [n]. For example, if 7 = 12342332 € Cg, then o(7) = v!d*v*dud*ud?® € Ds.
It is apparent that ¢ provides a bijection between A, and D, such that the final
letter of m equals the number of d’s within the terminal run of d’s in «(7) for all .
Thus, the results below counting certain restricted subsets of C,, may also be viewed
equivalently as enumerative formulas for the corresponding subsets of D,, under 2.

The study of pattern avoidance in Catalan words was initiated by Baril et al. in [5],
where every case of a single three-letter classical pattern was treated and the descent
distribution on each corresponding avoidance class was found. These results were
later extended to two classical patterns (see [3] or [10, Chapter 3]), subwords [16] and
partial order patterns [6]. Moreover, the distributions of several parameters have also
been considered on Catalan words, represented geometrically as bargraphs, such as
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semi-perimeter [7,14], area [7,14] and the number of interior lattice points [12].
Further, in [18], the joint distributions of one or more subwords on C,, were studied
and explicit formulas for the generating functions were found, and in [15], Catalan
words arose in connection with the exhaustive generation of Gray codes for growth-
restricted sequences.

In this paper, we consider the problem of enumerating the members of C,, avoiding
a single vincular pattern of length three, in response to a general question raised by
Baril et al. in [5] concerning the vincular pattern avoidance problem on C, and,
in particular, the case of three-letter patterns. Let C,(7) denote the subset of C,
for n > 1 whose members avoid the pattern 7 and let ¢,(7) = |C,(7)|. Here, we
determine an explicit formula for ¢,(7) or its generating function ), ¢,(7)t" for
each vincular pattern of type (1,2) or (2,1), answering the question raised in [5].
We remark that the Catalan words treated in [13] correspond to a different class of
non-negative integral sequences, which are in fact enumerated by C,,_;, and that are
characterized by their satisfying the growth requirement 7, ; > m — 1 for 1 <7 <n
together with the condition that the leftmost occurrence of each positive letter k has
at least one & — 1 occurring somewhere both to its left and its right.

The organization of this paper is as follows. In the next section, we enumerate
the members of C,,(7), where 7 is a pattern of the type (1,2). Our work is shortened
somewhat in this regard by noting that several cases of avoiding (1,2) are logically
equivalent on C, to the avoidance of the corresponding classical pattern of length
three obtained by ignoring the adjacency requirement, and hence the results in these
cases follow from those in [5]. Direct combinatorial proofs are given for the patterns 1-
22, 1-32 and 2-31 in Section 2.1, with ¢, (7) in these cases corresponding to well-known
sequences from the OEIS [19]. The remaining patterns in (1,2) are apparently more
difficult and we only determine a formula for the generating function ) ., ¢,(7)t" in
each case. For the patterns 2-21 and 3-21 considered in Section 2.2, we make extensive
use of functional equations to obtain our results and employ various techniques such
as iteration and the kernel method (see, e.g., [9]). By contrast, for the cases 1-11 and
2-11 treated in Section 2.3, we utilize the symbolic method (see, e.g., [8]) and are able
to find expressions for the generating functions in terms of Chebyshev polynomials.

A similar treatment is afforded the patterns of type (2,1) in the third section.
For the cases 22-1 and 32-1 in Section 3.1, a direct enumeration may be given. For
the others, we make use of functional equations to obtain the generating function
formulas. In the case of 21-1, an elegant formula in terms of an infinite continued
fraction arises somewhat unexpectedly. For several cases of either type (1,2) or (2, 1),
we must refine the counting sequence ¢, (7) by considering one or more parameters
(specific to the avoidance class at hand) on C,,(7) so as to be able to write a recurrence
that enumerates the class. A variety of such parameters are utilized in this way,
including those tracking the largest letter, last letter, number of 1’s; smallest descent
bottom and position of the first level.

The results of this paper are summarized in Tables 1 and 2 below. Note that
every Catalan word avoids the patterns 2-13 and 13-2 by virtue of the condition
mir1 < m; + 1 for all ¢, and hence these cases are trivial.
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T {en(m) 1Y, | Reference/OEIS #
1-12,1-21,1-23| 1,2,4,8,16,32,64,128,256,512 Prop.2.1/A011782
1-22 12.4.9.21,51,127.323 8352188 Thn. 2.3/A001006
111 12.4,10.25,66,179,495.1390,3051 | Thm. 2.12

1-32, 212 1,2,5,13,34,80,233,610,1507,4181 | Thm. 2.2, Prop. 2.1/A001519
221 1.2,5,13,34,90,240,643,1728,4654 | Thm. 2.5

2-31 1,2,5,13,35,96,267,750,2123,6046 Thm. 2.3/A005773
211 12.5,13,36,103,302,901,2724,8321 | Thm. 2.13

312 1,2,5,14,41,122,365,1094,3281,0842 | Prop. 2.1/A007051
321 1,2,5,14,41,122,366,1104,3344,10162 | Thm. 2.7

2-13 1,2,5,14,42,132,429,1430,4862,16796 | Trivial/A000108

Table 1: Number of Catalan words of length n = 1,2,...,10 avoiding a pattern of
type (1,2)

T {en(m) Y, | Reference/OEIS # |
12:2 12.4.7.11,16,22.29.37,46 Prop. 3.1/A000124
12-1, 123 | 1,2,4,8,16,32,64,128,256,512 Prop. 3.1/A011782
11-2 1.2.4,9.22,56,148,400,1102,3079 Thm. 3.17

11-1 1.2,4,10,.25,66,179,495,1390,3951 | Prop. 3.2

231 1.2,5,13,34,80,233,610,1507,4181 | Prop. 3.1/A001519
21-1 1,2,5,13,35,96,267,750,2122,6036 Thm. 3.21

22-1 1,2,5,13,35,96,267,750,2123,6046 Thm. 3.3/A005773
21-2 1,2,5,13,35,97,274,784,2265,6593 Thm. 3.6

32-1 1,2,5,14,41,122,365,1094,3281,9842 | Thm. 3.3/A007051
31-2 1,2,5,14,41,123,375,1157,3602,11291 | Thm. 3.12

21-3 1,2,5,14,41,123,375,1157,3603,11303 | Thm. 3.9

13-2 1,2,5,14,42,132,429,1430,4862,16796 | Trivial/A000108

Table 2: Number of Catalan words of length n = 1,2,...,10 avoiding a pattern of
type (2,1)
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2 Patterns of the type (1,2)

In this section, we seek to determine the sequences ¢, (7), where 7 is a vincular
pattern of the form (1,2), either explicitly or in terms of generating functions. Our
work in this regard is shortened by observing that several of the (1,2) patterns are
logically equivalent for Catalan words to the classical pattern of the same length
obtained by removing the adjacency requirement of the last two letters within an
occurrence.

For example, we have ¢,(3-12) = ¢,(3-1-2) for all n > 1. To realize this, suppose
™ =m -7, €C, contains an occurrence of 3-1-2 as witnessed by the subsequence
m; = a,m; = b, m, = ¢, where b < ¢ < a. We show that 7 must contain an occurrence
of 3-12. To do so, let ry be the smallest index r» > j such that m, = ¢. Then 7, = ¢
with k£ > j implies ry exists with j < rg < k. We consider now cases on m,,_1
and first suppose ,,—1 > c. Note that m being a Catalan word implies it can have
only unit increases between adjacent elements, and thus 7; = b < ¢ implies there
must exist some index r € [j + 1,79 — 2| such that m, = ¢. But this contradicts the
minimality of ¢, so we must have 7,1 < ¢, i.e, m,,—1 = ¢—1 (note m,,—1 # ¢, again
by the minimality). But then 7 witnesses an occurrence of 3-12 with the subsequence
T, = Q,Tpy—1 = C — 1, T, = ¢, as desired. This implies that the patterns 3-12 and
3-1-2 are equivalent on C,,, as claimed.

By comparable reasoning, one has that the vincular patterns 1-12, 1-21, 1-23 and
2-12 are equivalent to the analogous classical patterns. Let F, = F,_1 + F,_5 for
n > 2 denote the n-th Fibonacci number, with Fy = 0 and F} = 1; see, e.g., [19,
A000045] or [21]. By the results from [5], we then have the following.

Proposition 2.1. If n > 1, then ¢,(1-12) = ¢,(1-21) = ¢,(1-23) = 2", ¢,(2-12) =
Fy, 1 and ¢,(3-12) = %

2.1 The cases 1-22, 1-32 and 2-31
We start with the following result for the pattern 1-32.

Theorem 2.2. Ifn > 1, then ¢,(1-32) = Fy,_1.

Proof. Let €, denote the set of marked words w = wy ---w, wherein w is a non-
decreasing Catalan word in which runs of letters are marked such that (i) the initial
run of 1’s is always marked and (ii) no two adjacent runs of letters may be marked.
Let a, = |Q,| and we first show a,, = Fy,_; for n > 1. Then a; = 1 and ay = 2,
and we show a,, = 3a,,_1 — a,_o for n > 3. Note first that there are a,,_; members
of 2, whose final run is of length at least two, upon appending a copy of the final
letter to a member of €2, . Further, there are also a,_; members of €2, ending in
a run of length one such that this run is of the opposite status concerning whether
or not it is marked than the run directly preceding it. To complete the proof of the
recurrence, it suffices to show that there are a,_; — a,_o» members of 2, for n > 3
ending in two or more unmarked runs, with the last run of length one. Let €2 and
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2 denote the subsets of €2, ending in an unmarked or a marked run, respectively.
Then there are a,,—; members of 2!/, which may be realized by appending a marked
m+1to A€ _, or appending m to A € Q”_,, where m denotes the largest letter
of A in either case. Hence, by subtraction, there are a,,_; — a,,_ members of /|,
and appending an unmarked m + 1 as before yields the desired members of €2,,.

We now define a bijection between (2, and C,(1-32) for all n > 1, which will
imply the desired result. Represent 7 € Q, by 7 = 7 ... 7() for some s > 1,
where each 7 starts with a marked run and contains no other marked runs, with
min(70+Y)) = max(7®) 4+ 1 for 1 < i < s — 1. Let min(7®) = j; for each i € [s] so
that = € Q,, implies j;»1 > j; + 1 for all . Let f(m) be the sequence obtained from
7 by replacing the section 7 for each i € [s] with 7 — (j; — 1), i.e, subtract j; — 1
from each letter in 79, Then 7 a non-decreasing Catalan word marked as described
implies f(7) € C,(1-32) for all 7 as each descent bottom in f(7) is seen to be 1. For
example, if n = 10 and © = 1123345567 € (219, where marked runs are underlined,
then f(m) = 1123312212 € Cy¢(1-32). One may verify that the mapping f yields the
desired bijection between €, and C,,(1-32). O

Let M, denote the n-th Motzkin number for n > 0, see, e.g., [19, A001006].
Recall that M,, enumerates the set M,, of lattice paths from (0,0) to (n,0) using u,
d and h = (1,0) steps that never go below the z-axis (termed Motzkin paths). Let
L, for n > 0 denote the n-th term of the sequence A005773 from [19]. Note that L,
enumerates the set of lattice paths from (0,0) to the line x = n — 1 using u, d and
h steps that never go below the z-axis (termed Motzkin left-factors, see [1, p. 111]).

The following result connects the sequences M,, and L,, to vincular pattern avoid-
ance by Catalan words.

Theorem 2.3. Ifn > 1, then ¢,(1-22) = M,, and ¢,(2-31) = L,,.

Proof. Let C! denote the subset of C,, whose members contain no two equal adjacent
entries. Let D, (p) denote the subset of D,, whose members avoid the string of steps
p. Then we have that the subset C!, of C, corresponds under 2 to D, (udu). We
first define a bijection «,, between D,,(udu) and M,,_; for each n > 1, which will be
needed in what follows. If n = 1, let oy (ud) be the empty lattice path of length zero.
If n > 2, let 7 € D, (udu) be decomposed as 7 = 71 ...7(") for some r > 1, where
70U) for each j € [r] is of the form 7 = upl)d with pU) a possibly empty Dyck path
(the 79) are what are often referred to as the units of the Dyck path 7, with the
same terminology applied to members of M,,).

Let k;j = |[79| — 1 for 1 < j < r, where |p| denotes the semi-length (i.e., half the
total number of steps) of a Dyck path p. Note that 7 avoiding udu implies k; > 1
for j € [r — 1], with k, > 0. We then define «,, for n > 2 by letting

an(7) = e, (pV)d - - uan, , (") do,

where ¢ is empty if k. = 0 and is given by hay, (p™) if k. > 0. For example, this
vields ap(u?d?) = h and az(v?*d*ud) = ud, az(ud®) = h? and ay(u*d*u*d?) = udh,
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ay(vddPud) = uhd, ay(udd*ud?®) = hud, as(u*d*) = h3, which covers all cases for
2 < n < 4. One may verify that «, defines a bijection between D,,(udu) and M,,_;
for all n > 1. Note that «,, may be reversed by considering the leftmost h step
of height zero, if it exists, within a member X\ of M,,_; as well as any units of A
occurring to the left of this & (which determine all units but the last of a;,'())).

Observe that C,(1-22) corresponds under ¢ to the subset D} of D, consisting
of those members which avoid all occurrences of udu except for possibly those in
which both u steps end at height one. We define a bijection /3, between D;, for each
n > 1 and M, and taking the composition 3, o will yield the desired bijection
between C,(1-22) and M,,. To define 3,, let 7 € D be decomposed into units as
7 =7W ... 70 like before and note that k; = 0 is now also possible for j € [r — 1]
(as udu’s flush with the z-axis are permitted in members of D}). If k; > 1 for some
j € [r], then we replace 70 with uQy, (pW)d, where k; and p\) are as before. If
k; = 0, i.e., 79 = ud, then replace 79 with h. Let 3,(7) denote the lattice path
resulting when one makes all of the replacements as described above. One may verify
Bn(T) € M, for all 7. Further, one has that (3, is reversible, and hence a bijection as
desired, upon considering the units and any h steps of height zero within a member
of M,,. This completes the proof of the first equality.

For the second, note that @ = m---m, € C,(2-31) must satisfy m; 1 — m; €
{—1,0,1} for 1 <i < mn —1. To see this, note that if ;7,41 = ab with a > b+ 2
for some j € [n — 1], then there must be an occurrence of 2-31, as witnessed by the
subsequence 77,7 41, where k < j denotes the position of the leftmost occurrence
of the letter @ — 1. Thus, members of C,(2-31) correspond to the set 7T, of smooth
Catalan sequences of length n. That |7,| = L,, for n > 1 was shown in [14, Theorem
2.1], where a more general result concerning the generating function was deduced,
which implies the second equality. O

2.2 The cases 2-21 and 3-21

One can find recurrences enumerating the members of C,(7), where 7 is 2-21 or 3-21,
by refining the number of avoiders according to the same pair of parameters in either
case. Let Uy, m o denote the subset of C,(2-21) whose members have largest letter m
and last letter a, where n > 1 and 1 < a < m < n, with U, ,,, taken to be empty
otherwise, and let u,(m,a) = |Unma|- Define v,(m,a) analogously in conjunction
with the pattern 3-21.

We have the following recurrence for wu,(m,a).

Lemma 2.4. Ifn > 3 and 2 < m < n, then

Up(m,a) = up_1(m,a—1) +u,_1(m,a) + upo(m—1,m—1), 1<a<m-—1,
(1)

Up(m,m) =u,—1(m—1,m—1) 4+ up_1(m,m—1) + u,_1(m, m), (2)

with u,(1,1) =1 for alln > 1 and ux(2,1) =0, uz(2,2) = 1.



T. MANSOUR AND M. SHATTUCK / AUSTRALAS. J. COMBIN. 91 (1) (2025), 177-216 184

Proof. First suppose m € Uy, 0, where n > 3 and 1 < a < m — 1. Let £ denote the
penultimate letter of m. If ¢ < a, then only { = a — 1 or ¢ = a are possible since
7 € C,, (where the former case only applies if @ > 1). This yields u,,_1(m,a — 1) and
un—1(m, a) possibilities for 7, respectively. Note that a < ¢ < m is not possible, for
otherwise there would be an occurrence of 2-21 in which the letters corresponding
to the ‘2’ correspond to the first and last occurrences of ¢. Finally, if / = m, then
there can be no other occurrences of m in 7 as a < m. That is, 7 = 7’'ma, where
7' € Up—2,m—1,m—1. Thus, there are u,_o(m—1, m —1) possibilities for 7 if ¢ = m and
combining with the prior cases yields (1). On the other hand, if © € U, Where
m > 2, then there are u,_1(m,m —1)+u,_1(m—1,m — 1) possibilities if £ =m — 1,
the second term accounting for cases in which the largest letter occurs only in the
final position of 7, and u,,_1(m,m) possibilities if £ = m, which implies (2). Clearly,
U, 1,1 contains only the sequence 1" for all n > 1, with Us 91 = @ and Us 52 = {12},
which implies the initial conditions. O]

Define the distribution polynomial @,(z,y) = > _ > u,(m,a)z™ *y™ for
n > 1 and its generating function u(t;z,y) = > o, Un(z, y)t". Define v,(z,y) and
v(t;x,y) analogously in conjunction with the pattern 3-21. There is the following
explicit formula for u(t; z,y) in the case x = y = 1.

Theorem 2.5. We have

i i(i+5) 7 1—¢)J
ZC (2—21)15” _ t _ Z (_1) t 2 (1 — Qt) Zj:l (1*275)(1(715)]')7(14)215]' (3>
n>1 1—2t i>1 3’:1 (1 =2t)(1 =) — (1 —1t))

Proof. Define u,(m;z) = > u,(m,a)xz™ * for n > 1 and 1 < m < n. Then
recurrences (1) and (2) can be written for n > 3 as

r—xm

11—z
+ Up_1(m —1;0), 2<m<n, (4)

Un (11 2) = — (U1 (M3 ) = Un—1 (75 0)) + 1 (3 2) + Up—2(m — 1;0)

with u,(1;z) =1 for all n > 1 and uy(2;z) = 1. By (4), we have

Un(,y) = é(an—l(xa y) = tn1(0,)) + tn-r (2, y) + f_y (tn—2(0,y) — tn—2(0, 2y))

+ yﬂnfl(()? y)a n 2 37 (5)

with @1 (z,y) = y and Us(z,y) = y + y*. Note that (5) is seen also to hold for n = 2
if one defines wy(x,y) = 0. Multiplying both sides of (5) by ¢", and summing over
all n > 2, yields the functional equation

t 2
ultiz,y) =yt + —(ultiz,y) = u(t:0,y)) + tults v,y) + ——(u(t:0,y)

—u(t; 0,2y)) + ytu(t; 0,y). (6)
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We now apply the kernel method to (6). Letting z =t/(1 —t) in (6) cancels out
all terms involving u(t; z,y) and solving for u(t;0,y) in terms of u (¢;0, £%) leads to

11—t
yt(l — Qt) yt3 yt
u(t:0,9) (1—t)(1 =2t —yt+yt?) (1—-10)(1 —2t—yt+yt2)u 0, 1—t
(7)
Iteration of (7), where |t| < a for some a > 0 suitably small, then yields
)it
ult;0,9) = t(1—20) 3 1)y )
=3 T (1 =200 (1 — 17+t — (1 — 1)243+1)
By (6), we have
xyt t((1 —2)(1 — zy) — 2°yt)
t: = — t:
u(t;z,y) x—1t—uxt (1—2z)(x—t—xt) (t:0.y)
xyt?
t;:0
T —t—an B0
: it
U(t,l’,y) - r—t—xt
_ 20 =20(1 = 0)(1 = wy) = 2y) ¢~ (~Diytie
(A-a)w—t-at S Mo((1 =201 =)+ —y(1 — 126+
B :c2yt3(1 o 2t) Z ( 1) ($y)l+1t (2+7) (9)
(1—2)(x—t—xt) = Hé‘:o((l —20)(1 — )it — zy(1 — t)gtj+1)-

We wish to find w(t;1,1) = > o, ¢,(2-21)t", though it is not possible to sub-
stitute x = 1 directly into (9) as it leads to the indeterminate 0/0. Note, however,
for each t of sufficiently small absolute value, there is uniform convergence in the
x-derivatives of the partial sums of the series expansion in (9) for all z in some finite
open interval containing x = 1. By, for example, [22, p. 187, Theorem 12|, we thus
may interchange the summation and differentiation in (9) in applying L’Hopital’s
rule to obtain

u(t;1,1) = 91;_)11% u(t;z, 1)

'L(z+7

b 9 (15"
T2 :lcl—>18x( ZH] (1= 26)(1 — £+ — (1 — )2t t1)

>0

i z(z+7)
_ xQ Z (_1> S )
(1= 26)(1 — £)7+1 — (1 — )26+

i z(z+7) ) 1t 2tj+1
_ 4 t3 Z _1) tT 2 ('l + 1+ Z] =0 (1— Qt)(l(ft)j')*'lf(lft)%]'-‘rl)
1—2 i>0 Hj:O((l —2t)(1 — )t — (1 —t)2t5+1)
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. z(z+7) i (1725)]'4—1
_ 43 Z )t (1-2) Zj:O (1—20)(1—t)I T T —(1—£) 247 11
S Lo —200 -0 —(1—tpps)

Replacing ¢ with ¢ — 1 (and then j with j — 1) in the last expression yields (3). [

We now consider avoidance of 3-21. Applying similar reasoning to that used in
the proof of Lemma 2.4, we obtain the following recurrences for v, (m,a).

Lemma 2.6. Ifn > 3 and 2 < m < n, then

vp(mya) = v,_1(mya —1) + v,y (m,a) + v, (mym), 1<a<m-—1, (10)
vp(m,m) =v, 1(m—1,m—1)+ v, 1(m,m—1) +v,_1(m,m), (11)

with v,(1,1) =1 for alln > 1 and v2(2,1) =0, v9(2,2) = 1.

There is the following formula for the generating function of ¢,(3-21).

Theorem 2.7. We have

S 3o ¢ (-0 - (1 - 20 Y s
n>1 BEEE i>1 H;:1 (1 =3t +22)(1 =)/~ = (1 = 2t)¥))

(12)

Proof. Let v,(m;z) = Y0 v,(m,a)z™* for n > m > 1. Then (10) and (11)
together imply for n > 3 the recurrence

1
vn(m;7) = — (001 (M3 7) = 01 (m; 0)) + vt (M3 7) = v (3 0)
1 — ™
+ ° Up—1(m;0) + v,_1(m —1;0), 2<m<n,

11—z
with v,(1;2) = 1 for all n > 1 and vy(2; z) = 1. This implies

- 1, - - - 1
Un(l’, y) - E(%@—l(xa y) - Un—1<07 y)) + Un—l(‘ra y) - Un—1<07 y) + . J}(Un_1<07 y)
- a\}171—1(07 .Iy)) + yaﬂ—l(ov y)? n = 27

with v1(z,y) = y. Multiplying both sides of the last equality by ", and summing
over n > 2, gives

t
v(tz,y) =yt + (vt 2, y) — ot 0,y)) + tu(t; 2,y) — to(t;0,y)

(v(t;0,) — v(t;0,2y)) + yto(t; 0,y). (13)

1—=z
Applying the kernel method to (13), and taking x = ¢/(1 — t), we obtain

o(t;0,y) = — Y= 20) Al ( 0 y—’f) 14)

I3t +£2—yt(1—2t) 1-3t+2—yt(l—20) \ "1—t
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Iteration of (14) implies for ¢ sufficiently close to zero the explicit formula

(—1)i¢%

U(t7 Oa y) = yt(l - 2t) Z i J+1(1—-2 . (15>
i>0 szo(l —3t+ 1% - W)
Solving for v(t; x,y) in (13) gives
t t(1—z)(1—ay)—a? t
o(tim,y) = ——— — (o)l —oy) o )v(t;O,y) - - v(t; 0, zy),

r—t—uat (1—2)(z—t—uxt) (1—z)(x—t—at)

and applying (15) yields

v(t;z,y) =
zyt yt* (L= 2t)((L — z)(1 — ay) — 2?) 3 (1)
_ ; TTi(1—
r—t—tx (1 —z)(x —t— xt) = Hj:0(1_3t+t2_%)

. (16)

2Pyl -2 Z (—1)*

_ 4 A rytit1(1-2t
(1 =)z =t —at) S T, (1 — 3t + 12 — =2

As in the proof of (3) above, we take the limit as + — 1 in v(¢;z,1) to obtain a
formula for v(t;1,1) = >~ -, ca(3-21)t" using (16). This gives

v(t; 1,1) = 91013} v(t;x, 1)

t 9] —1)"*
= 12 linri o (xQ Z : (=1) TREY
z—1 Jx i>0 Hj:O (1 —3t+1t2— W)
L (e
i z(1— j+1
= 1T <1 3t %)
Y it+1 i 1
_ t i Z (_1) t? +2(1 o t)( 2 )(1 - 2t) ijo (1—3t+t2)(1t—t)ﬂ'—(1—2t)tj+1
T2 T (st — (1—20pr)
and replacing ¢ with ¢ — 1 in the last expression yields (12). O

2.3 The cases 1-11 and 2-11

To prove the result in the case 1-11, we introduce and derive formulas for three aux-
iliary generating functions before proceeding. Recall that a level within a sequence
vy -+ v, refers to an index i € [r — 1] such that v; = v;41. For the first generating
function, we let H,, = H,,(t) for m > 1 enumerate the (nonempty) m-ary words
wy - - -wy, for all n > 1 that contain no levels and end in m such that w;1; < w; +1
for each i € [n — 1], with Hy = 0.

Let U,, = U, (t) denote the n-th Chebyshev polynomial of the second kind defined
recursively by U,, = 2tU,_1 — U,,_o for n > 2, with initial values Uy = 1 and U; = 2t
(see, e.g., [17]). We have the following explicit formula for H,, in terms of Chebyshev
polynomials.
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Lemma 2.8. If m > 1, then

i
where s = NV

Proof. Let H! = H? (t) denote the restriction of H,, to those words starting with
m. Note first that H} =t + t(H,, — H},) for m > 1, which follows from observing
that a word p enumerated by H, is of the form p = mp’, where either p’ is empty or
is nonempty and starts with a letter in [m — 1]. Further, we also have

Hy =tHy, 1+ H' +tH, 1 (H,, — H%), m>2, (18)

with H; = 1. To see (18), consider the following cases on the form of w = w; - - - w,
enumerated by H,, where m > 2: (i) w = w'm, where w' is (m — 1)-ary, (ii) w
starts with m or (iii) w = w'mw”m, where v’ and w” are nonempty and w’ does not
contain m. It is seen that cases (i)—(iii) account for the three respective terms in

(18), by subtraction as w” cannot start with m in (iii). Substituting H}, = t(lfﬁm)
into (18), and solving for H,,, yields the recurrence
t(1+ H,e
H,, = gjt—Hi) m > 2. (19)

Note that (17) is seen also to hold for m = 1, as Up(s) = 1 and Us(s) = 7. Proceeding
inductively using (19), we then have for m > 2,

H,o (1) = t(Un(s) + Upn—2(9)) _ V148U 1(s) _ Up—1(5)
" Upn(8) — tUp_2(s) Un(s) = tUp_o(s)  Uns1(s)’

as desired, where we have used the respective facts \/(1 4 t)/tU,,—1(s) = Un(s) +
Upn—2(s) and /t(1 + t)Uyi1(S) = Upn(s) — tUp—o(s) in the last two equalities.  [J

Let J,, = Jn(t) for m > 1 denote the generating function for the number of
m-ary words wy - - - w, (possibly empty) containing no levels such that w;,1 < w; + 1
for each i € [n — 1], with Jy = 1.

Lemma 2.9. If m > 1, then

1 (140D
Jm(t):UmH(s)( : ) | (20)

Proof. Let J' = J(t) denote the restriction of .J,, to those (nonempty) words
starting with m. Then we have J* = t(J,, — J% ) for m > 1. To realize this, note
that a word p enumerated by J¥ is of the form p = mp’, where p’ is either empty
or is nonempty and starts with a letter in [m — 1], with p’ in the latter case being
enumerated by J,, — J¥ — 1. We also have the recurrence

Jm = Jdm—1 + ‘];1 + th—l(Jm - J:,L), m Z 2, (21)
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with J; = 1+4¢. To show (21), note first that a word w enumerated by .J,,, for m > 2
either is (m — 1)-ary, starts with m or has the form w = w'mw”, where w’ and w” are
(m—1)- and m-ary, respectively. The section w’ of w must be nonempty, whereas w”
could be empty, and thus w’ and w” are precisely of the form enumerated by H,,_;
and J,, — J  respectively. This accounts for the third term in (21), and implies
the formula, where the extra t factor accounts for the intermediate letter m in the
decomposition of w.

Substituting J* = -t J,, into (21), and solving for J,,, yields

1+t
Jm 1

I =
14+ Hpq)

m>1, (22)
L= 1+t(

where the m = 1 case follows from the initial values of H,, and J,. By (17) and
(22), and the fact Uy, (s) + Up—a(s) = /(1 +t)/tU,—1(s), we have

Jo(t) = T 1(t) _ Um(s>{[n’zl<t> _ Un\}(S)Jml(t)a m>1,
1= i (14 528)  Uns) = HRUna(s)  HiUna(s)

(23)

with Jy(f) = 1. Upon applying (23) repeatedly, and observing a telescoping product,

we obtain (20). O

Let C,, denote the subset of C,, whose members contain no levels and let C;,,, be
the subset of C!, whose members have largest letter m (i.e., that contain m distinct
letters). Givenm > 2andn > m—1,let C  be the subset of C,, m—1 whose members
end in m—1. Let G,, = G,,,(t) form > 2 denote the generating function enumerating
the members of C; | for all n > m — 1, with G; = 1. We have the following explicit
formula for G,,.

Lemma 2.10. Ifm > 1, then

Gont) = Um1(8> (L)(m_w. (24)

14+t

Proof. The equality is clear for m = 1, so assume m > 2. Let w € C, ,, be decom-
posed as w = w(m — 1) ---w® (m — 1) for some k > 1, where each subword w®/)
does not contain m — 1. Note that w € C,,,, where m > 3 if and only if w ONS Cllm

for some ¢ > m — 2 and each w") for 2 < j < k is of the form enumerated by Hm 2.
Thus, by definitions of the generating functions and (17), we have

-1 tGmfl(t) . tUm,1(5>Gm71(t)
Ztk m— 1 H,, Z(t))k - 1 _th_2(t) - Um_l(s) — tUm_g(S)

_ \/%Umfl(S)Gmfl(t)
V14 tUpn(s)

with G1(t) = 1, where in the last equality, we used the fact \/t(1+¢)U,(s) =
Un-1(s) — tUp—3(s). Iterating (25), and observing a telescoping product, yields
(24). O

m > 2, (25)



T. MANSOUR AND M. SHATTUCK / AUSTRALAS. J. COMBIN. 91 (1) (2025), 177-216 190

Now let g,(m) = |C;, | for n > m > 1. Define Q,, = Qm(t) = >_,,, ¢ (m)t" for
m > 1. Using the prior results, we may obtain a simple explicit formula for @),, in
terms of Chebyshev polynomials.

Lemma 2.11. If m > 1, then

VTl
ViU ()0 (5)

Proof. We may assume m > 2, the formula being clear for m = 1 as Q; = t. We
decompose w € C, ,, as w = wHmwPm - - wFmw* for some k > 1, where no

Qum(t) = (26)

w9 contains m or any levels and w() for each j € [k] is nonempty and ends in m — 1.
By the definitions of the various generating functions, we obtain

tGmdm—1
=l >2,
=1, "
where the extra factor of ¢ in the numerator accounts for the m directly following
wb. Thus, by (17), (20) and (24), we get

o )" (™

m(S) +t Um(s)
Qm<t> - & U 5
—_ L@
1—1t Tts)
_ L+ - 1+t
Um(s)(Um(S) - tUm—Q(S)) \/EUm<S)Um+1 (8)’
as desired. ]

It is now possible to ascertain a formula for the generating function of ¢, (1-11).

Theorem 2.12. We have

D eallAD =) Lo . (27)
B e (38) o (5

Proof. First, note that members of C,(1-11) can be obtained from those in C; ; for
various ¢ and j by choosing some subset of the distinct letters to have an 1n1t1al run
of length two. That is, given o € C; ;, we select n — i of the j distinct letters of o
and for each chosen letter x, we insert a second x just following the first occurrence
of x within o. It is seen that all members of C,,(1-11) arise uniquely in this manner
as ¢ and j vary and thus

£ o

i=1 j=1

Note that the inner sum in this expression can only be nonzero if ¢ < n < 2i, as
j < 1is required, and hence the formula may be rewritten as

L (1-11) ZZ( ) 7).

n+1j~7 =n—1
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Thus, we have

D ea(l-1)em =y e Z ( ) Zzt" Z (n;)qz’(j)

n>1 n>1 i=| i j=n i>1 n=1i j=n—i

_ZZ% Z( ) ZZ#lH 4

i>1 j=1 i>1 j=1
=D D A+ a() => Qi) (1 +t)
7>1 1>g 7>1
from which (27) follows from the last equality and (26). O

Using some of the prior results, one can obtain with a bit more work a formula
comparable to (27) for the pattern 2-11.

Theorem 2.13. We have

(ﬁ)(m—Fl)/Q
D e =) L . (28)
n>1 m>1tUn, (C) U1 (ﬁ) U2 (ﬁ)

Proof. Let P,, = P,,(t) denote the generating function for the number of members
w € C,(2-11) with max(w) = m. Clearly, P, = &, so assume m > 2. To determine
an explicit formula for P,, where m > 2, first decompose w enumerated by P, as
w=wHm - wmw™ for some ¢ > 1, where each w") is (m — 1)-ary. Then w®)
for j € [(] ends in m — 1, with w() a Catalan word that avoids 2-11 and w; for each
J € [2,0+ 1] satisfying the Catalan adjacency requirement and containing no levels.
Further, we have that w) is nonempty as m > 2, with all other w@) possibly empty.
By the definitions of H,, and J,,, we get
thJm—l

P, = Com>1, 29
1—t—tH, , '~ (29)

where K, = K,,,(t) for m > 2 is the generating function for the number of members
of C,(2-11) in which m — 1 is both the largest and last letter, with K; = 1.

To find a formula for K,,, suppose p enumerated by K,, where m > 2 is decom-
posed as p = pM(m—1)--- p¥(m—1) for some ¢ > 1, where each pV) is (m — 2)-ary.
Then it is seen that p()(m — 1) contributes ¢k, 1 towards K,,, with the remaining
part p@(m —1)---p®(m — 1) contributing W This implies

th—l
Km == ) > 27
1—{—tH, , =

with K7 =1, and hence

tm—l
Kp=—— , m > 1.
Hi:o (1 —t— tHi)
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So, by (29), we get

"
P = ey ™ > 1. (30)
i=0 i

Note that by (17) and the recurrence for U;, we have

Ui—1(3)> _ Uin(s) = I+ 1)Ui(s) _ tUirs(s)

Uita(s) Uit1(s) ~ Uia(s)’

1—t(1+H¢(t)):1—t(1+

where s = ﬁ Hence, by (30) and (20), we get

m/2
Pt = "I DU (t) _ D0 75 (F)
" mLy (Wess@))  Upna (5) U Uns1(5)Unm
11, t(ﬁ) +1(8)Unm2(s) +1(8)Uny2(s)
(ﬁ)(mﬂ)/?

p— t .

tUn (8)Ums1(8)Uny2(s)
Summing the last formula over all m > 1 now yields (28). u

3 Patterns of the type (2,1)

In this section, we seek to determine ¢, (7) for 7 of the form (2,1). Our work is
shortened by observing that the patterns 12-1, 12-2, 12-3 and 23-1 are equivalent
on Catalan words to the analogous classical patterns of length three. An argument
similar to that given above showing the equivalence of 31-2 and 3-1-2 may be given
in each case. From the results in [5], we obtain the following simple formulas for the
number of avoiders of each pattern.

Proposition 3.1. If n > 1, then c,(12-1) = ¢,(12-3) = 2", ¢,(12-2) = (3) + 1
and ¢,(23-1) = Fy, 1.

Remark: The formulas from Propositions 2.1 and 3.1 were obtained in [5] as special
cases of generating functions enumerating the various avoidance classes C,(7), with
T a classical pattern of length three, according to the descents statistic. We remark
that it is possible to provide direct combinatorial proofs of these formulas for ¢, (1),
where 7 is taken to be the corresponding equivalent vincular pattern of length three
in each case, without recourse to generating functions. This can either be achieved
bijectively by defining certain correspondences between discrete structures or by
arguing combinatorially that the sequence u, = ¢,(7) satisfies the appropriate two-
term recurrence (for example, u, = 3u,_1 — u,_2 for n > 3 in the cases when
T = 2-12,23-1 or w,, = 4u, 1 — 3u,_5 when 7 = 3-12). We leave these problems as
exercises to explore for the interested reader.

The pattern 11-1 is equivalent to 1-11 considered above.
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Proposition 3.2. If n > 1, then ¢,(11-1) = ¢,(1-11). Moreover, the refinements
of ¢, (11-1) according to the largest or last letter parameters coincide with those of
cn(1-11).

Proof. First note that © € C, belongs to C,(11-1) if and only if for each ¢ > 1, all
runs of ¢ within 7 are of length one, except for possibly the last, which may be of
length two. Likewise, membership of 7 in C,(1-11) implies each run of 7 is of length
one, except for possibly the first, which may be of length two. Let ©’ be obtained
from 7 € C,(11-1) by moving the second letter, if it occurs, in the last run of i to
the first run, leaving all other runs of ¢ unchanged, for each of the distinct letters
i occurring in w. The mapping © — 7’ is seen to be a bijection from C,(11-1) to
Cn(1-11). Furthermore, since m and 7" have the same largest and last letters for all
7, the second statement follows. O

3.1 The cases 22-1 and 32-1
We have the following simple formulas for the number of avoiders of 22-1 or 32-1.
Theorem 3.3. Ifn > 1, then ¢,(22-1) = L,, and ¢,(32-1) = § (3" ' +1).

Proof. Recall that the cardinality of the subset of C,, whose members have no equal
adjacent letters, i.e., contain no levels, is given by the Motzkin number M, _1; see,
e.g., [4]. Consider whether or not 7 = 7y - - - 7, € C,(22-1) contains a level, and if it
does, let i denote the index of the first letter of the leftmost level. In the latter case,
we have that m may be decomposed as m = a8, where a € C; contains no levels (and
hence is enumerated by M; ;) and 5 = m;,1 - - - 7, is such that subtracting x — 1 from
each of its entries results in an arbitrary member of C,,_;(22-1), where = denotes the
common value of 7; and 7;, ;. Note that § cannot contain any letters in [z — 1] and is
as described, for otherwise m would contain an occurrence of 22-1. Let a,, = ¢,(22-1).
Combining the cases above for 7, we get the recurrence

n—1
Qp = Mn—l + Z Mi—lan—ia n > 27 (31)
=1

with a; = 1. On the other hand, considering whether or not a Motzkin left-factor
with n — 1 steps ends at height zero, and if not, the position of the rightmost step
starting at height zero, implies that the sequence L,, also satisfies (31) for n > 2,
with L; = 1, which yields the first equality.

For the second equality, let b, = ¢,(32-1) and first observe that there are b, _;
members of C,(32-1) containing a single 1 and the same number that start 1,1. So
assume p = py---p, € Cy(32-1) is of the form p = 1p'1p”, where p’ is nonempty
and contains no 1’s. If p’ has length m — 1, where 2 < m < n — 1, then there are
2m=2 possibilities for p’ as it is non-decreasing and starts with 2. Further, there are
b,_, possibilities for the section 1p”, as no restrictions are placed upon it by 1p'.
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Considering all possible m then yields the recurrence

n—1
by =2by1+ > 2" by, n>2, (32)

m=2

with b = 1.

At this point, one may show b, = %(3”_1 + 1) for n > 1 by computing its
generating function using (32). Alternatively, one can give a more combinatorial
proof as follows. First, recall that there are (3"~ + 1) partitions of [n] that have
at most three blocks; see, for example, [19, A124302]. Let us represent partitions
sequentially as restricted growth words (see, e.g., [23]) and let R,, denote the set
of such words corresponding to the partitions of [n] having at most three blocks.
Let r, = |R,| for n > 1 and we show that r, satisfies (32) for all n > 2. Note
that members of R, are 3-ary words of length n that start with 1, such that if 3
occurs, then 2 does as well and the leftmost 3 occurs somewhere to the right of
the leftmost 2. Then there are clearly r,_; members of R, that end in 1 and the
same number ending in 2. To enumerate the members ending in 3, let n —m + 1
be the position of the rightmost 2 within 7 =7 ---7m, € R,, where 2 <m <n — 1.
Then there are r,_,, possibilities for the section m; - - m,_,, and 2™~2 possibilities
for m,_pao - - mh_1, each entry of which must be a 1 or 3 independent of the others.
Summing over 2 < m < n — 1 then gives 22712 2m=2p . members of R, ending
in 3. Combining with the prior two cases implies r,, satisfies recurrence (32), with
r1 = 1. Hence, we have b,, = r, for all n > 1, as desired. O]

3.2 The cases 21-2 and 21-3

Given n > 1 and 1 < a < n, let U, , denote the subset of C,(21-2) whose members
have last letter a and let u,(a) = [Upq|. Put u,(a) = 0 if it is not the case that
n > 1 with a € [n]. The u,(a) are given recursively as follows.

Lemma 3.4. Ifn > 2, then

=3 -5 S ("

j=a—1 7j=1 m=j+1
with u, (1) = Z?:_ll Un_1(J) for n > 2 and ui(1) = 1.

Proof. The initial condition when a = 1 is clear, upon appending 1 to an arbitrary
member of C,(21-2), which is seen not to introduce an occurrence of 21-2. Note that
the set U,,,, for n > 1 consists of only the sequence 12---n, and thus (33) is seen to
hold for a = n. So assume ™ = -+, € Up 4, wheren > 3 and 2 < a < n — 1.
By a descent top within 7, it is meant the larger letter in a descent, i.e., the letter
m; within an adjacency m;m;;q for some 1 < ¢ < n — 1 such that m; > m;,1. Let
' = m;, ---m, denote the subsequence of 7 for some r > 1 wherein i, = n and T
for 1 < j <r —1is the j-th descent top of 7 (from the left). One may verify that
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7w € C,(21-2) implies 7’ is strictly decreasing (with the converse holding as well).
This implies one may append an a to any member of U?:_;un—l,j without introducing
21-2, with all members of U, , not ending in a@ — 1, @ arising uniquely in this manner.
On the other hand, we may append a to p € U,,_1 o—1 if and only if a does not occur
as a descent top in p.

We proceed by enumerating the subset S of U,_1 ,—1 whose members contain a
as a descent top and subtracting the result from w,_;,1. Note that S is empty if
a =mn—1, so we may assume 2 < a < n — 2. Thus, to complete the proof, it suffices

to show
a—1 n—a m_2
|S|:Z Z (j_l)un_m(a), 2<a<n-2. (34)

j=1 m=j+1

To do so, let 7 = 7y---7, € S and suppose T, mTn_m+1 = a(a — j) for some 1 <
J < a—1and m. We seek to enumerate such 7. Note first that since 7 is a Catalan
word, we have that 7,,_,, = a impliesm <n —a and 7,_jyy1 =a—J, 7.1 =a—1
implies m > j + 1, as each member of [a — j,a — 1] must occur at least once in the
non-decreasing subsequence f = 7T, 41 Tn_1. Lhus, each such 7 is of the form
T = aff, where a € Uy, and [ is as given. There are u,_,,(a) possibilities for «
and (m_]]_:r J _1) = (7;:12) for (3, as the latter are synonymous with weak compositions
of m — j — 1 with j parts. Hence, there are (T;:f)un_m(a) such 7 of the specified
form and summing over all possible j and m yields (34), which completes the proof
of (33). m

Define the generating function
u(t; x) = Z (Z un(a)xa_1> t".
n>1 a=1
Then wu(t; x) satisfies the following functional equation.

Lemma 3.5. We have

2t t2 t t2 xt
1 tix) =14+ ——u(t; 1 t;—— . 35
(+1—x+1—2t>u(’x) +1—x“<’>+1—2t“(’1—t) (35)
Proof. First note
n n—1 n—1 j+1
2.0 > wa(a T = ) D ) una()at
n>2 a=2 j=a—1 n>2 j=1 a=2
n—1
S ST
n>2 j=1
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xt

= 1 (utl) —autz)),
and hence
S SEE e
= tu(t; 1) — (u(t; 1) — zu(t; x)) = T (u(t; 1) — 2*u(t;z)) .

Also, we have

19)5) b S (A IISIERETEED 3) D Db il (g IISAE L

n>4 a=2 j=1 m= j+1 a>2 j=1n>a+2m=j+1

YTy @_‘f) S @ =3 S S g Y (=)

a>2 j=1m>j+1 n>atm a>2 j=1n>a m>j1 N -1
L (1 — 1) t\°
a—1 n — a—1
= )t - = -
Zx Zun Z L‘J 1—2t Z Zun <1—t (1—t> >
a>2 n>a ]:1 a>2 n>a

1—2 7;;1“" < (1x_tt>a1> t" =7 f% <U(t;:v) —u (t; itx)) :

Thus, multiplying both sides of (33) by 2%~ 1t", summing over all n > 2 and 2 < a <
n, and combining the result with »_ -, u,(1)t" yields

: f - (u(t;1) — 2*u(t;z)) — 1 th (U(tWU) —u (t5 1?2)) ’

which rearranges to give (35). O

u(t;x) —t =

There is the following explicit formula for the generating function of 21-2.

Theorem 3.6. We have

t2ﬂ'+1(1—t)(j51)’1 I (1=26)(1—t)i—(1—t)t?)

> en(212)t" = EF 2o T ey
= -2 —% e I (20 pi-a-om
IZ1 (1=20) (1=1)7 =1 =) [Ty (1=20) (1=0)2 = (1) H1 44204

(36)

Proof. We seek an expression for u(t; 1), which equals »_, -, ¢,(21-2)t", by the defi-
nitions. First note that (35) can be written as

Kt )t 2) = alt: ) + b(t)u (t; Lt) , (37)

1—-t
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where k(t;z) = 1+ &L 4 Lo a(t;x) = t + tu(t;1) and b(t) = ;. Taking
r=x(t) =1L in (37) cancels out the left-hand side and yields

u(t; 1) =x(t) — 1+ t(a:l(?? ;tl)u (t; ixﬁti) . (38)

Iterating (37) for t sufficiently close to zero gives

a (t5 (fv—ti)j) = b(t)
(t;x) = : (39)
u(t; x gk(,(fti)]>zllk<»(1 t)ﬁ) 39

Replacing = with % in (39), we get

o (1200 :Za(f; %> o

1—-t

which is equivalent to

. <t. m(t)t) _ Z t272q (t; (ﬁ(f)tt)?> ' (40)

By (38), (40) and the definition of a(t; x), we have

(1) = a(t) 1+ (a(t) — Du(t:) Y tzj
u(t;l) =2(t) — 14 (z(t) — Du(t; 1 : : -
=1 (1—2t)) (1 - (ﬁ(f)éﬁ) i1k (t? %)
t2j

_12

s\’
=1 (L=2t) [ k (t' (1(7)15)1')

which, upon solving for u(t; 1), implies

(z(t) — 1) (1 + 21 (1—2t)7 Ztijk(t- x(t)t?)>

(1-t)*

L+ (1—z(t) Y, e _—
o) 2 (o y e e

u(t; 1) =

Note that for each 1 > 1,

. o (t)t! B 22 ()% 12
g (t’ (1- t)") = (1 —t)i((1 = t) — z(t)th) MY
(1—1) U2 (a(t) - 1)

T—2t | (I— 01—ty — 2())
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(1—1)? £ia(t) — 1)
1—2t (1 + (1—t)i((1—1t)i— x(t)ti))

(1-— t)2 $2i+1
o (1 BTy TG t)i+1>
(1= 26)(1 — £)% — (1 — )i+! 4 2041
(= 20— 20)((1 = 20)(1 — £ — (1 — 68"

(1=t)*(z(t)—1)
t(1—2t)

Substituting this into the last formula above for u(¢; 1), and simplifying, yields (36).
O

where we have made use of the fact z%(t) = in the second equality.

Let v,(a) and v(t; ) be defined analogously for the pattern 21-3 as u,(a) and
u(t; x) were above for 21-2.

Lemma 3.7. Ifn > 2, then

n—1 a—1 n—a+1
. m — 2
vn(a) = E Un—1(J) — E g ( ,_1)vn_m(a—1), 2<a<n, (41)
j=a—1 j=2 m=j+1 J

with v, (1) = Z;:ll Un_1(j) forn >2 and v1(1) = 1.

Proof. A subtraction argument similar to that given above for (33) applies here
which we briefly describe. Given m# = 7 ---7m, € C,, let ' denote as before the
subsequence consisting of the descent tops of 7 together with the last letter. Then
we have that 7 avoids 21-3 if and only if 7’ is non-increasing. Let V), , denote the
subset C,,(21-3) whose members end in a. Then one may append a to any member
of uy;;,lvn_l,j except for those belonging to V,,_1 ,—1 in which a —1 also occurs as a
descent top. Let p denote such a member of V,_; ,_1, which may be decomposed as
p=rp(a—1)p"(a—1), where the first a — 1 indicated corresponds to the rightmost
descent top and p” has first letter a — j with |p”| = m — 2. The assumptions on p
imply the restrictions n > a+2,a >3, j € [2,a—1and m € [j+ 1,n —a+ 1],
with p” non-decreasing. Hence, we have that there are (T;:f)vn_m(a — 1) possibilities
for p for each 57 and m. Considering all j and m then gives the cardinality of the p
that must be excluded from U?;;_lvn,u when appending a, which accounts for the

subtracted quantity in (41). O

Proceeding as before, one can show that the recurrence (41) can be rewritten in
terms of generating functions as follows.

Lemma 3.8. We have

z?t xt? t xt3 xt
(1+1—;c * (1—t)(1—2t))“(t5$) =D T <t5 1—t) '
(42)
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Theorem 3.9. We have
(3) 353
(z(t) = 1) (1 + 2321 G3) : =0 ot
(1=H\2 ) (1-20)9 [T_, k(6285 )
| By
(1—t)(%) (1-20)7 (1) —a()t9) T, k(t (””l(j{f))

ch(21—3)tn =
n>1 L+ (1—2(t)) ijl

, (43)

2_43_ 2 3 1 5146 2 3
where :L'(t) — 134251 V1—10t+37t2—62t3+46t1 — 125+ and ]{7( ) 1_|_1:v ;_i_(l tzt

2t(1—3z-+12) (a—-e)(1-2t)"

Proof. First note that (42) may be written as

k(t; x)v(t; x) = a(t; x) + b(t; z)v (t; x_t) : (44)

1-1t

where a(t;2) = t + t=o(t; 1), b(t;z) = % and k(t;x) is as stated. Taking

x = x(t) in (44), where x(t) is as given, is seen to cancel out the left-hand side and

implies
v(t; 1) =x(t) — 1+ t<f(_t)t()x((1t>__2;))v <t; :f(i)j) : (45)

Iterating (44) gives

v(t;%) = ;Zg
g e

(1 — 3t + 262)i-1 H <t, g”jﬁ)
(D (1) (1 205
- g 1- @)1 -3t + 22)1 T, ( : (ﬁ@g,.)'
By (45) and the definition of a(t;z), we then get
a(t)((t) - 1) ety (t = >
o(t;1) = o) = 1+ 5 g ;

=1 (1= (1 =3t + 20 I k(6 555

—
H
eo-

=

=.
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o B tB) (1
I P e ey Lk (5 8%)

. ) (r)
+ (z(t) = 1v(t; 1) JZZ; (1_t)(§)(1_2t)j((1—t)j —a(t)t) T, k (t5 (Jcl(i)tgii) |

Solving for v(¢; 1) in the last equality yields (43). O

3.3 The pattern 31-2

In order to determine a generating function formula for ¢, (31-2), we refine the number
of 31-2 avoiders according to a pair of parameters as follows. Given n > 2 and
1<b<a<n-—1,let W,,, denote the subset of C,(31-2) whose members contain
a I’s and b runs of 1’s and let w,(a,b) = [W,.4|- Note that

n—1 a

n(31-2) =1+ Zan(a, b), n>1, (46)

a=1 b=1

by the definitions, where the added one accounts for the all 1’s Catalan sequence.
The wy,(a,b) satisfy the following recursion.

Lemma 3.10. Ifn>3 and 1 <b<a <n-—1, then

o= ()70 g e (T o
with wa(1,1) = 1,

Proof. The initial condition when n = 2 is clear, so assume n > 3. To show (47),
we first enumerate the members 7 € W, . consisting of only 1’s and 2’s (i.e., the
binary members). Note that there are (Zj) ways of arranging a 1’s in b runs within
such 7. Once this has been done, we then place n —a 2’s in either b or b— 1 runs, the
arrangements of which are synonymous with the weak compositions of n —a — b+ 1
with b parts. Then there are ((”_“_Iffll)er_l) = (Z:f) ways in which to arrange the
2’s and hence there are (‘Zj) (’;:f) binary members of W, 4.

To enumerate the non-binary @ € W, ., consider inserting exactly a 1’s (as b
runs) into p € W,,_4q for some ¢ and d, where p is represented using the letters
in {2,3,...}. Observe that we may insert one or more 1’s at the very end of p or
directly preceding any 2 of p except for the first 2 in any non-initial runs of 2’s. To
see this, note that inserting one or more 1’s directly prior to the first 2 in a non-initial
run always introduces an occurrence of 31-2 in which the role of ‘3’ is played by the
predecessor of the 2 in p. Thus, there are ¢ — d+ 2 potential sites altogether within p
in which one may insert a run of 1’s. Since 7 must start with 1 and contain exactly

b runs of 1’s, there are (C;ﬁl) choices for the sites of the runs within 7. Then the
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a 1’s are to be inserted into the b chosen sites such that each receives at least one

letter, which can be achieved in (‘Z:i) ways. As there are w,,_,(c, d) possibilities for

p, allowing ¢ and d to vary yields
n—a—1 ¢
a—1\[c—d+1
> Y21 (5 )
c=1 d=1

non-binary members of W, ,; altogether. Combining this with the prior binary case
yields (47). O

Define the generating function

n—1 a
(t T y Z (Z wn 2 1yb1> .

n>2 \a=1 b=1
Then w(t; z,y) satisfies the following functional equation.
Lemma 3.11. We have
(1+z(y — 1)t)¢?
(1—at)(1— (x4 1)t —x(y — 1)t?)

(I4+2z(y—1)t)t A 4wy — 1)t 1—at )
(1 — xt)? w(, l—at "1+azy—1t)

w(t; z,y) =

(48)

Proof. First note

> o 1 R e

n>2 a=1 b=1
o a—14a a—1 b—1 n n a—14a
> tz(b )y z(b_l)t—zw t
a>1 n>0 a>1
B R A a—1 yt \*~ _Z (I (=Dt
= b—1) \1—t (1 —t)e 1—at
B t ot (1 +z(y — 1)t)t?
Cl—(r+Dt—ay— 12 1—at  (1—at)(l— (x+ 1)t —a(y — 1)t2)
and
n—1 a n—a—1 ¢ a 1 c d+1
n a—1 b—1 - -
Syt S Yuded (37 (507
n>3 a=1 b=1 c=1 d=1

_Zxa ltazyb 12203

a>1 c>1 d=1

o
-3 lzz(“l“) 3 w3 (37 )

b>1 c>1 d=1 n>c+1 a>b
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fe—d+1 1 (zyt)t
“EES (0 T weart

b>1 c>1 d=1 n>c+1
c c—d+2 b—1
t " c—d+1 xyt
oYY Yo (0T ()
c>1 d=1 n>c+1 b=1

" c . 1—|—$(y—1)t c—d+1
— LY S wear (RS

c>1 d=1 n>c+1

(I +a(y—1)t T+a(y—1)t\ " 1—at \“N
(1 —at)? ;(Zldzlw” ( 1—axt ) <1+x(y—1)t) )t
(I +ay— 1))t L ta(y - 1)t 1—uxt )
(1 —at)? (’ l—at "14azy—1t)

Thus, multiplying both sides of (47) by 2% !y*~1#", and summing over all n > 3 and
1§b§a§n—1,leadsto(48). O

The generating function for ¢,(31-2) may be expressed in terms of Chebyshev
polynomials as follows.

Theorem 3.12. We have

i Uj-1(s)
4 Hj:l (1 T Uj(s) >

(312)t" = —— , 49

D Bl = g ) s (49)

1t
where s = T

Proof. By (46), we seek a formula for - +w(t; 1, 1). Define the sequence of ordered
pairs (z,,y,) recursively by

+ twa(y )’ x Coaso,
1—tax, 1+ tx,(y, — 1)

with (zo,y0) = (1,1). Then by (48) and since z,y, = 1, we have

(anrla yn+1) - (

Ty 2]
l—t——t(l-t)x, 1—tz,

w(taxnayn) = w(t;anrlaynJrl)a n Z 07

and iteration gives

t’L—i—Q Hﬂ”l

B ;0 (1=t =2 —t(1 - t)a;) H’-‘1<1 ~ ;)

Jj=0

(50)

Let z, = g—" for n > 0, where a,, = «,(t) and 5, = B,(t) are sequences of
polynomials which we seek to determine. First note

1+ tx,(y, — 1 1—tx, tr,yn 4
+ ta, (y )_ :c+:cy _

Tl = 1—tx, o 1l—tx, 1—tx, +1—tacn
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so that
Oz+1:xn+1:1+ o =<+)6 .
/Bn-i-l 1— t,B_Z /Bn — tOZn

We thus obtain the system of recurrences

any1 = (14+1)B, — tay,  Pnir = Bn — tay, n >0, (51)

with ag = By = 1. From (51), we have (3,1 = %ﬁ“wl, and hence

Qpyo +t0n1 Qg +tay,
1+1¢ 1+t

- t05n7

which implies the recurrence
o = (1 — t)anyr — oy, n >0, (52)

with ag = a1 = 1. Similarly, we have that 3, satisfies this same recurrence, but with
initial values By =1 and 5 =1 —t.

Thus, by (50), we have

210 o
w(t;1,1) = @Zo Bipa((L—t = 2)3; — t(1 = t)e) [To—o(B; — tayy)

) i1 ) .
Fit2 H;:l j an H;‘:l ;

- Z i—1 = Z i+1

where we have used the facts 3,41 = 8; —ta; and S0 = (1—t —t*)3; —t(1 —t)o for
all 7,7 > 0, which can be shown by induction. A comparison with the initial values
and recurrence of the quantity -, = %2, which can be obtained from (52), reveals
Un(s) + U,-1(8) = Y, and hence «,, = t"(U,(s) + U,_1(s)) for all n > 1, where
s = L. Similarly, we obtain 3, = t"U,(s) for all n. Substituting this into (53), we

get

, (53)

T BU) + Upa(s) = LD <1 " Uff;—(l(>)>
w(t;1,1) = Z H;:::[L 5U,(s) - Z Uis1(s) )

i>1 i>1

which yields (49). O

Remark: It is possible to find a formula similar to (53) for w(t;x,y) for all z,y in
some interval containing 1 for all ¢ sufficiently small, say, |t| < %. Note that the
corresponding polynomials «,, and (3, will satisfy the same recurrences as before for
n > 3, but with the initial values a; = 1+ z(y — 1)t, ay = 1 — xt — ayt* and

fir=1—uat, fo=1—(z+ 1)t —z(y — )%
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3.4 The pattern 11-2

To deal with this case, we first consider two preliminary arrays. Given n > 1 and
1 < a < n, let m,(a) denote the cardinality of the subset of C, whose members
contain no levels and end in a. Put m,(a) = 0if n < 0 or a ¢ [n]. Let p,(a) for
a,n > 1 denote the number of words w = wy - - - w,, on the alphabet [a] that satisfy
wiyg < w;+1for 1 < i <n-—1and avoid 11-2, with py(a) := 1 for all a > 1.
Givenn > 1 and 1 < b < a, let p,(a,b) enumerate the subset of those words counted
by pn(a) which start with b. The arrays m,(a) and p,(a,b) are given recursively as
follows.

Lemma 3.13. Ifn > 2, then

n—1

mp(a) =my,_1(a—1)+ Z My—1(1), 1<a<n-—1, (54)
i=a+1

with m,(n) =1 for alln > 1. If n > 2, then
pn(a,b) = pp_1(a,b+ 1) + pp_o(b —l—anlaz 1<b<a-—1, (55)

with p,(a,a) = p,—1(a) for all a,n > 1, where p,(a) =y pa(a,b) forn > 1 and
po(a) = 1.

Proof. Considering the penultimate letter within a member of C, enumerated by
mp(a) implies (54). Let P, ., denote the class of words enumerated by p,(a,b) and
Pra = Up_ 1 Pnap- To show (55), consider the second letter ¢ within w = wy - - - w, €
Prap, where n > 2 and b < a. If i = b+ 1 or i € [b— 1], then there are clearly
Pn-1(a,b+ 1) and 25;11 pn—1(a, 1) possibilities, respectively. On the other hand, if
i = b, then no letters in [b+ 1, a] can occur in w and deleting the initial two b’s from
w results in an arbitrary member of P, _o;,. Hence, there are p,_o(b) possibilities
when i = b, and combining with the previous cases yields (55). Finally, the values
of m,(n) and p,(a,a) for n > 1 follow from the definitions. O

The sequence ¢, (11-2) can be given in terms of the prior two arrays as follows.
Lemma 3.14. Ifn > 1, then
cn(11-2) = n1+ZZmZ 3)Pn-i-1(9), (56)
=1 j=1
where my(7) and pg(j) are as in Lemma 3.183.

Proof. Let m = my---m, € C,(11-2). If m contains no levels, then there are M,
possibilities for 7, see [4]. So assume 7 contains at least one level, with i the smallest
index corresponding to one and m; = w1 = j. Then 7 can be decomposed as
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m = w'jn”, where n’ of length i contains no levels and ends in j and 7" is possibly
empty. Note 7" avoids 11-2 and is j-ary, due to the level involving the letter j directly
preceding it. Thus, for each i and j, there are m;(j) and p,_;_1(j) possibilities for
7" and 7", respectively, and allowing ¢ and j to vary yields all members of C,(11-2)
containing at least one level, which implies (56). O

Let M, (v) = > 0_ mu(a)v®" for n > 1 and M(t;v) =37 - Myu(v)t". Define

P(t;v,u) ZZanabalblt”

n>1 a>1 b=1
Then M (t;v) and P(t;v,u) satisfy the following functional equations.
Lemma 3.15. We have

(1—tv—|—1jv)M(tU)_t+1jUM(t;1) (57)
and
(1—%—1t_uu>P(t;U,u):
t(1+1) 2 o . ¢ )
(1—U)(1—uv)+<1_v 1_U>P(t7 ;1) uP(t, ,0).

(58)

Proof. Multiplying both sides of (54) by t"v*~!, and summing over all n > 2 and
1<a<n—1, yields

t
M(t;v) =t +toM(t;v) + ]
—v

(M(t;1) — M(t;0)),

which implies (57). Similarly, from (55), we get

P(t;v,u) =t Z Za:pl(a, bv*tubt 4 Z Z Za:pn(a, b)v Ly b

a>1b=1 n>2a>1b=1
=t(1+1)) v* 1Zub l—I—ZZan 1(a, b+ 1)~ tyb=1gm
a>1 n>2a>2 b=1
a b—1
15959 9 WNTFEHEIES 3 95 9 BMIT ERNEr
n>3 a>1 b=1 i=1 n>2a>2 b=2 i=1
t(1+1) t 12
= —(P(t;v,u) — P(t;v,0 P(t;uv, 1
(1_0)(1_w)+u( (t0,4) = P(t;0,0)) + 7 P(t;uv, 1)
t
+ 2 (P(t;0,u) — P(t;uv, 1)),

1—wu

which rearranges to give (58). O
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The functional equations from the prior lemma may be solved explicitly.
Lemma 3.16. We have
1+ (1 —2v)t —+1—2t— 3¢t
M(t;v) = 59
(tv) 2(1 — v+ (1 — o)t +v%t) (59)
and .
HT% () 4 (T (t)v
P(t;v, 1) b —
v Z ( 1+t)J >l_£a<(1+t)1>’ (60)
where
o(v) = (t — )3T (1) b(v) = tT3(t)(2 —T(t))
O (L+)3(L+t —oT2(t))’ S (1 =) (1 +v—oT(#)(1+t—vT2(t))
and

1+t—vI—20— 38
T(t) = > .

Proof. Letting v = vy = H=Y1=2=52 (57) gives M (t;1) =

57 vp— 1, and substituting
this back into (57) implies (59). Lettmg u = 7 in (58) and solving for P(t;v,0), where
T =T(t) is as defined, yields

1 t 1 1+t
P(t;v,0) =7 <1—v —T_l)P(t;U/T,1)+ A= o(T=0) (61)

Substituting (61) into (58), we find

(1 - % ~ 1t_uu)P(t;v,u) =4 _tS;zrll_)W) + ( e fu

P(t;uv, 1

t (1 t 1 1+t
—| = — P(t;v/T,1 .
u <T (1—1} T—1> (t:0/T,1) + (1—v)(T—v))
(62)
To solve (62), we let u be the other root of the kernel equation 1 — £ — -2 =0,
namely, u = ltft, to obtain

S

L4+t (1 [ ¢ 1 1+t
R - P(t:v/T,1
T (T(l—v T—1> (t0/T,1) + v))

(1—o)(T -
2 2 2
(ot p e ). t(1+1) |
l—v 14t—tT 1+1¢ (1—v)(1+t—ot])

Replacing v by vT', we have

1—oT 1+t—1tT 14+t

1+t t 1 t? 2T vtT?
— P(t;v,1) = — Pt 1
T? <1—UT T—l) (t:v,1) ( > (
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(141) t 1

1—oT \1+t—0tT? (1-0v)T?%)
After several algebraic steps and frequent use of the fact t7% = (¢t + 1)(T — 1), the
last equation can be written as

vtT?

P(t;v,1) = Plt,—
(o) =a()P (4355

1) + (o), (63)

where a(v) and b(v) are as defined. Iteration of (63) for ¢ sufficiently close to zero
then yields (60). O

One can now obtain an explicit formula for the generating function of ¢, (11-2).

Theorem 3.17. We have

> en(112)t" =

n>1

A+ —t-VI—2—37) T 0 L (HTE L)
ot 1+t Z; < 1+ t) ) “( (1+1) )
(64)

where a(v), b(v) and T(t) are as in Lemma 3.16.

Proof. Note first that (59) may be written as

2t
M(t’v) fd 2 ’
tv
(1+t+ 11— 2t 32 (FW)
and hence
2t)J
Zmn = [ M(t;0) = 2 A 7=t
2 (1+1+ V1 —2t—32)

Thus, by (56), we have

i

n—1
ch 11 2 ZMn 1tn ZZ m’L pn 1— 1(])tn

n>1 n>1 n>2 i1=1 j=
Y Y (Lo )
721 n>0 \i>j

;; 1+t+\/173t2) Pulj)t

2t , (2t)71m
T 14t 1— 2t 3t2zzp”(j> 14t 1— 2t — 3t2)i-!
+t V1 =2t - 32 g o (14t ++1—2t — 3t2)
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B 212 (Z( 2t )“
L t+ VT =26 =32\ \1+ 1+ V1 -2t — 30

2t
—I—P(t; ,1)).
1+t+ V1 —2t—3t?

Hence, we get

(11207 — (1+8)(1—t—+/1—2t—3t%)

2t

n>1

2t* 2t
+ Pt 1
1+t++1—2t—3t2 1+t++1—2t— 3¢
1 _t— —of _ 942 2
A+ —t—-v1-2 3t)+tTP<t; tT’1>7
141

2t 14+t

where we have made use of the fact >, M,t" = e W Thus, by (60), we
obtain

D en(11-2)t" =

n>1

(1+t)(1—t—+1—-2t—3t?) *T ; (tj+1T2j+1) i—1 <ti+1T2i+1 >

+ = N4 ~ . .1
+1 1+1
2t I (141t) (1+1)

which implies (64). O

3.5 The pattern 21-1

To determine a formula for the generating function of the sequence ¢, (21-1) forn > 1,
we refine it as follows by considering a certain pair of parameters on C,(21-1). Recall
that if 7 = my - - - 7, is a sequence with m; = x and 7; 11 = y for some i € [n—1] where
x >y, then 7 has a descent at index ¢ and the values x and y are referred to as the
top and bottom of the descent, respectively. Givenn >3 and 1 <a<m <n—1, let
rn(m, a) denote the number of members of C,,(21-1) that contain at least one descent
and have greatest letter m and smallest descent bottom a, with r,(m,a) taken to
be zero otherwise. For example, we have 74(4,2) = 7, the enumerated sequences
belonging to {112342, 122342, 123234, 123342, 123423, 123432, 123442}.

Given n > 1 and 1 < m < n, let ,(m) be the number of members of C,(21-1)
having largest letter m. By the definitions, we have ¢,(21-1) = >"" _| r,,(n) and

m—1

ro(m) = (;__11) + > ra(mya),  1<m<n-—1, (65)

a=1

with r,(n) = 1 for all n > 1. Note that the (")) term in (65) accounts for the

non-decreasing members of C,(21-1) whose largest letter is m.

The array r,(m,a) is given recursively as follows.
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Lemma 3.18. Ifn >4, then

rn(m,a):ZTn_i(m—l,a—l), 2<a<m<n-—1, (66)

i=1

and

(M, 1) = 71 (m, 1) + 7 o(m — 1) + n'lmzm:l (7 a l)rn_j_g(m —1)

+ rim—1,0)r,_;_o(k), 2<m<n-1, (67)

with initial values 71(1) = ro(1) = ro(2) = 73(2,1) = 1, where { = min{i—1,n—j—2}
and r,(m) is given by (65).

Proof. The initial values for 1 < n < 3 are easily seen to hold, so we may assume
n > 4. Let Ry mq and R, denote the subsets of C,(21-1) enumerated by 7, (m, a)
and 7, (m), respectively. To realize (66), first note that a member of R, . where
a > 1 cannot contain any 1’s outside of the initial run, for otherwise its smallest
descent bottom would be 1 and not a. Thus, members of R,, ,,, , where a > 1 must be
of the form m = 1'7’, where i > 1 and 7’ is such that 7/ —1 (the sequence obtained by
subtracting 1 from each entry of 7’) belongs to R,,—im—1,4—1. Considering all possible
i then gives (66).

Now suppose ™ € Ry, .1, Where n > 4 and 2 < m < n—1. If 7 starts with two or
more 1’s, then there are clearly r,_1(m, 1) possibilities, upon deleting the second 1,
so assume 7 starts with a single 1. Then 7 avoiding 21-1 and having 1 as a descent
bottom implies 7 must contain exactly two (non-consecutive) 1’s in this case. If 7 is
of the form m = lal, where a contains no 1’s, then there are r,_o(m — 1) such 7. So
assume m = lalf, where o and 3 are nonempty. First suppose « is non-decreasing.
If o has greatest letter i+ 1 for some 1 < i < m—2 with |a| = j, then there are (/_))
possibilities for a. Then 3 is such that 5 —1 € R,,—j_9m—1, Wherei < j <n—m-—1,
and hence there are r,,_;_o(m — 1) possible 5. Summing over all ¢ and j then gives
S Z” " (17 )P j—a(m — 1) such 7 wherein a does not contain m. On the

other hand, if o contains m, then there are ( 751 112) possibilities for o where |a| = j.
This implies f—1€R,_jo,; for some i € [m —1]. Summing over all 7 and j then
gives Y it Z;L :n 21 (m 2) Tn—j—2(1) possible 7 = lal/3 wherein « is non-decreasing
and contams m.

Finally, assume o within 7 = 1lalf contains at least one descent. Suppose that
7+ 1 is the smallest descent bottom of 7 lying within a.. Note that ¢ > 2, and hence
m > 4 in this case with ¢ € [2, m—2], for otherwise, if i = 1 (i.e., o contains a descent

bottom of size 2), then 5 would have to be empty, contrary to assumption. Then /3
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must have largest letter £ + 1 for some 1 < k <i—1, and hence B —1 € R,—;_24,
where j = |a, for if not, then 7 would contain an occurrence of 21-1 in which the
role of ‘1’ is played by ¢ + 1 and the role of ‘2’ is played by the descent top of 7 + 1
within «. In particular, it is seen that if o contains a descent, then § cannot contain
m. Thus, o must contain m, i.e., « =1 € Rj,,-1,;. Conversely, 7 = 1lal with the
stated restrictions on o and [ is seen to avoid 21-1. Note that 7 > m in order for « to
contain both m and a descent and j < n—3 in order for 5 to be nonempty. Summing
over all i, j and k then gives 372 Z;:i S 7 (m=1,i)r,_;_o(k) possible 7 in this
case. Combining with the prior cases then yields (67) and completes the proof. [

Define the generating functions R(t;v) = 35 o4 > 0 ) 7n(m)t"v™ " and

n—1 m—1
R(t;v,u) = Z Z ro(m, a)t"v™ tu
n>3 m=2 a=

In order to find an explicit formula for R(¢;v), we will need the following relation.

Lemma 3.19. For all k > 1,

n—1 m—1

YYD rnk(m+ka+ k)t = % (68)

n>3 m=2 a=1

Proof. Equating coefficients of t"v™ ! in

n—1 m—1 n—1 m—1
Z rn<m7 a)tnvmil = (1 - t)k Z Z Z rn+k(m + ka a -+ k)tnvmilv
n>3 m=2 a=1 n>3 m=2 a=1

we must show, for each n > 3 and 2 < m < n — 1, the identity

m—1 m—1 k
k
> ) = 30 S0} el ka0, kz1 (69
4
a=1 a=1 (=0
To establish (69), it suffices to show
. k
rn(m,a) = -1 k_é< )rn m+k,a+k), kE>1. 70
(moa) = S ) k> (10)

To do so, first note that the k = 1 case of (70) is given by
ro(m,a) =rppm+1lLa+1)—r,(m+1,a+1), 1<a<m-—1 (71)

For (71), a combinatorial explanation can be given by considering whether a
member of the set R, 11 m+1.4+1, Where n > m+1, starts with a single 1 or two or more
1’s. Note that there are r,,(m, a) possibilities in the former case and r,,(m+1,a+1) in
the latter, as a member of Ry, 11 m41,441 cannot contain any 1’s outside of its initial
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run of 1’s. Further, we have that (71) holds trivially for 1 < n < m, and hence
(71) holds for all n > 1 for each fixed m and a. This establishes the &k = 1 case of
(70) for all n > 1. An induction on k& may now be given for (70) by replacing each
Tnee(m + k,a + k) term in the sum on the right side with

Tnperi(m+k+La+k+1)—rpp(m+k+1la+k+1)

T . . . k+1 k k
and gathering like terms. Making use of the binomial recurrence ( ) ) = ( g) + (12—1)>
the result of this substitution is

k+1
1
D (=1t (k Jg )Tn+g(m +k+1la+k+1).
=0

Thus, formula (70) follows by induction, as desired, which completes the proof. [

Rewriting relation (65) in terms of generating functions, we have

R(t;v):Z'rn t""1+ZZrn Y™

n>1 n>2 m=1

=T +ZZ (n_ 1)t”vm1 +anlmzlrn(m,a)t"vml

n>2 m=1 n>3 m=2 a=1
t t?

1wt + (1 —ot)(1— (1 +wv)t) + R(t;v,1),

which implies

t

Rtv) =1 (1+ o)t

+ R(t;v,1). (72)

We now obtain the following functional equation for R(t;v,u).

Lemma 3.20. We have

vut ' B vt3(1 —t) v vt
(1 N t) Rtvw) = a-aronopr—om T 1o DR (t’ 1t 1)

vt?(vt3 — (1 —t)3)
(1 =20 ((1—1)2 —ut?)

v(l — o)t ot ‘
R e T v)t)R (t, 17 1) +tR(t;v,0). (73)

Proof. Define ¢,,; ; = min{i — 1,n — j — 2}. By (66) and (67), we have

R(t;v,1)

R(t;v,u)

n—1 m—1

= Tu(m, a)t"v™ Tyt 4 T (m, 1)t ™!
=D D Dl ZZ

n>4 m=3 a=2 n>3 m=2
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m—1 n—1
=ou Z Z Z Z i (m, a)t"o™ a1t 4 Z Z T (m, 1)t ™1

m>2 i>1 n>m+i+1 a=1 n>3 m=2
m—1 n—2
o n+i, . m—1_ a—1 n, m—I1
= vu E E E E ro(m, a)t" o™ et + E E Tn_1(m, 1)t"v
m>2 i>1 n>m+1 a=1 n>4 m=2
n—2 m—2n—m-—1 j 1
+ E E Tn_o(m — 1)t"v™™ 1+§ E g g ( 1)rn_]~_2(m—1)t”vm_1
n>3 m=2 n>5 m=3 i=1 j=i !

)P Z (‘7 . )rn_j_gu')t%m—l

n>4 m=2 i=1 j=m—
34

n—3 m—2 n—

DHH Y

n>7Tm=4 i=2 j

m—1
t
- 1U3 D > D ralmia)t" et 4 tR(0,0) + o Rt v)

m>2n>m—+1 a=1

O SD YD) ] (g LEVESES

1>1 m>i+1 521 n>m

555 D DD DIl G IERCIT

i>1 m>i+1j>2m—1n>i+5+42

1
n,i,j

ri(m —1,0)r,_j_o(k)t"v™ !
k=1

min{i—1,n}

YD Y rm— L (kR

n>1 i>2 m>i+2 j>m k=1

n—1 m—1

_ vt ZZZTHmat” "yt L tR(t0,0) + vt R(E;v)

n>3m 2 a=1

tn+z+2 m—1

DI IP WL VD DD U N G U

i>1 m>i+1n>m i>1 m>i+1j>m—1 n>i

+“ZZ SN0 N rmaiyra (k)i

n>1 k=1 i>k+1m>i+1j>m+1

t
= Uﬁ tR(t' v u) +tR(t;v,0) + vt*R(t;v)

1
tn+m+2
Tn (tn+3 1) ,Um—l
—2tn>1m1 (1_t)

+zzz:z( ) e

n>1 i=1 m>i+1 j>m—1

j—1 m—1

+v Z Z Z Z Z rive(m+k, i+ E)ry, (k)2 mih=l

n>1 k=1 723 m=2 i=1
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_oout o : 2p(s. vt’ : vt
=1 tR(t,v,u) +tR(t;v,0) + vt*R(t;v) + T (R(t,v) R (t, . t))

tn+m+1 m—1

D I) I I T

n>1 =1 m>i+1

j—1 m—1
DI e (Z S5 sl ki k)tjvm‘1>

n>1 k=1 >3 m=2 i=1

t3 t
— 1UuttR(t;v, u) +tR(t;v,0) + vt? R(t;v) + 11)_ 57 (R(t; v)— R (t; v ))

1— 1+v ZZ

n>1 1=1

1 m-1
+UtQZZTn k)t thyk (Z]ZZTH’“ (m + ki + k)t/o™ 1)

n>1 k=1 7j>3 m=2 i=1

tn+z+2 A

/
- %R(t v,u) + tR(t;v,0) + vt2R(L; )

vt3 vt
e (R(t,v)—R(u —1_t)>
ut3 vt
R ¢
+1—(1—|—v)t (’1—t>

n 7—1 m—1
+ vt? o (k)R ri(m + ki + k)™
j

n>1 k=1

Thus, by (68), we get

R(t;v,u) =
VUL bt )+ tR(E0,0) + 02 R(E ) + — o (Rt — R (£ -2
_— - : ) :
1 _ t ,U’ Y ) ) 1 _ 2t Y Y 1 —t
vt vt vt vt
Rt R(t;v,1)R | t; . 74
Tt (’1—t)+1—t (tv,1) (’1—t) (74)
Applying now (72) to (74) yields (73), after some algebra. O

We have that R(t;v) may be expressed in terms of an infinite continued fraction
as follows.

Theorem 3.21. The generating function R(t;v) for the number of members of
C,(21-1) having largest letter m for alln > m > 1 (marked by t"v™ ') satisfies

t
(1—t)2 (vt — (1 —v)(1—2t)°
(1 —t)(1 —2t) — vt3R(t; &)

? 1t

R(t;v) =

(75)

v(l —2t) —
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In particular, we have Y7 - ¢ (21-1)t" = R(t; 1) = t+2t> 4 5> + 13t* 4-35t° + 96t° +
267t7 + 750t% + 2122t + 6036t + 17239t + 49389¢12 + 141842t1% + 408142t +
1176194t1°+33937266 +9801731¢17 42833197118 +81947397¢19 42371521192+ - -,

Proof. Taking u = 0 into (73), one finds an expression of R(¢;v,0), which when
substituted back into (73), gives

vut vt3
(1 1 t) R(tv,u) = 1= (T+0))(1—1t)2 —vt?)

v23

T WR(t;v, )R (t; 1”__tt 1>
vt?(vt® — (1 — t)?) |
1=t -2t)((1 -t - th)R(t’U’ 1)

v(l —ov)t! ot
S 1-tH(l-20(1-(1 +,U)t)R (t» =7 1) . (76)

Taking u = 1 in (76), one gets

ot vt (ut? — (1~ t)°) vt vt .
<1 E AR )T 3 (G ey R gy <t’ T 1)) R(t;v,1)
— vt? - v(1 — o)t ot
IR () ) R ([ 7 R R (t’ It 1) ’

(77)

Using R(t;v,1) = R(t;v) — m in (77) then yields, after several algebraic steps,

vt R(t; 25) — t(1 —t)(1 — 2t)
Y(1=2t) (vt R(t; 5) — t(1—t)(1=2t)) + (1 — t)2(vt? — (1—v)(1—21))’

71—t

R(t;v) =

which implies (75). O
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