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ABSTRACT. Inthis article we generalize both ordinary and permutation volt-
age constructions to obtain all branched coverings of maps. We approach a
map as a set of flags together with three fixed-point-free involutions and re-
late this approach with other standard representations. We define a lift as a
function from these flags into a group. Ordinary voltage and ordinary current
assignments are special cases of our lifts. We interpret our comstruction as
an assignment of voltages to the corners of an embedded graph. We describe
a simple necessary and sufficient condition for a map homomorphism of base
graphs to lift to a homomorphism of covering graphs. As an application we
construct centrally-symmetric self-dual spherical polyhedra.

1. INTRODUCTION

There is a rich history of current graphs and their dual concept of voltage graphs.
This theory gives a convenient combinatorial method of using embedded graphs to
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describe branched coverings of surfaces (2-manifolds). It is also useful in construct-
ing embeddings of a wide variety of graphs. For example, current graphs were crit-
ical in the proof of the ”Map Colour Theorem” [13]. ARCHDEACON [1] has given a
common generalization of current and voltage constructions using only voltages on
the medial graph.

In this paper we describe a generalization of voltages and currents in the context
where maps are represented by three fixed-point-free involutions. The theory turns
out to be equivalent to that in [1]; however, we extend the theory to permutation
voltages (ARCHDEACON dealt only with ordinary voltages). As a result of this
extension we obtain all branched coverings between surfaces which are represented
by embedded graphs with the branch points at the faces and vertices. Maps related
to the given map, such as the dual, also lift nicely. A simple consequence of this
point of view is that the dual of the lift is the lift of the dual.

We also provide a necessary and sufficient condition for a graph homomorphism
between two maps to have a lift to simultaneous derived graphs. This generalizes a
result of GVOZDJAK AND SIRAN [8] who gave a necessary and sufficient condition
for an automorphism of a map to have a lift to a map derived from a voltage
construction.

Throughout this work we shall assume some familiarity with standard voltage
constructions. A useful reference is Gross and Tucker [6].

2. MAPS

We shall mainly be concerned with viewing maps as sets of flags with three
involutions on the flags. This form of a map is found, for example, in JAMES AND
THORNTON [9]; see also COXETER AND MOSER [5] for related material.

Definition 1. A premap is a finite set F of flags together with three fixed-point-free
involutions, R, L, T such that:

(1) for each ¢ € F, the four flags z, Lz, Tz, LTz are all distinct;

(2) TL = LT;

(3) for any flag z, the orbits of z and Tz under RT are disjoint; and
(4) for any flag z, the orbits of ¢ and Lz under RL are disjoint.

Definition 2. A map is a premap {F, R, L,T) such that the group generated by
R, L, T acts transitively on F.

Given a map (F,R,L,T), a vertez is an orbit of the flags under the action by
(R,T), the subgroup generated by R and T. Similarly a face is an orbit of the action
by (R, L), and an edge is an orbit of the action by (T, L). Observe that each edge
contains exactly four flags, ¢, Lz,Tz, and LTz. These vertices and edges form a
graph embedded on the same surface as the map; the faces of the map are the faces
of the embedded graph. The orbits Opr(z) and Opr(Tz) give the clockwise and
counterclockwise sense around a vertex. Likewise Ogr(z) and Ogr(Lz) give the
two senses around a face. In this graph a flag is interpreted as a pair of directions
on an edge, one longitudinal and one transversal. Figure 1 represents the effect on
these arrows of the action by T, L, and R.
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FIGURE 1

The maps here also correspond to TUTTE’s [16] maps (&, ¢, P), where P is the
rotation of edges around a vertex — P = RT, 6§ = L and ¢ = T. They also
quite naturally correspond to the “graph-encoded maps” of LINS [11]. The vertices
of the “gem” are the flags, and a flag z is adjacent to Rz,Lz,Tz. The latter
correspondence will be a useful one to keep in mind for the next section, when we
discuss our generalization of voltage and current constructions.

The main point to remember about any of the encodings of an embedded graph
is that the encoding is designed to keep track of the corners of the embedding.
Another approach was used in [12]. The flags use arrows to distinguish a corner;
in the gem it is a vertex to pick out a particular corner; and so on.

For example, Figure 2(a) is an embedding of K, in the sphere. The gem is

obtained by putting two vertices in each corner and joining up the new vertices as
shown in Figure 2(b).

FIGURE 2

The medial of an embedded graph G is the 4-regular embedded graph med(G)
obtained by inserting a vertex in every edge of G and joining two of these vertices .
by an edge if the corresponding edges of G are a corner of G. In Figure 3 is the
medial of the embedding of K4 shown in Figure 2(a). Observe that contracting the
squares of the gem that represent edges (Figure 2(b)) to vertices turns the gem into
the medial (Figure 3).




FIGURE 3

There is another relation with the gem and medial graphs. Let G be an embedded
graph, and let gem(G) denote the corresponding gem. By contracting all the (z, Rz)
edges of gem(G), one gets a 4-regular graph, which is med(med(Q)) = med?(G).
We comment that in ARCHDEACON AND RICHTER [4], the graph med?(G) played
a central role, for reasons intimately related to the material discussed here.

3. GENERAL CONSTRUCTION

In this section, we introduce the generalization of the voltage and current graph
constructions.

‘Definition 3. Let M = (F,R,L,T) be a map and let T be a group. A function
a:F — I'is a prelift of M if, for every flag z, a(Rz) = (a(z))™L.

If o is a prelift of the map M, then it is easy to show that M = (FxT, R*, L*, T+)
is a premap, where R*(z,6) = (Rz,ea(z)), L*(z,e) = (Lz,e) and T*(z,e) =
(Tz,e).

Definition 4. The prelift « is a lift of M if M is a map.

The general lifting described above corresponds to a usual voltage construction
on the corresponding gem, where the directed edge from z to Rz gets voltage a(z),
from z to Lz gets the identity voltage and « to T'z also gets identity voltage. The
condition a(Rz) = (a(z))~" corresponds to the voltage condition on directed edges.
In Figure 4(a) we have a voltage assignment from Z; on the gem of Kj; the resulting
map is shown in Figure 4(b) — it is the gem of the wheel Wy with 9 rim vertices.

There is no loss of generality in having only the edges of the gem of the form
zR(z) receiving voltages. For it is necessary that the 4-cycles representing edges
of the underlying graph lift to 4-cycles, so that in the lift they will again represent
edges. Therefore, in any voltage assignment, these 4-cycles must get net voltage the
identity. Any voltage assignment to the gem with this property is equivalent to one
of the type we have defined. For (see GROSS AND TUCKER [6, Theorem 2.5.3])
there is an equivalent voltage assignment which assigns the identity voltage to all
the edges of any fixed spanning tree. If we choose the spanning tree to include 3 of
the 4 edges from each of the (vertex-disjoint) 4-cycles representing the edges, then
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the last edge also gets identity voltage. This shows there is an equivalent voltage
assignment which assigns identity voltage to each edge of each of the 4-cycles. This
leaves only the edges zR(z) recelving non-identity voltages.

It is very natural to go between voltage assignments on med(G) and prelifts.
FEach directed edge of med(G) corresponds to a directed edge zR(z) of the gem
(in that contracting all the 4-cycles of the gem representing the edges yields the
medial graph). The voltage assigned to the flag = (or the directed edge zR(z) in
the gem) is equal to the voltage of this directed edge of the medial. The converse
operation takes a prelift to a voltage assignment on the medial. In Figure 5, the
voltage assignment on the gem of K, is transferred to the medial.

@ (b)

FIGURE 5
If 2 map G has a voltage assignment a, it is easy. to transfer this to a voltage
assignment of gem(G). The directed edge e is assigned voltage a(e). The edge ¢ is

represented by a square zL{z)LT(z)T(z) in gem(G); we suppose z and T(z) are
the flags representing e at the origin of the directed edge e. Assign voltages a(e)
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to the directed edges zL(z) and T'(¢)LT(z) of gem(G). Doing this for all edges e
yields a voltage assignment of gem(G) in which all edges of the form zT(z) and
zR(z) get identity voltage. The square representing e gets identity net voltage and
the Lift of gem(G) is the gem of the lift of G. This is illustrated in Figure 6.
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FIGURE 6

Similarly, currents on G lift to voltages on the edges 7'(z) and L(z)LT(z) of
gem(G). One must be slightly careful here, because the interpretation of the lift in
a current construction is not the same as in a voltage construction. The transfer of
currents from G to gem(G) described above is the same as from a voltage assignment
on the dual G* of G to gem(G*) = gem(G). The interpretation as to what are the
vertices and faces needs to be properly understood: the current construction on G
is exactly the voltage construction on G*.

A simultaneous assignment of voltages to both a primal graph and its dual can be
simultaneously, individually as above, transferred to the edges of the gem. In order
that the squares representing edges have identity net voltage, however, it must be
the case that the voltage v assigned to an edge e and the voltage v* assigned to
the edge e* dual to e must commute, i.e. vv* = v*v. In the event this condition is
satisfied for every dual pair of edges, then we get a simultaneous assignment with
the property that the voltages around the faces determine how the faces lift and the
(dual) voltages around the vertices (dual faces) determine how the vertices lift. We
note that not every lift of an embedded graph can be realized by simultaneously
assigning voltages to the primal and dual graph.

We remark that any of these assignments that we transfer to the gem is equivalent
to some lift — that is, an assignment in which only the zR(z) edges get nontrivial
voltages.

In LiNs [11] are described 6 maps obtained from the original map M =
(F,R,L,T), namely M, its dual (7, R,T, L), its antimap (F,R,T, LT), the dual of
the antimap (the antiphial) (F, R, LT,T), the phial (F,R,L,LT) and its dual (the
antidual) (F, R, LT, L). Since these 6 maps all have the same involution R, which
is the only one on which voltages need be assigned, and the various L and 7' are
compositions of the original L and T, the 6 maps related to the derived map are
the lifts of the 6 maps related to the base map. In particular, the dual of the base
map lifts to the dual of the derived map and the left-right walks (or, equivalently,




Petrie polygons) (see [12]) of the base map lift to the left-right walks of the derived
map.

4., VOLTAGES ON CORNERS

We now describe a convenient way to represent a simultaneous current and volt-
age assignment on a graph without passing to the gem or to flags. For ease of
description we begin with embeddings on orientable surfaces. Here an embedding
is represented by the clockwise rotations of arcs (= longitudinally directed edges)
around each vertex corresponding to the orbits of RT'.

This point is probably best described by an example. In Figure 7 we have assigned
voltages to the corners of K4 in the plane. These are the same voltages that were
assigned to the zR(z) edges of gem(K,) in Figure 4. The new rotations of arcs
around vertices are easily computed from the picture. The group is Z3 and so, for
example, we have around the vertex A the arcs a,b,c. In the lift, then, we will have
the single orbit (a,0),(5,0),(c,0),(a,1),(b,1),(c,1),(a,2),(5,2),(c,2). Around the
vertex B we have the arcs ¢, d, e which lift to the three orbits (c,¢),(d,€),(e,e +1),
£ &€ Z3.

FIGURE 7

Notice that the vertices, arcs and faces can be read off directly from the voltages
on the corners. We caution the reader, however, that there is no obvious way to
label the vertices in the fibre above a given base vertex. The result for the particular
example is shown in Figure 8.

This can be formalized. Let P = RT denote the permutation of the arcs whose
orbits are the vertices of the map. We can describe the corresponding permutation
P* in the lift by the following rule: P*(z,e) = (P(2),ca(z)), where a(z) is the volt-
age assigned to the corner from arc z to arc P(z). The permutation P* completely
determines the embedding of the lift in the case the base surface is orientable.

The construction for nonorientable surfaces follows analagously. Here an embed-
ding is represented by a permutation P which cyclically permutes the arcs ema-
nating from each vertex and by a signature (+1) assigned to each edge (for details
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see STAHL [15] or GROSS AND TUCKER [6]). We assign voltages to corners as in
the orientable case. The lift is described using the permutation P* as before; the
signature of each edge is the lift of the corresponding signature in the original map.

5. LIFTING MAP HOMOMORPHISMS

In this section, we describe a necessary and sufficient condition for a map homo-

morphism f : M — N to have a lift to f : M — N.

Definition 5. Let M = (Fu, Rym, Ly, Ty) and N = (Fn, Ry, Ly, Tnv) be maps.
A map homomorphism is a function f : Fpy — Fp such that, foreach § € {R, L, TY,
fSm = Snf.

Examples of map homomorphisms are automorphisms and projections from cov-
ers. We write f : M — N to denote that f is a map homomorphism.

Definition 6. Two flags « and y are adjacent if y € {Lz, Tz, Rz}.

Because R,L,T are involutions, adjacency is symmetric. This corresponds pre-
cisely to adjacency in the gem.

Proposition 7. (1) A map homomorphism f preserves adjacencies, i.e. if  and
y = Sme are adjacent in M, then f(y) = Sy f(z), so f(z) and f(y) are adjacent in
N.
(2) If f: M — N is a map homomorphism, then M is a branched covering of
N. O

Definition 8. A flag-walk is a sequence of flags with consecutive terms adjacent.
It is closed if the first and last flags are identical.

A simple consequence is that if W is a flag-walk and f is a map homomorphism,
then f(W) is also a flag-walk.

Let M be a map with lift . Let W = (21,2s,...,2,) be a flag-walk, with
Si; € {R, L, T} such that z; = S;z;_1,fori =2,3,...,n. Foreachi=1,2,...,n—1,
let v(z:) = a(2;) if S; = R; otherwise, ¥(z;) is the identity. (Thus, y(z;) is simply
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the voltage on the arc in the gem joining z; to z;41 in the walk corresponding to
W.) Define y(W) = y(z1)y(22) -+ Y(@n-1)-

Given two flag-walks, W = (z1,22,...,2,) and W' = (y1,¥2,...,¥:), such that

the origin y; of W' is the terminus z, of W, their product WW' is the flag-walk
(z1,22,--.,Zs,Y2,Y3,---,Y¢). The flag-walk W~ is (z,,Z5-1,...,22,21). Obvi-
ously, y(WW') = y(W)y(W') and y(W ™) = (y(W))~".
Theorem 9. Let M and N be maps, with lifts apr : Fpr — I'm and ay : Fn —
', respectively, and let M and N be the derived maps. Let ppr and pn be the
respective projections. Let f : M — N be a map homomorphism. There is a
map homomorphism f : M — N such that fpy = pnf if and only if, for each
closed flag-walk W with origin a fixed flag z, if yas(W) is the identity in I‘M, then
v (f(W)) is the identity in I'y.

Proof. Necessity. Suppose there is such a map homomorphism f. Let W =
(z1,22,...,2,) be a closed flag-walk in M such that z, = 21 = ¢ and yp(W) is
the identity in I'as. Let € € T'pr and set p; = yam(;). Then

W' = ((mlae)a (33276”'1)’ T 7(9311—1,5”1 T #“n~2), (Z)n,E))

is a closed flag-walk in M such that pmu(W")=W.
Now, f(W) = (f(z1), f(22),---, F(za)). Set yi = f(=:) and v; = yn{(yi). Then

f W' = ( Y1,€ (y2>6 Vl) a(ynaslV1V2 e Vn—l))a

since fpar = pnf and f is a map homomorphism. Since f(W') must be closed, we
see that yn(f(W)) = vy -+ - vp—1 is the identity in I'y, as required.

Sufficiency. Because M is a map, for each flag y of M and each ¢ € Ty, there is
a flag-walk W with origin ¢ and terminus y such that yp (W) = e.

To define f, let (y,€) be any flag of M. Let W be a flag-walk with origin z and
terminus y such that ya(W) = e. Now we let f('y,e) = (f(y), vyn(f(W))), where
v is an arbitrary, but fixed, element of I'y.

To see that f is well-defined, let V be another flag-walk with origin 2 and terminus
y such that yar(V) = e. Then yar(WV 1) is the identity in I'az, so yw(f(WV 1))
is the identity in I'y and the result follows.

It remains to show that f is a map homomorphism such that pxf = fpar. For
the former, let S € {R,L,T}. Then

S i) = S ra(W) = S5 () v (F(7)))
(st(y),qu(f W) (FW)) ) = (£SmCw) v (W, () )
=f(SM( ), vvaa (W, ) £S5 (w, v (W) = f S (v, €)-

To see that the diagram commutes, note that pr(y, Y = pn(fly), %) = fly)
and that

fom(y,e) = f(y). O




It is easy to show that if f is a bijection, then fis also a bijection. The point
of the v in the definition of f is so that f(m id) is any particular (f(z),v). Tt is
also straightforward to show that there is a unique lift of f that takes (z,id) to
(F(2),0)

On a slightly different note, observe that if there is a group homomorphism
f*: s — Ty such that f* (7M( )) = yn(f(y)) for every flag y of M, then the lift
f exists and could be defined by f(y, ) = (f(y),vf*(e)). In general, however, f can
exist without having f*(va(y)) = YN (f(y)). For example, if M is a directed 2-cycle
with one arc getting voltage 0 and the other voltage 1 in Zj, then the automorphism
that interchanges the arcs has a lift but does not satisfy f*(ya(y)) = yn(f(y)) for
either arc. '

FIGURE 9

Let M be the directed 2-cycle with voltages as in the preceding paragraph. Let M
be the lift of M. Put voltages 0 on the arcs of M and consider the commutative dia-
gram in Figure 9. In this case, the group homomorphism f*(yp(W)) = vn (f(W)),
where W ranges over all the closed walks in M with origin a fixed vertex, is not an
epimorphism from I'ps = {0} to I'v = Z,. Therefore the necessary and sufficient
condition for the existence of a lift f is this f* is a group homomorphism.

6. PERMUTATION VOLTAGES

The “ordinary” lifts described in the previous sections generalize naturally “or-
dinary” voltage constructions. In the same way, one can generalize permutation
voltage assignments.

Definition 10. Let M = (F,R,L,T) be a map and let T be a subgroup of the
symmetric group §,. A function a : F — I' is a permutation prelift of M if, for
every flag z, a(Rz) = (a(z))!.

In this work, we use the notation je to denote the image of j € {1,2,...,n}
under the permutation € € S,.
If o is a permutation prelift of the map M, then it is easy to show that
=(Fx{1,2,...,n},R*,L*,T")

is a premap, where R*(z,1) = (Rz,ia(z)), L*(z,1) = (Lz,%) and T*(z,i) = (Tz,1).




Definition 11. The permutation prelift « is a permutation lift of M if M is a map.

We remark that this construction is a common generalization of the classical
permutation voltages and the classical (though nonexistent) permutation currents.
Also, note that once again, all six of the associated maps lift; in particular, the dual
of the lift is the lift of the dual.

7. PERMUTATION LIFTs oF MAP HOMOMORPHISMS

In analogy with Theorem 9, we have a necessary and sufficient condition for the
existence of a permutation lift of a map homomorphism f : M — N, when M and
N have simultaneous permutation lifts.

Theorem 12. Let M and N be maps, with permutation lifts aps and oy, respec-
tively and let M and N be the derived maps. Let ppr and pn be the respective
projections. Let f : M — N be a map homomorphism. There is a map homomor-
phism f: M — N such that fpy = pn§f if and only if, there is a j € {1,2,...,n}
such that if W is a closed flag-walk with origin a fixed flag =, with l'yM(W) 1,
then jyn(f(W)) = j.

We remark that the permutation lift for M may be relative to {1,2,...,m} and
that for N to {1,2,...,n} with m # n.

Proof. Necessity. Let f(a:,l) (f(z),7). Let W be a closed flag-walk in M with
origin z such that 1yp (W) = 1. Let W be the lift of W with origin (z,1). Then W

is a closed flag-walk in M. Thus, f(W) is a closed flag-walk in N, which projects
down to f(W). Hence, jyn(f(W)) = j, as claimed.

Sufficiency. Define f(y,i) by (f(v),7yn(F(V))), where 7 is such that if W is a
closed flag-walk with origin z such that 1ypm (W) = 1, then jyn(f(W)) =j and V
is a flag-walk with origin ¢ such that 1ya (V) = 7. We prove f is well-defined. The
proof that it is a flag-walk is similar to the proof in Theorem 9.

Suppose 1yp (V) = ¢ and 1ypm(V') = 4. Then 1yp(VV'™1) = 1, and so, by as-
sumption, jyn(f(VV'™")) = j. Thus, jyn(f(V)) = jyn(F(V")), so f(y,1yae(W))
= fly,1ym(V)), as required. O

A lift as in Section 5 corresponds to a permutation lift where the permutation
is given by the action of right multiplication on the group elements. Using this
correspondence Theorem 9 follows from Theorem 12.

The advantage of our constructions is increased generality. The generalization
of the ordinary voltage construction we have given in Section 3 gives all “regular
branched coverings”, where branch points are now allowed in both faces and vertices.
The regularity condition means that the deck transformations act transitively on
the fibres. The generalization of the permutation voltage counstruction yields all
branched coverings, where again branch points are to be in both faces and vertices.

8. CENTRALLY SYMMETRIC SELF-DUAL POLYHEDRA

To conclude, we consider the existence of centrally symmetric self-dual spherical
polyhedra. In [7], GRUNBAUM AND SHEPHARD ask if there is such a polyhedron.




Examples were independently discovered by ROTE [14] and ARCHDEACON [2]. The
latter paper showed that some self-dual projective planar graphs lift to centrally
symmetric self-dual spherical polyhedra. We use Theorem 9 to show that all such
projective graphs lift.

Theorem 13. Let (F,R,L,T) be a map on the projective plane which is isomor-
phic to its dual (F,R,T,L). Then the spherical double cover of this map is a
centrally symmetric self-dual spherical map.

Proof. The self-duality map ¢ must map contractible cycles to contractible cycles.
Since these are the only cycles that receive the identity voltage, ¢ satisfies the
hypothesis of Theorem 9 and, therefore, the self-duality map lifts to a self-duality
map J) of the spherical double cover. O

ARCHDEACON AND NEGAMI [3] show that there are infinitely many self-dual
projective planar maps. This, together with Theorem 13 shows that there are infin-
itely many centrally symmetric self-dual spherical maps. Moreover, if the projective
planar map is 3-connected and 3-representative, then it is easy to see that the spher-
ical double cover is 3-connected and, therefore, a polyhedron. ARCHDEACON AND
NEGAMI also prove there are infinitely many 3-connected and 3-representative self-
dual projective planar maps, so we can conclude that there are infinitely many
centrally symmetric self-dual spherical polyhedra.
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