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Abstract

Duchéne et al. [Australas. J. Combin. 57 (2013), 109-126] introduced a
new variant of the graph packing problem called the labeled packing of
a graph, which aims to study the packing of a vertex labeled graph. In
this paper, we show that there exists a labeled packing of a non-star tree
T into its k' power T*, k > 5, with ms + 1 labels, where my denotes
the maximum number of leaves which can be removed from 7" in such a
way that the tree so obtained is a non-star one.

1 Introduction

All graphs considered in this paper are finite. For a graph G, V(G) and E(G) will
denote its vertex set and edge set respectively. For any two vertices  and y in V(G),
the edge between x and y is denoted by zy. We denote the cardinality of V(G) and
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E(G) by v(G) and e(G) respectively. We denote by Ng(z) the set of neighbors of
a vertex x in G. The degree dg(z) of a vertex x in G is the cardinality of the set
Ng(x). For short, we use d(x) instead of dg(x) and N(x) instead of Ng(x). The
distance between two vertices of G, say x and y, is denoted by distg(x,y), and for
simplicity we usually use dist(x,y). We say that a graph H is a subgraph of G if and
only if V(H) C V(G) and E(H) C E(G). Let H be a subgraph of G; we say that
H is an induced subgraph of G if every edge in F(G) whose vertices are in V(H)
is also an edge in E(H). For U C V(G), we denote by G — U the graph obtained
from G after deleting all the vertices in U and their incident edges. For F' C E(G),
we define G — F' as the graph obtained from G after removing all the edges in F.
A graph G is said to be connected if any two vertices of G are joined by a path. A
connected component of a graph G is a maximal induced connected subgraph (with
respect to C). We denote by Cg(x) the connected component of G containing x.

Let k be an integer with & > 2. We denote by G* the k'* power of G, and it
is the graph obtained from G after adding the edges xzy whenever zy ¢ E(G) and
dist(z,y) < k.

A vertex of degree one in a tree is called a leaf. One can easily notice that the
removal of a set of leaves from a non-star tree may result in either a non-star tree or
a star one. For a non-star tree T, we denote by ms the maximum number of leaves
that can be removed from 7" in such a way that the obtained graph is a non-star tree.
The number of edges of a path P is its length [(P). We denote by P, a path of order
n, and we say that a path is an zy-path if x and y are its ends. Let P = vivy... 0,
be a path, if P, P, ..., Py, k > 2, are pairwise vertex disjoint subpaths of P such

k
that V(P) = |J V(B,), P, is an z;y;-path with x; = vy, yp = v, and y;2,41 € E(P)
fori=1,2,. Z ,1k: — 1, then we write P = PP, ... Py.

The concept of graph packing was first introduced independently by Bollobés and
Eldridge [1] as well as by Sauer and Spencer [6] in the late 1970s, and it was defined
as follows: Let G be a graph of order n, and let o be a permutation from V(G)
to V(K,). The map o* : E(G) — E(K,) such that o*(zy) = o(z)o(y) is the map
induced by 0. We say that there is a packing of k copies of G (into the complete
graph K,) if there exist k permutations o; : V(G) — V(K,,), where i =1, ..., k, such
that o7 (E(G))Noj(E(G)) = 0 for i # j. Such a packing will be called a k-placement
of G. Thus, o : V(G) — V(K,) is a 2-placement (or embedding) of G if whenever an
edge zy belongs to F(G), then o(z)o(y) does not belong to E(G); that is if G has

a 2-placement, then G is a subgraph of its complement. A permutation ¢ on V(G)
such that o(z) # x for every x in V(G) is called a fixed point free permutation.

The problem of packing paths and trees in their complements has been a long-
standing fundamental inquiry in combinatorics, extensively explored in existing lit-
erature. To access an overview of this field, we refer to the survey articles of Wozniak
[10] and Yap [12]. In [2], a complete description of all graphs with v(G) = n and
e(G) = n — 2 admitting a 2-placement is given. A similar result about graphs with
v(G) = n and e(G) = n is provided in [4]. Concerning non-star trees, it is well-
known that any non-star tree is contained in its own complement. This result has
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been improved in many ways especially in considering some additional information
and conditions about embedding. An example of such a result is the following theo-
rem contained as a lemma in [11]:

Theorem 1.1. Let T be a non-star tree of order n with n > 3. Then there exists a
2-placement o of T such that for every x € V(T), dist(x,o(z)) < 3.

This theorem immediately implies the following:

Corollary 1.2. Let T' be a non-star tree of order n with n > 3. Then there exists
an embedding o of T such that o(T) C T".

In [5], Kheddouci et al. gave a better improvement in the following theorem:

Theorem 1.3. Let T be a non-star tree and let x be a vertex of T. Then, there exists
a permutation o on V(T satisfying the following four conditions:

1. 0 is a 2-placement of T.

2. o(T) C T

3. dist(z,o(z)) = 1.

4. for every neighbor y of x, dist(y,o(y)) < 2.

Labeled graph packing problem is a well-known field of graph theory that has been
considerably investigated. It was introduced by E. Duchéne et al. in [3]:

Definition 1.4. Consider a graph G on n vertices. Let f be a mapping from V(G)
into the set {1,2,...,p}, where p € N*. The mapping f is called a p-labeled packing
of k copies of G into K, if there exist k& permutations o; : V(G) — V(K,,), where
1 =1,...,k, such that:

L o} (E(G))Noj(E(G)) =0 for all i # j.

2. For every vertex v of G, we have f(v) = f(01(v)) = f(o2(v)) = -+ = f(ox(v)).

The maximum positive integer p for which G' admits a p-labeled packing of &
copies of G is called the labeled k-packing number of G and it is denoted by Ax(G).

E. Duchéne et al. also studied the labeled packing of two copies of graphs and
proved the following result presented as a lemma in [3]:

Theorem 1.5. Let G be a graph on n vertices, and let I be a maximum independent
set of G. If there exists an embedding of G into K,,, then
M(G) < 1)+ %51,
Moreover, Tahraoui et al. in [8] gave exact values of A\y(G) when G is a caterpillar
or a path in addition to a lower bound of A\y(7T), where T is a non-star tree. In 2017,

Tahraoui et al. in 7] improved Wozniak’s bound present in [9] and they showed the
following:
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Theorem 1.6. Let G be a graph with v(G) = n such that n > 2 and e(G) < n — 2.
Then, X2(G) > | %].

In this paper, we are concerned with finding a p-labeled packing of G into G*,
and the definition of this new problem is given below:

Definition 1.7. Let f be a mapping from V(@) into the set {1,2,...,p}, where
p € N*. The mapping f is called a p-labeled packing of G into G* if there exists a
‘permutation o : V(G) — V(K,), such that:

1. o is a 2-placement of G.
2. o(G) C G*.
3. For every vertex v of G, we have f(v) = f(o(v)).

The maximum positive integer p for which G admits a p-labeled packing of G
into G* is called the labeled packing k-power number and it is denoted by w*(G).

In Section 2, we pass by the labeled packing of a non-star tree 7" into 7%, k > 5,
through a specific type of permutation:

Definition 1.8. Let 7" be a non-star tree and let x be a vertex of T'. Then a fixed
point free permutation o on V(T') is called a (T, x)-good 2-placement if it satisfies
the following conditions:

1. o is a 2-placement of T.

<9
4. dist(y, o ( )) < 3 for every neighbor y of z.
<4

for every vertex y of T.

We prove then:

Theorem 1.9. Let T be a non-star tree and let x be a vertex of T'. Then there exists
a (T, x)-good 2-placement.

The above result allows us easily to find a lower bound of w*(T'), k > 5, where
we will prove:

Corollary 1.10. w*(T) > my + 1, k > 5 for every non-star tree T on n vertices.

2 Labeled packing of a non-star tree T into 7%, k> 5

Before proving Theorem 1.9, we need to present some definitions. Let T" be a non-
star tree and let xy be an edge in T'. We call a neighbor tree of y the connected
component containing = in 7" — {zy}, and we denote it by T{;,). Now, T{,, is said
to be a neighbor F-tree of y if T\, is a path of length at most two such that x is
an end of T{, ,) whenever T(, ) is a path of length two.

In order to prove Theorem 1.9, we have to pass first by the good 2-placement of
paths:
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Definition 2.1. Consider a path P,, n > 4. A fixed point free permutation o on
V(P,) is called a P,-good path 2-placement if it satisfies the following conditions:

1. 0 is a 2-placement of P,.
2. o(P,) C P2.
3. dist(y, o(y)) < 2 for every vertex y of P,.

We are going to prove:

Theorem 2.2. There exists a P,-good path 2-placement for any path P,, n > 4.

To build the proof of the above theorem, we use the following lemma:

Lemma 2.3. For every integer n > 8, there exists a, b, ¢ € W such that n =
4a + 5b + 6c.

Proof. The proof is by induction. Clearly, we are done for n = 8. Suppose it is true
up ton with n > 9. If n 4+ 1 is a multiple of 4, 5 or 6, then we are done. Otherwise,
there exist, by induction, a, b, ¢ € W such that n = 4a+5b+6¢. Clearly, a+b+c¢ > 2
asn>9. Ifa>1,thenn+1=4(a—1)+5(b+ 1)+ 6¢. Otherwise, we will consider
two cases regarding b. If b > 1, then n+1=5(b—1) +6(c+1). If b = 0, then ¢ > 2,
andson+1=6c+1=(4x2)+5+6(c—2). O

Proof of Theorem 2.2. We proceed by induction. For each path P,, 4 <n <7,
we will introduce below a P,-good path 2-placement o:

e For P, = xyxowsry, 0 = (21 9 x4 x3) is a Pj-good path 2-placement.
o For P5 = xyxox32475, 0 = (11 T9 T4 x5 x3) is a Ps-good path 2-placement.
o For Py = z1x0x324w576, 0 = (11 T2 T4 Tg T5 x3) is a Pg-good path 2-placement.

o For P = xxoxswywsrexs, 0 = (r1 Ty T4 Tg Ty Ty x3) is a Pr-good path
2-placement.

Forn > 8, let a, b, ¢ € W such that n = 4a+5b+6¢. Then, there exists Py 1, ..., Piq,
Psi,..., P54, Fs1,...,Fs., where P, ; is a subpath of P of order ¢ such that P, =
Pyy...PyoPsi... PsyPs1...FPs.. It is clear that there exists a P, j-good path 2-
placement ¢/ for 4 < i < 6 and 1 < j < k where k € {a,b,¢}. Thus, ¢ =

of...0%0% .. . obol... 0§ is a P,-good path 2-placement. O

Regarding the proof of Theorem 1.9, an important technique, demonstrated as a
lemma, is needed in order to facilitate the presentation of the proof.

Lemma 2.4. Consider a non-star tree T’ containing a vertex x such that d(x) =n > 2
and Ty, »y i a neighbor F-tree of x fori=1,...,m, 1 <m <n, where {z1,...,2,}
are the neighbors of x. Let T" = T — {zz; : i = 1,...,m}. If there exists a
(Cri(z), 2)-good 2-placement o for some z in Cr(x) such that dist(z,o¢(z)) < 2
and dist(y, o0(y)) < 2 for any y in N(z) N Cp (x), then there exists a (T, z)-good
2-placement o such that dist(u, o(u)) < dist(u, oo(u)) for every u € Cp(x).
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Proof. Let r, p and ¢ be the number of neighbor F'-trees of x that are paths of length
zero, one and two respectively in the set {T(,, ) : ¢ =1,...,m}. In what follows we
need to rename some neighbors of x for the sake of the proof. Let T; = T{,, » for
1 =1,...,m such that if » > 0, then T} is the vertex a; for i = 1,...,r, if p > 0, then
Ty = bi_pcip for i =r+1,...,p+randif ¢ > 0, then T; = d;_p4r) )Ci (p+,, yfie(ptr)

fori=r+p+1,....r+p+gq Set TO = Cp(x), TV = T©O UUTi,T):
i=1

i=p 1=q
TOUY Ty, T® =T U T;. In order to define a (T, z)-good 2-placement, we are
=1 i=1

going to extend o; into o, where o, is a (T, 2)-good 2-placement for every

i € {0, 1, 2} and o3 is the desired (7T, z)-good 2-placement. To construct s, we
need to introduce the permutations ©, T and A. If » > 1, p > 1 and ¢ > 1, define

i=r 1=p 1=q
© over V(U T;), YT over V(| T;) and A over V(| T;) respectively.
i=1 i=1 i=1

0= (aay...a).
T = (b101b202 e bpcp).
A = (61 €y ... Bq)(dl fl)(dg fg) Ce (dq fq)
Now, we are ready to define oy, then o, and finally o;.
If r > 1, let o7 = 09 O. For the case r = 1, if there exists u € Ny (z) such that
oo(u) = z, let
oo(v) ifv e V(TO) — {u},
o1(v) =< a; if v =u,
x if v=ay;
and if not, let
oo(v) ifv e V(TO) - {z},
o1(v) = ¢ a; if v=ux,
oo(z) ifv=a.
Finally, if r = 0, let oy = 0.

In order to construct g9, we need as above to study three cases regarding the value

of p. If p > 1, let 09 = 01 Y. For the case p =1, let

o1(v) ifve V(TW) - {z},

1 if v=u,

oa(v) =
2( ) 01(1’) if’U:bb

b ifv=c¢.

Finally, if p = 0, let 09 = 0.
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Now, we are ready to define o3. If ¢ > 1, let 03 = 09 A. For the case ¢ = 1, let

(

oo(v) ifv e V(T®) — {z},

e1 if v =1,
0'3(1)) = Ug(l‘) if’l):dl,
f1 ifv= €1,

d1 ifU:fl.

Finally, if ¢ = 0, let o3 = 0».
Thus, o3 is a (T, x)-good 2-placement. ]

Proof of Theorem 1.9. The proof is by induction on the order n of 7. Since T
is a non-star tree, then n > 4. For n = 4, P, is the only non-star tree, and so by
Theorem 2.2, there exists a P;-good path 2-placement.

Now, let T' be a non-star tree of order n; n > 5, and suppose that the theorem
holds for every non-star tree of order m < n. Let x be a vertex of T'. If T is a path,
then the result holds directly by Theorem 2.2. In what follows, T" is not a path.

If there exists a vertex w in T such that N(u) = {a4, ..., ax} with k& > 2 where qa;
is a leaf for all i € {1,...,k} and d(u) = k+1, then consider " =T —{ay, ..., a;}. If
T' is a non-star tree, 0 = 0; (ay ... ax) with ¢ € {1,2} is a (T, z)-good 2-placement,
where o is a (1", z)-good 2-placement if = € T" and o9 is a (T”, u)-good 2-placement
by induction. If 7" is a star, then T is isomorphic to the tree in Figure 1 under which
we define a (T, x)-good 2-placement.

Otherwise, for every u € V(T), if {ay,...,ar} C N(u) where a; is a leaf for
all i € {1,...,k} and & > 2, then d(u) > k + 1. Since T is a non-star tree, then
there exists a path P in 7' containing x with [(P) > 3. By Theorem 2.2, there
exists a P-good path 2-placement oy. Set P = x125...x, where x = x; for some
t, 1 <t <r. Clearly, T — P # (). For every i € {1,...,r}, set N(x;) = N;UF}, where
N; ={w e N(z;) =V(P) : Tiwyg, is a non star tree} and F; = {w € N(x;) =V (P):
Tw,z,;) 1s a neighbor F-tree of x;}.

Set Ty = P and T;,, = T; U U Twazn) | fori=0,...,7 —1. Now,
wGN(x¢+1)7V(P)

we are going to extend oy into a (7, x)-good 2-placement. This extension is done
successively starting from ¢ = 0 and ending at + = r — 1, by extending ¢; which
is a (7T, x)-good 2-placement into o,y which is a (7j;1,z)-good 2-placement, in

order to reach o, which is the desired (T, z)-good 2-placement, and the extension

will be as following: if N1 # 0, then let N;;; = {wilﬂ,wfﬂ,...,wiff}, where
; .

w;

l;1 > 1. By induction, there exists a (T( 1)-good 2-placement, say o7, ;,

J
wi+1azi+1) ’

j: 1,...,lz‘+1, and let

) _Joi(v) if v e V(Ty),
%i1(V) = ol (v) ifve V(T

(i1 ,7i01)):



M. MORTADA ET AL./AUSTRALAS. J. COMBIN. 89 (2) (2024), 234242 241

wWEN; 41

Otherwise, let o;,, = o0;. Then o/, is a (EU( U T(w,xiﬂ)) ,:B)—good 2-

placement.

Now, if Fi41 = 0, then let 0,41 = o}, which is a (T;41,z)-good 2-placement.
Otherwise, there exists a (7;11,z)-good 2-placement, name it 0,1, by Lemma 2.4.
Thus, o, is a (T, z)-good 2-placement. O

Proof of Corollary 1.10. Let 7" =T — {a, ..., .}, where {aq, ..., qp, } is &
maximal set of leaves that can be removed from T in such a way that the obtained
tree is a non-star one. Since 7" is a non-star tree, then there exists a (7", x)-good
2-placement ¢’ for some z in 7”. We define a packing o of T into T* k > 5, as
follows:

(o) = {0’(0) if v e V(T),

v ifvo=q;fori=1,... ,myp.

Label «; by i, for i = 1,...,m7 and label all the vertices of 7" by ms + 1. Hence,
we obtain an (mp + 1)-labeled packing of T" into 7%, and so w*(T) > my +1. O

Figure 1: A non-star tree all of whose vertices are leaves except for two vertices x
and y that are adjacent and N(z) N N(y) = 0.

We are going to define a (T, v)-good 2-placement o for every v € {z,y, a1, 51 }:

If k is even, then consider

a:{ (Tasory Py ... Bm) if k=2,
(.Z'Odgalyﬁl...ﬁm)(@g...&k) if &> 2.

If k is odd, then consider o = (z a3y By ... Bm)(ag ... ).
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