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Abstract. Certain decompositions of complete directed graphs with loops into
collections of closed trails which partition the edge set of the graph give rise to,
and arise from, quasigroups. Such decompositions are said to be 2-perfect. The
existence of these 2-perfect decompositions in which the closed trails are all of the
same length m is examined. In particular, the set of values of n for which the order
n complete directed graph with loops can be decomposed into 2-perfect closed trails
of length m is determined (with four possible exceptions; two in the case m = 5
and two in the case m = 14) for all m < 15.

1. Introduction

A quasigroup (Q, *) is usually defined as a set Q together with a binary operation
% (called multiplication) which satisfy the conditions that for any e,b € @, the
equations

axz=>b and yxa=2b

have unique solutions for z and y in Q. It is well known and easy to show that the
multiplication table of a quasigroup is a latin square (each row and each column
contains every element exactly once).

It is sometimes useful to introduce two further binary operations, right division /s
and left division \. These are defined by letting b/a denote the unique y satisfying
y*a = b, and a\b denote the unique z satisfying a*x z = b. The three binary
operations satisfy the following identities:
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(1) (zxy)/y==;

(2) (=/y)xy=2=;

() w\yxz) =2

(4) y*(y\z) ==z.
Conversely, if an algebra Q = (Q, %, /,\) satisfies the above identities, then (@, *) is
a quasigroup. Identities (2) and (4) give existence of solutions of the equations, and
identities (1) and (3) give uniqueness of these solutions (see [4]). In this paper we
will be looking at a class of graph decompositions which can be used to construct,
or be constructed from, quasigroups.

A irail in a graph is a walk with no repeated edges, and a cycle is a closed
trail with no repeated vertices; see [2]. A great deal of work has been done on
decompositions of complete undirected graphs into cycles so that the edge set of
the graph is partitioned; see [5]. Analogous decompositions of directed graphs
(sometimes referred to as Mendelsohn designs) have also attracted much attention,
see [1] for example. More recently, decompositions of complete directed graphs
with loops into collections of closed trails which partition the edge set of the graph
have been studied; see [3]. The presence of loops necessitates decomposing into

closed trails instead of cycles, because repeated vertices cannot be avoided.

Definition 1.1. A closed trail system of a graph G is a pair (V,T) where V is the
vertex set of the graph and T is a set of closed trails with the property that each
edge of G occurs exactly once in T. If all the trails in a closed trail system of G
are of length m, the system is called a closed m-trail system of G.

A closed m-trail which contains the edges z1z2,2223,...,2m2; 1s written as a

cyclically ordered m-tuple (z1,22,...,%m) of vertices. O

It has been shown (see [3]) that there exists a closed m-trail system of L, (the
complete directed graph with loops on each of its n vertices) if and only if m
divides n?. In [3] it was also shown that closed trail systems of L, are in one-one
correspondence with groupoids of order n whose multiplication table is a column-
latin square. The correspondence is obtained as follows:

(1) Given a closed trail system (V,T) of L, we define x on V by axb = cif
and only if the edge ab is immediately followed by the edge bc in T

(2) Given a groupoid (G, ) of order n whose multiplication table is a column-
latin square we construct a closed trail system (G,T') of L, by stipulating
that in T the edge ab is followed by the edge b(a * b).

It is not difficult to see that these groupoids are quasigroups if and only if the
closed trail systems have the property described in the following definition.
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Definition 1.2. Let (V,T) be a closed trail system of a graph G, and let T(2)
be the set of trails obtained by replacing each closed trail of T' by its correspond-
ing distance 2 graph. This can be done by replacing the trail (z1,22,...,Zm) by
(€1,23- s Tm, D2, T4y Tm—1) i M 18 odd, or by the trails (z1,2s,...,2m-1) and
(23,24, ,2m) if m is even. If (V,T(2)) is again a closed trail system of G, then
(V,T) is said to be 2-perfect. O

In the remainder of the paper we examine 2-perfect closed trail systems of Ly.
We will determine precisely (with four possible exceptions; two in the case m =5
and two in the case m = 14) for all m < 15, the set S(m) of values of n for which
there exist 2-perfect closed m-trail systems of Ln.

2. Some Examples

First, we introduce some notation for the graphs we will be considering.
Definition 2.1.
(1) Let the graph with vertex set V = {1,2,...,9} x {1,2,...,k} and edge set

E = {(z1,3)(22,2)|(z1,31); (22,92) € V and z; # 2}

be denoted by My .
(2) Let V and H besets with HC V, |V |=m and | H |= ng, then the graph
with vertex set V and edge set

E = {aylz,y € V and {z,y} £ H}

is denoted by Ly, \ Ln,. O

Next, we present a table outlining the graphs for which we require 2-perfect
closed m-trail systems. These systems are needed in Section 4, and either appear

in the Appendix, or exist by Lemma 2.4.
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Table 2.2.

Case Graphs

m=5 Ls, Lys, Lso
m=6 Lg

m="7 L7, Lyis

m=8 L4, Lg

m=9 Lg, Lo, Lys, Ly

Lia\ Ly, L15 \ Lg
m=10 Lio, Ly
m=11 Ly, Ly

m=12 Ls
m=13 L13, L26
m=14 L14
m=15 L15

Definition 2.3. Let G,, be the groupoid obtained by defining a binary operation
* on the set of elements of Z,, by a*b=2b—a + 1(mod n). O

Lemma 2.4. Ifn is odd then G, corresponds to a 2-perfect closed n-trail system
of L,.

Proof. It is convenient to introduce the following notation. Given a groupoid
(V,*) whose multiplication table is a column-latin square we define a sequence of
words Wj(e,y) by

Wﬁ(msy) =z
Wi(z,y) =y
Wa(z,y) =z *y

Wi(z,y) =y (z *y)
and inductively define
Wi(z,y) = Wia(2,y) * Wi—i(z,y).

Let (V,T) be the closed trail system corresponding to (V, %), a,b € V, and let 7
be the trail of T which contains the edge ab. Then, starting at the vertex a of
the edge ab, and counting ¢ vertices to the right in 7, leads to the vertex W(a,b).
Clearly, if t is such that Wi(a,b) = a and W;41(a,b) = b, then the length of the
trail containing the edge ab divides ¢ and is equal to the smallest such ¢ (t > 0).
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Let a,b € Zy. Let © = !’i;—_—l then

a*z:Zé—‘i-—g—:—l-—aﬂ—l:b«l—a—l—a—{—l:b.

Hence z is a solution to the equation a *z = b. If z; and z, are any two solutions
to the equation then 2z; —a+1=2z; —a+ 1(mod n), and so 2z; = 2z (mod n).
Thus, since n is odd, 1 = z3 (mod n). Hence z is a unique solution.

Let y = 2a — b+ 1 then

yxa=2a—(2a—b+1)+1=0

Hence y is a solution to the equation y xa = b. If y; and y; are any two solutions
to the equation then 2a —y; +1 =2a—y2 +1 (mod n), so y1 = y (mod n). Hence
y is a unique solution and Gn is a quasigroup of order n.

Now, it is easy to show (by induction) that for any 2,y in G, and any non-
negative integer s, W,(z,y) =2 + sy —z)+ ’(—’.;—L) (mod n).

Now, let t € T' where ({0,1,2,...n — 1},T) is the 2-perfect closed trail system
corresponding to G, let ab be any edge in t and suppose t has length I. Then
Wi(a,b) = a and Wi+1(a,b) = b. Since Wi(a,b) = a,

a+1(b—a)+ ﬁ’—;——ll = a(mod n),
50 I(b—a)+ _l_(_l_;z‘_ﬂ = 0(mod n)
and then 21(b — a) + (1 — 1) = 0(mod 2n).
Since Wiy1(a,d) = b,
a+(l+1)(b—a) + &l—;—'—l—)- = b(mod n)
so0 b+l(b—a)+l—(—l—j2—_—1~)=b(modn),
I(b—a)+ !—(-1—2!’-———1) = 0(mod n),
and thus 2U(b — a) + (I +1) = 0(mod 2n).

Hence, I(I—1) = I(I+1) (mod 2n). That is, 21 =0 (mod 2n), and so I = 0(mod n).
Now, for any a and b,

Wn(a,b)=a+n(b~a)+M=a+M(modn)

2 2
and
1 1
Wasi(a,b) =a+(n+1)(b—a)+ (jz—%—lrl =b+ Q—%—)ﬁ( mod n)
Hence, if n is odd then for any a and b, Wa(a,b) = a and Wyrya(a, b) = b so Gn
corresponds to a 2-perfect closed n-trail system of L. O
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3. The kn Construction

In what follows we denote the entry in row ¢ and column j of a rectangular array
A by a(t, 7).

Definition 3.1. Two columns j; and j; in a k% by m rectangular array with entries
chosen from K = {1,2,...,k} are orthogonal if

{(a(3,71),a(i,52)) | 1 < i < k*} = {(a(4,72),a(3,51)) | 1 <i < k*} = K x K.

O

Definition 3.2. In a k* by m rectangular array, columns j and (j + 1) for j =
1,2,...,m —1, as well as columns 1 and m, are said to be adjacent. Two columns

are near adjacent if they are distinct and they have a common adjacent column. [J

Definition 3.3. A (k,m)-[1,2]-Orthogonal Array (or (k,m)-[1,2]-OA )is a k? by m
rectangular array with entries chosen from K = {1,2,...k} and with the property

that any pair of adjacent or near adjacent columns is orthogonal. O

We state a few well-known results concerning the number of mutually orthogonal
latin squares of side k.

(1) For each positive integer k, there exists a latin square of side k.

(2) For each positive integer k, except k = 2 and 6, there exists a pair of
orthogonal latin squares of side k, see [6], for example.

(3) For each positive integer k, except k = 2,3,6 and 10, there exists a set of

3 mutually orthogonal latin squares of side k; see [7,8].
Lemma 3.4. For k # 2,3,6 or 10, there exists a (k,5)-[1,2]-OA.

Proof. Since k # 2,3,6 or 10, there exists a set of 3 mutually orthogonal latin
squares of side k, and hence a set of three mutually orthogonal quasigroups (K, *1),

(K,*2) and (K, *3). The required array is obtained as follows:
(1) let columns 1 and 2 be any pair of orthogonal columns;
(2) fori=1,2,...,k% let a(i,3) = a(i, 1) *; a(,2);
(8) fori=1,2,...,k% let a(z,4) = a(4,1) *; a(t,2);
(4) fori=1,2,...,k% let a(3,5) = a(i,1) *3 a(3,2).
O

Lemma 3.5. For all positive integers k and all m = 0(mod 3), there exists a
(k,m)-[1,2]-OA.
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Proof. Let (K,*) be a quasigroup. The required array is obtained as follows:

(1) let columns 1 and 2 be any pair of orthogonal columns;

(2) fori=1,2,...,k? and for all j = 1(mod 3) with j < m —2 let a(i,5) =
a(i,1);

(3) fori=1,2,...,k% and for all j = 2(mod 3) with j < m —1 let a(i,j) =
a(z,2); ‘

(4) for i = 1,2,...,k* and for all j = O(mod 3) with j < m let a(s,7) =
a(i,1) * a(3,2).

O

Lemma 3.6. For all k # 2 or 6 and for all m = 1(mod 3) (m > 4) there exists a
(k,m)-[1,2]-OA.

Proof. Since k # 2 or 6, there exists a pair of orthogonal latin squares of side k
and hence a pair of orthogonal quasigroups (K, ;) and (K,*2). The required array
is obtained as follows:

(1) let columns 1 and 2 be any pair of orthogonal columns;

(2) fori=1,2,...,k* and for all j = 1(mod 3) with j < m — 3 let a(i,j) =
a(i,1);

(3) for i =1,2,...,k* and for all j = 2(mod 3) with j < m —2 let a(s,5) =
a(i,2);

(4) fori = 1,2,...,k? and for all j = O(mod 3) with j < m —1 let a(i,j) =
a(1,1) % a(i,2);

(5) fori=1,2,...k* let a(i,m) = a(i,1) *2 a(i,2).

O

Lemma 3.7. For all k # 2 or 6 and for all m = 2(mod 3) (m > 8) there exists a
(k,m)-[1,2]-OA.

Proof. Since k # 2 or 6, there exists a pair of orthogonal latin squares of side k
and hence a pair of orthogonal quasigroups (K, ;) and (X, %3). The required array

is obtained as follows:

(1) let columns 1 and 2 be any pair of orthogonal columns;

(2) fori=1,2,...,k? for j =m — 3 and for all j = 1(mod 3) with j <m —7
let a(i,5) = a(i,1);

(8) fori =1,2,...,k* for j=m -2 and for all j = 2(mod 3) with j <m -6
let a(s,7) = a(2,2);

(4) fori=1,2,...,k* for j =m —1 and for all j = O(mod 3) with j <m —5
let a(3,5) = a(3,1) *1 a(i,2);

(5) fori=1,2,...k% let a(i,m) = a(i,m — 4) = a(i,1) *2 a(4,2).

|
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Theorem 3.8. Ifn € S(m) and there exists a (k,m)-[1,2]-OA then kn € S(m).

Proof. Let (V,T) be a 2-perfect closed m-trail system of L,, and K = {1,2,...,k}.
We construct a 2-perfect closed m-trail system (V x K,T") of Ly, as follows. For
each (z1,%3,...,2,) € T and each row [y1,y2,... ,¥m) of a (k,m)-[1,2]-OA let

((z1,91),(22,%2), - s (Zm,ym)) € T".

4. The Main Results

A necessary condition for the existence of a 2-perfect closed m-trail system of
L, is that m divides n?, since the number of edges in L, is n? and each m-circuit
contains m edges. Clearly $(1) = {1}. There can’t be a closed 2-trail containing a
loop precisely once, as the closed trail (a,a) contains the loop aa twice, and trails
(aa,b, ... ) have length at least 3. Hence S(2) = 0.

Any closed 3-trail (V,T) of Ly, is necessarily 2-perfect since for any a,b € V, the
edge ab occurs in the distance 2 graph of the closed 3-trail in 7" which contains the
edge ba. Hence, §(3) = {n|n = 0(mod 3). If a loop aa is contained in the distance
2 graph of a closed 4-trail then it immediately occurs twice , and hence S (4)=10.

Summarising the above two paragraphs gives:

(1) $(1) = {1}

(2) 5(2)=0;
(3) S(3) = {n|n = 0(mod 3)};
(4) 5(4) = 0.

Theorem 4.1. §(5) = {n|n = 0(mod 5)}, with the possible exceptions n = 10
and n = 50.

Proof. There are 2-perfect closed 5-trail systems of Ls, Lys and Ljg, and there is
a (k,5)-[1,2]-OA for all positive integers k # 2,3,6 and 10 (see Lemma 3.4). Hence,
by Theorem 3.8, there is a 2-perfect closed 5-trail system of Lsy for all k #2,3,6
or 10. Hence the only possible exceptions are n = 10 and n = 50. No 2-perfect
closed 5-trail systems have been found in these cases. 0

Remark. The existence of a 2-perfect closed 5-trail system of Ljg implies the
existence of a set of 3 mutually orthogonal latin squares of side 10.

Theorem 4.2. §(6) = {n|n = 0(mod 6)}.
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Proof. There is a 2-perfect closed 6-trail system of Lg, and there is a (k,6)-(1,2]-
OA for all positive integers k (see Lemma 3.5). Hence, by Theorem 3.8, there is a
2-perfect closed 6-trail system of Lg for all positive integers k. 0

Theorem 4.3. §(7) = {n|n = 0(mod 7)}.

Proof. There is a 2-perfect closed 7-trail system of L7, and there is a (k,7)-[1,2]-
OA for all positive integers k ¢ {2,6} (see Lemma 3.6). Hence, by Theorem 3.8,
there is a 2-perfect closed 7-trail system of Ly for all positive integers k ¢ {2,6}.
There is a 2-perfect closed 7-trail system of L1, and Lemma 3.6 and Theorem 3.8

hence give a closed 7-trail system of Lsz. |
Theorem 4.4. S(8) = {n|n = 0(mod 4)}.

Proof. There is a 2-perfect closed 8-trail system of Lq, and there is a (k,8)-[1,2]-
OA for all positive integers k ¢ {2,6} (see Lemma 3.7). Hence, by Theorem 3.8,
there is a 2-perfect closed 8-trail system of Ly for all positive integers k& ¢ {2,6}.
There is a 2-perfect closed 8-trail system of Lg, and Lemma 3.7 and Theorem 3.8
hence give a closed 8-trail system of Lag. O

Lemma 4.5. There is no 2-perfect closed 9-trail system of Ls.

Proof. A 9-quasigroup of order 3 would consist of a single 9-circuit. The loops
11,22 and 33 must be separated in this circuit. That is, (...a,a,b,b...) is not
allowed, since its distance 2 graph contains the edge ab twice. Hence, without loss
of generality we may assume the circuit looks like (1,1,.,2,2,.,3,3,.). From here
it is clear that the only possibility is (1,1,3,2,2,1,3,3,2), and this is not allowed

since (among other things) the edge 13 occurrs twice. O

The non-existence of a 2-perfect closed 9-trail system of L3 means that a different

technique is needed to determine S(9).
Lemma 4.6. {n|n = 0(mod 9)} C 5(9).

Proof. There is a 2-perfect closed 9-trail systém of Ly, and there is a (k,9)-[1,2]-
OA for all positive integers k (see Lemma 3.5). Hence, by Theorem 3.8, there is a
2-perfect closed 9-trail system of Loy for all positive integers k. O

Lemma 4.7. For all positive integers k # 2 there is a 2-perfect closed 9-trail
system of My k.-
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Proof. Define a (k,9)-[1,2]-OA as in Lemma 3.5 but ensure that the quasigroup
(K, x) is idempotent (there exist idempotent quasigroups of order k for all positive
integers k # 2, see [9]). Then construct a (k* — k) by m rectangular array B from
this array by removing the k rows in which all the entries are the same.

Let ({1,2,...,9},T) be a 2-perfect closed 9-trail system of Lg and for each
(z1,22,...,29) € T and each row [y1,¥2,...,ys] of the array B let

((wliyl),(mhyZ)w-'a(m97y9)) eT'.

Then (V x K,T') is the required system. O
Lemma 4.8. {n|n # 3 and n = 3(mod 9)} C 5(9).

Proof. Since 6 € S(9), Lemma 3.5 and Theorem 3.8 give 12 € §(9). Also, 21 €
5(9). Let n = 9k + 3 where k£ > 3. Let (V x K,T') be a 2-perfect closed 9-trail
system of Mp . Introduce three new vertices vi,v; and vs. Let ((V x {1})U
{v1,v2,v3},T1) be a 2-perfect closed 9-trail system of Ly and for ¢ = 2,3,...,k
let ((V x {})U {v1,v2,v3},T;) be a 2-perfect closed 9-trail system of L1, \ L3 (the
elements in H being vy, v, and vs).

Then ((V x K)U {vy,v2,v3}, T UTYUT, UT5 U--- UTy) is a 2-perfect closed
9-trail system of Lgg.y3. O

Lemma 4.9. {n|n = 6(mod 9)} C 5(9).

Proof. There are 2-perfect closed 9-irail systems of Lg and L;5. Since 6 €
S5(9), 24 € S(9) by Lemma 3.5 and Theorem 3.8. Let n = 9k + 6, where k£ >
3. Let (V x K,T'") be a 2-perfect closed 9-trail system of My . Introduce six
new vertices vy, vs,vs,vs,vs and vg. Let ((V x {1}) U {v1,v2,vs,v4,vs,v6},71)
be a 2-perfect closed 9-trail system of L5 and for 1 = 2,3,...k let ((V x {t}) U
{v1,vs,v3,v4,vs,v6},T;) be a 2-perfect closed 9-trail system of Lis \ Lg (the ele-
ments in H being v1,v2,vs,vs,vs and vg).

Then ((V x K)U {vy,v2,vs,v4,vs,v6}, T UTy UTo UT5 U - - - UT}) is a 2-perfect
closed 9-trail system of Lggie. i 0

Theorem 4.10 follows from Lemmas 4.5,4.6,4.8 and 4.9.
Theorem 4.10. S(9) = {n|n # 3 and n = 0(mod 3)}.

Theorem 4.11. S(10) = {n|n = 0(mod 10)}.
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Proof. Thereis a 2-perfect closed 10-trail system of L1o, and thereis a (k, 10)-[1,2]-
OA for all positive integers k ¢ {2,6} (see Lemma 3.6). Hence, by Theorem 3.8,
there is a 2-perfect closed 10-trail system of Lyoj for all positive integers k ¢ {2,6}.
There is a 2-perfect closed 10-trail system of Lyo, and Lemma 3.6 and Theorem 3.8
hence give a closed 10-trail system of Lgo. 0

Theorem 4.12. S(11) = {n|n = 0(mod 11)}.

Proof. Thereis a 2-perfect closed 11-trail system of L1y, and thereis a (k,11)-{1,2]-
OA for all positive integers k ¢ {2,6} (see Lemma 3.7). Hence, by Theorem 3.8,
there is a 2-perfect closed 11-trail system of L1 for all positive integers k ¢ {2, 6}.
There is a 2-perfect closed 11-trail system of Lz, and Lemma 3.7 and Theorem 3.8
hence give a closed 11-trail system of Lge. a

Theorem 4.13. S(12) = {n|n = 0(mod 6)}.

Proof. There is a 2-perfect closed 12-trail system of Lg, and there is a (k,12)-
[1,2]-OA for all positive integers k (see Lemma 3.5). Hence, by Theorem 3.8, there
is a 2-perfect closed 12-trail system of Lgj for all positive integers k. O

Theorem 4.14. §(13) = {n|n = 0(mod 13)}.

Proof. Thereis a 2-perfect closed 13-trail system of Ly3, and there is a (k, 13)-[1,2]-
OA for all positive integers k ¢ {2,6} (see Lemma 3.6). Hence, by Theorem 3.8,
there is a 2-perfect closed 13-trail system of Lys; for all positive integers k ¢ {2,6}.
There is a 2-perfect closed 13-trail system of L6, and Lemma 3.6 and Theorem 3.8
hence give a closed 13-trail system of Lrs. O

Theorem 4.15. $(14) = {n|n = 0(mod 14)}, with the possible exceptions n = 28
and n = 84.

Proof. There is a 2-perfect closed 14-trail system of L4 and there is a (k,14)-
[1,2]-OA for all positive integers k ¢ {2,6} (see Lemma 3.7). Hence, by Theorem
3.8, there is a 2-perfect closed 14-trail system of Lis for all k ¢ {2,6}. Hence
the only possible exceptions are n = 28 and n = 84. No 2-perfect closed 14-trail
systems have been found in these cases. O

Theorem 4.16. 5(15) = {n|n = 0(mod 15)}.

Proof. There is a 2-perfect closed 15-trail system of Lis and there is a (k, 15)-
[1,2]-OA for all positive integers k (see Lemma 3.5). Hence, by Theorem 3.8, there
is a 2-perfect closed 15-trail system of Lysx for all positive integers k. o]
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5. Concluding Remarks

In this paper, we have determined the set S(m) of values of n for which there

exist 2-perfect closed m-trail systems of L,, for all m < 15, with four possible

exceptions. The results are summarised in the following table.

S(m) Undecided Values
{1}
0

{nin = 0(mod 3)}
0

{n|n = 0(mod 5)} n =10,n = 50
{n|n = 0(mod 6)}

{njn = 0(mod 7)}

{n|n = O(mod 4)}

{n|n # 3,n = 0(mod 3)}
10 {n|n = 0(mod 10)}

11 {n|n = 0(mod 11)}

© 00 3 O U W - B

12 {n|n = 0(mod 6)}

13 {n|n = 0(mod 13)}

14 {n|n = O0(mod 14)} n =28,n = 84
15 {n|n = O0(mod 15)}
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6. Appendix

Within this éppendix, each 2-perfect closed m-trail system of a graph G is given
as (V,T), where V is the vertex set of G, and T is the collection of m-trails.

m=>5
Lys V={i;]0<i<4 j=12,8} T as follows, with 7 cycled modulo 5:
(01) 11) 12741, 11)7 (01) 31102) 12; 03)1 (01) 12y43; 221 23);

(01,32,21,43,42), (01,42,13,13,33), (01,03,41,03,43),
(01,33, 42,32,01), (01,43,23,33,02), (02,22, 33,22, 02):

Lao V={j|0 <i< 14; j =1,2}. T as follows, with i cycled modulo 15:

(01,83,81,122,112), (01,22,121,132,121), (01,01,11,51,41),
(01,02,91,11,131), (01,101,72,81,132), (01,142,42;91,21),
(01,51, 112,02,122), (01,61,92,42,72), (01,91, 12,82, 42),
(01,112,21,112,22), (01,102,82,92,32), (01,132,62,62,82).

m =6
V={i;|0<i<2 j=1,2} T as follows, with 1 cycled modulo 3:

(01,11,01,01,02,22), (01,12,12,22,21, 12),

m="7
L4 V={;]10<:<6 j=1,2} Tas follows, with 2 cycled modulo 7:

(01,02’ 027 01, 12)21’ 52)) (01, 61)01, 52, 31, 61, 12)’
(01,01,41,61,52,32,42), (01,51,22, 12, 52, 12, 32).
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im=28

V =Zg4 T as follows, uncycled:
(0,1,0,0,2,3,2,2), (0,3,1,1,2,1,3,3).

@ V =Zsg. T as follows, uncycled:

,2,7), (0,2,0,3,4,2,1,1), (0,4,5,2,3,2,5,5), (
3,3), (0,7,2,2,6,4,6,6), (1,5,4,1,7,1,6,5), (

m=9
| Lg | V = Zes. T as follows, uncycled:

(0,1,0,0,2,1,2,2,3), (0,3,3 ,3, ,2,5,4),
(0,4,4,2,4,1,1,4,5), (0,5,5,1,3,1,5,3,2).

| Lisi V="{iy0<1<4; j=1,2,3} T as follows, with 4 cycled modulo 5:

(01,09, 02,01,11,32,22,01,32), (01,42,31,42,01,21,11,03,03),
(01,33, 23,02,03,13,32,12,33), (01,01,13,41,21,43, 42,33, 13),
(01,03, 42, 12,22, 03, 13, 23,43).

Lo | V={iy]0<1<6; j=1,2,3}. T as follows, with 4 cycled modulo 7:

(017 017 02701, 11731702:027 12)7 (01731103723131:23752731;21)7
(01, 52, 61,03,41,02,22,53,13), (01,22,12,52,23,13, 11,51, 42),
(01,12, 23,41,43,13,41,23,23), (01,23,33,32, 13,02, 03,22, 52),
(01, 33, 13,62, 53, 62, 13, 52)32).

L\ Ls]  V={10<i<2 j=128 U{A,B,C} T follows, with i
cycled modulo 3:

(A,01,01, B,04,03,C,03,03), (4,09,13,B,03,11,C,01,13),
(4,03,2, B,11,05,C,12,01),  (01,11,01,02, 11,22, 22,13, 03),
(01,03;13)01723723702722702)‘

| Lis \ L V={i0<:<2 j=1,23}U{A, B,C,D,E,F}.
T as follows, with 4 cycled modulo 3:
(Az()l:OlyA:OZ:OZ)A703:O3)7 (B>01>11)B:02>12)B703713)7
(C) 0172170702)22)0:03723)7 (D;OLDZ)D)O?)O?))D;O3)Ol)7
(E701) 13:E202) 11’E1037 12)) (F)017237Fa 027217F1 03722)7
(01,13,11,09,13,15,03, 14, 13).
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Ly

Lo

Loy

V=1{i; |0<1<4; j=1,2}. T as follows, with ¢ cycled modulo &:

(01,01702, 12, 11,4:2, 11,02,41,31), (0]_, 11,41’02,22,01,22,227 1274:2).

V={i]0<3i<4 j=1,2,3,4}. T as follows, with ¢ cycled modulo

(01,01,02,03,03,04,02,01, 13,33), (01,21, 12,02,41,44,44,01,31,23),
(01,03,01,11,43,02,21,43,42,04), (01,41, 14,03,24,42,44,02,11,22),
(01)22)44)43>24)02:02>347 24>34); (013 32:24: 127 227027 227 33)21; 14);
(01,34, 11, 24,44, 03, 33,43, 12,43), (02,43,04, 23, 13,33,24, 04,33, 23),

V ={i; | 0<4<10; j=1,2}. T as follows, with ¢ cycled modulo 11:

(01,11,01,01,21,51,01,81,11,02,02), (01,51,09,11,81,22,11,12,71,42,22),
(01,91,22,61,42,32,02,21,42,9,42), (01,13,52,101,62,82, 02, 31,62, 72, 32).

L

Ly

V =Zg. T as follows, uncycled:

1,0,0,2,1,1,2,3,2,4,3), (0,3,3,5,2,5,4,2,2,0,5,5),
4,4,1,5,1,4,5,3,1,3,4).

m = 13!
V={]0<i<12; j=1,2}. T as follows, with ¢ cycled modulo 13:

(01,11,02,81,81,101,02,91,61, 11, 32,02, 11),
(01,31, 11,61,101,31,02, 71,11, 12, 71, 12, 02),
(01,91, 12,41,02,21,62,02,101,82,122, 49, 22),
(017 12742731, 112,1227 122,417 102) 122, 72, 32) 92).

V={i;]0<1<6; j=1,2}. T as follows, with 1 cycled modulo 7:

(01,11, 01,01, 21, 51, 31,02, 01,41, 02, 02, 13, 32),
(01,02,42, 01, 19, 69,41, 63,01, 52, 13,01, 62, 52).

(Received 22/7/92; revised 13/5/93)
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