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Abstract

Lexicographic products of graphs have been studied by many authors due
to their useful properties involving independent sets and cliques. In this
article, we show that analogues of such properties can be extended to lex-
icographic products of r-uniform hypergraphs and we use them to prove
a generalization of Abbott’s Theorem and a new multicolor inequality for
hypergraph Ramsey numbers, which generalizes a theorem by Xiaodong,
Zheng, Exoo and Radziszowski. We conclude by showing that our results,
along with a construction due to Exoo, imply the following lower bounds
for t-colored 3-uniform Ramsey numbers: R'(5;3) > 812~ + 1.

1 Introduction

The lexicographic product of graphs stands out among other products because of the
predictable nature in which its clique numbers and independence numbers behave.
For graphs G and G (having vertex sets V(G1) and V(G3) and edge sets E(G)
and F(G3), respectively), the lexicographic product G1[G3] is defined to have vertex
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set V(G1) x V(G3) and edge set
{((11, bl)(a2,b2) | ajay € E(Gl) or (a1 = a9 and blbg S E(Gg))}

It is clear that G;[Gs] is not commutative, hence the unusual product notation.

For example, consider the following graphs G; and Gs.

a
1
G,
G,
d b
2 3
c
Figure 1 shows the lexicographic product G1[G3]. Observe that the product may be
viewed as replacing the vertices of GGy with copies of Gs.

(a1

(@1) // s (3’3)\\ (6.1)

(d,2) (d,3) (b,2) (b,3)

\\ R 7

(c,2) (c,3)

Figure 1: The lexicographic product G[Gs)].

As usual, we denote the complement of a graph G by G (i.e., the graph with vertex

set V(G) = V(G) and edge set E(G) = {ab | ab ¢ G}). One can easily check that
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the complement G1[G5] contains the edges

{(a,i)(c, ), (b,9)(d,5) | i,5 = 1,2,3}

and
{(a,2)(a,3),(b,2)(b,3), (¢,2)(c, 3), (d,2)(d, 3)},

from which it can be confirmed that

G1]G2] = G1|Gs.

For any graph G, let §(G) and w(G) denote the independence number and clique
number of G, respectively. In 1974, Geller and Stahl [6] proved that

B(G1[Ga]) = B(G1)B(Ga). (1)

From Property (1) and the observation that G;|Gs] = G1[G3], it follows that
w(Gh[Ga]) = w(Gr)w(Ga). (2)

Properties (1) and (2) elucidate the utility of lexicographic products in Ramsey
theory.

Define the t-color Ramsey number R(ky, ks, . . ., ki) to be the least natural number
n such that every arbitrary coloring of the edges of K, (the complete graph of order
n) using ¢ colors results in a subgraph isomorphic to Kj, in some color i (1 <i <t).
In the case where k; = ko = - -+ = k;, we write R'(kp) for the corresponding ¢-color
Ramsey number. In 1965, Abbott (Theorem 2.3.2, [1]) proved that

Ri(pq+1) > (R'(p+1) = D(R'(q+1) - 1).
In fact, the 2-color version of this result,
R(pg+1,pq+1) > (R(p+Lp+1) = 1)(R(g+1,¢+1) - 1),

is easily seen to follow directly from properties (1) and (2) of the lexicographic
product.

In this article, we will consider lexicographic products for r-uniform hypergraphs
and show that they satisfy many similar properties to that of their 2-uniform counter-
parts (ie., graphs). Recall that an r-uniform hypergraph H consists of a nonempty set
V(H) of vertices and a set E(H) of different unordered r-tuples of distinct vertices,
called hyperedges. For an overview of hypergraph products and some of their basic
properties, the reader is referred to [8]. Let H; and Hs be r-uniform hypergraphs.
Then the lexicographic product of H; and Hs, denoted H;[Hs], is the r-uniform
hypergraph with vertex set V(H;) x V(H3) and hyperedge set

aias . ..a, € E(Hy) or
{(al’bl)(az’bQ) - (ar, br) a; =as =---=a, and biby...b, € E(H>) }
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It should be noted that whenever we consider a hyperedge aias...a,, in any r-
uniform hypergraph, it is assumed that the a;’s are distinct. As with the case of
graphs, it is easily confirmed that the lexicographic product for r-uniform hyper-
graphs is not commutative.

In Section 2, we consider the independence and clique numbers for lexicographic
products in the setting of r-uniform hypergraphs. The primary hurdle when r > 3 is
the fact that a clique in an r-uniform hypergraph may not correspond to a (strong)
independent set in the hypergraph’s complement. So, Properties (1) and (2) do not
readily extend to this setting. Theorems 1-4 in Section 2 are analogues of well-known
results on graphs, extended to r-uniform hypergraphs. In particular, we address
the issue of determining clique numbers and apply these results in to proving a
generalization of Abbott’s Theorem in Section 3. We then conclude with several
consequences of this result, including a new multicolor inequality for hypergraph
Ramsey numbers (generalizing a result of Xiaodong, Zheng, Exoo, and Radziszowski
[10]) and a proof that

RY(5;3) > 81% " +1,

where

R'(5;3) := R(5,5,...,5;3)
——_——’

t copies

is the t-colored 3-uniform Ramsey number. Our motivation for focusing on 3-uniform
Ramsey numbers stems from the “Stepping-up” Lemma, usually attributed to Erdés
and Hajnal (see [7]). This theorem gives powerful lower bounds for Ramsey numbers
of arbitrary uniformity given 3-uniform bounds. However, the search for these bounds
has been extremely difficult (cf. [3]).

2 Independent Sets and Cliques

For an r-uniform hypergraph H, a clique is a subset K C V(H) of vertices such
that the subhypergraph induced by K contains all possible hyperedges of H, i.e., all
r-element subsets of K. Using this definition, every collection of r — 1 (or fewer)
vertices of K forms a clique. Equivalently, a subset of n vertices {z1,xs,...,2,}
forms a clique if the induced subhypergraph contains (’:) hyperedges. Since z(f) =0
whenever n < r, no hyperedges are needed to form a clique on r — 1 (or fewer)
vertices. The clique number w(H) is then defined to be the cardinality of a maximal
clique in H.

A (strong) independent set of vertices in an r-uniform hypergraph is a subset of
nonadjacent vertices (no two vertices are included in a common hyperedge). Note
that in Chapter 2, Section 4 of [2], such sets are called strongly stable sets. We
denote the cardinality of a maximal independent set of vertices in H by S(H). In
the case of graphs, one has that 8(G) = w(G), but this property does not extend to
higher values of r. Observe that for » > 3, an independent set of cardinality n > r
in H forms a clique in the complement H, but the converse is not necessarily true.
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Here, H has vertex set V(H) = V(H) and hyperedge set
E(H) ={ajas...a, | a1ay...a, ¢ E(H)}.

For example, consider the 4-uniform hypergraph K 5(4) —e formed by removing a single
hyperedge from the complete 4-uniform hypergraph K é4) of order 5. In this case,

B(Kgl) — e) = 1 since every pair of vertices are adjacent. However, w(Ké4) —e) =4,
corresponding to the single hyperedge. In general,

B(H) < w(H)

is the strongest general statement we can make for hypergraphs.
For each vertex a € V(H;), define the set

a[Hs] = {(a,b1)(a,bs)...(a,b,) | biby...b. € E(Hs)},
which is isomorphic to Hs. Similarly, for b € V(Hs), define the set
H,[b] = {(a1,b)(as,b)...(a.,b) | aras...ar € E(Hy)},
which is isomorphic to Hy. For i = 1,2, the projection mappings
proj, : Hi[Hy] — H;

are defined by
: a ifi=1

proji(a,b) = { boifi=2
For (a1, b1), (ag,by) € V(H;[Hs]), one can define the relation (ay,b1) = (ag, bs) if and
only if

proj,(ay,b1) = a3 = ay = proj; (as, by).

Using these notations, we prove the following property of independence numbers for
H\[Hs), generalizing Theorem 1 from Geller and Stahl’s paper [6].

Theorem 1. For r > 2 and r-uniform hypergraphs Hy and Hs,

B(Hl[HQ]) :B(Hl)ﬁ(HQ)'

Proof. Let S; be an independent set of Hy, Sy be an independent set of H,, and
consider the Cartesian product S; x S5. From the definition of the lexicographic
product, it is easily confirmed that S; x Sy is an independent set in H;[Hs] as the
existence of a hyperedge (aq,b1)(ag, b2) ... (a,b,) using vertices from S; x Sy would
require that either ajas ... a, is a hyperedge in Hy or bibsy ... b, is a hyperedge in Hs.
Thus, H;[Hs| contains an independent set with cardinality S(H;)5(Hs):

B(H1[H3)) > B(Hy)B(Ha).
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Now, let S be an independent set in Hy[H,]. The relation = defines a partition
stlL_JSQUUSn,

where each S; is an independent set of vertices all having the same projection under
proj,. So, |S;| < B(H,) for each i. If we let a; be the first common coordinate of
the vertices in S;, then {ay,as,...,a,} must be an independent set in H;. Hence,
n < B(Hy). It follows that

B(H\[Hy]) < B(Hy)B(Ha),
from which equality holds. O

Geller and Stahl [6] also used their result on independence numbers to imply
an analogous result for vertex covers. For r-uniform hypergraphs with » > 3, the
connection between the independence number and the vertex covering number is not
as clear, leading us to consider a new definition. For 1 < k < r — 1, define a k-fold
vertex cover of an r-uniform hypergraph H to be a set of vertices S C V(H) such
that every hyperedge in H includes at least k vertices from S. The k-fold vertex
covering number o (H) is the minimal cardinality of a k-fold vertex cover. Note
that «; is the usual vertex covering number. We obtain the following relationship
between § and «,_1.

Theorem 2. If H is an r-uniform hypergraph and I C V(H) is an independent
set, then V(H) — I is an (r — 1)-fold vertex cover. Conversely, if C C V(H) is an
(r — 1)-fold vertex cover, then V(H) — C' is an independent set.

Proof. Let I C V(H) be an independent set. Then every hyperedge in H contains
at most one vertex from I. It follows that every hyperedge in H must contain at
least r — 1 vertices from V' (H) — I. Conversely, suppose that C' C V(H). Then every
hyperedge in H contains at least r — 1 vertices from C'. Thus, every hyperedge in H
contains at most one vertex from V(H) — C. O

From this theorem, we see that for all r-uniform hypergraphs of order n,
B(H)=n—a,_1(H).

Thus, Theorem 1 implies that if ny and ny are the orders of H; and Hs, respectively,
then

ar—l(Hl[H2D =ning — B(Hl[HQD
=ning — 5(H1)5(H2)
= ning — (nl - ar—l(Hl))(n2 - O-/r—l(H2))
= nia,_1(Ha) + nooy,—1(Hy) — a1 (Hy) o1 (Ha).

Now we turn our attention to clique numbers.
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Theorem 3. For r > 3, and r-uniform hypergraphs Hy and Hs,

w(H[H3]) = max(w(H;),w(Hs)).

Proof. 1f {ay,as,...,a,} is a clique in Hy, then

{(a1,9), (a,9), - -, (am, y)}

is a clique in H[H,| for any y € V(Hz). Similarly, if {b,bs,...,b,} is a clique in

H,, then
{(CE, b1>, (%, bg), cey (37, bn)}
is a clique in H;[H,| for any x € V(H;). Thus,

w(H[Hs]) > max(w(H;),w(Hs)).
To prove the other direction, suppose that

K = {(a1,b1), (az, b2), ..., (ax,bx)}

is a clique in Hi[H,|. If all of the a; are distinct, then a; a;, ...a; € E(H;) for all
distinet iy, 149, ...4, € {1,2,...,k}. In this case, we find that H; has a clique with
cardinality k. Now consider the case in which at least two elements in K have the
same projections under proj;. If some other element K has a different projection,
then there will have to be a hyperedge in H;[Hs] that contains these three elements,
which cannot occur by the definition of the lexicographic product. Hence, all elements
in K must have the same projection under proj, if any two do. Then {by,bs, ..., b;}
must form a clique in H,, from which the inequality

w(H[Hy]) < max(w(Hy),w(Hy))
follows. O

If we wish to make use of the clique numbers of lexicographic products of hyper-
graphs to prove Ramsey number results analogous to Abbott’s work [1], we must
also consider the clique number for H;[H,]. From the definition, we find that the
hyperedges

(ay,b1)(ag, bs) ... (ar,b.) € E(H[Hs))

can be partitioned into three classes:

(A) r-edges such that ajas...a, € E(H;) and any b;’s, which may not be distinct;
(B) r-edges such that a; = ay = -+ = a, and biby...b, € E(H,);

(C) r-edges such that at least two a; values are equal, but not all are equal, and
any b;’s.
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The 7-edges in (A) and (B) are precisely those in E(H;[H,]). From this description
of E(H1[Hs)), we obtain the following theorem.

Theorem 4. For r > 3 and r-uniform hypergraphs Hy and H,,

w(H[Hy]) = w(Hy)w(Hs).

Proof. Let S; be a clique in H; and S, be a clique in Hy. From the three classes of
hyperedges in H;[Hs| listed above, one can verify that S; x Sy is a clique in H;[H,).
Note that this observation is true even if S; or Sy (or both) have cardinalities less
than r. Hence,

w(H,[Ha]) > w(Hy)w(Hy).

Now suppose S is a clique in H;[H,]. Partition the elements in S into subsets based
on the distinct values of their projections projs:

S=5USU---US,.
A fixed S; has the form
Si = {(al, bl), (ag, bz), Cey (an, bz)},

where ay, as, . ..a, are distinct. In order for any r-tuple of elements in S; to form a
hyperedge in H;[Hs], they must be r-edges in class (A) listed above. Thus, |S;| <

w(H,) for all 1 <i < m. Also, since S is a clique in H;[Hs], we find that

(a1,bi,)(a1,biy) - .- (a1, ;) € E(Hy),

for any distinct i1,4s,...,4, € {1,2,...,m}. So, Sy forms a clique in Hy. Thus, we
have

w(H)[H]) < w(Hy)w(Hy),

from which the theorem follows. O

As an example, consider the 3-uniform hypergraphs H; and Hs given below.
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The hyperedges contained in H;[Hs] fall into two subsets:
E1 = {(al, bl)(ag,bg)(ag, bg) | aiasas € E(Hl) and bl,bg,bg S V(HQ)}

and
E2 = {((l, bl)(a, bQ)(a,bg) | a € V(H1> and b1b2b3 € E(HQ)}

Hence, |E1| = 192 and |E2| = 8. We saw in the proof of Theorem 3 that if
K = {(61,1, b1)7 (CLQ, bQ), ceey <CL7», br)}

is a clique in H;[H,], then either all of the a; are distinct (in which case, K C Ej) or
a; = ag = --- = a, (in which case, K C F,). In this example, we find that F; and
E5 both have clique number 3, and hence, w(H;[Hs]) = 3.

This example becomes more interesting when we consider the complement H; [H,)].
As we saw before Theorem 4, the hyperedges in H,[H,] fall into three classes. The
hyperedges that fall into classes (A), (B), and (C') form the sets

E(A) = {(aayl)(c7 yQ)(dv yS) | Y1,Y2,Y3 € {172’374}}
Ey = {(x,1)(z,2)(x,3), (x,1)(x,2)(x,4) | x € {a,b,c,d}},

and
Ey = {(z,21)(%,22)(y, 23) | * # y and 21 # 2},

respectively. The cardinalities of these three disjoint sets are
|Ea)| =64, |Ep)| =8, and |Eq| = 288.

The hyperedges in E(4)U E(p) are precisely those contained in H\[H,]. Here, we find
that w(H,) = 3 = w(H;) and one example of a maximal clique in H,[H,] is given by

{(6,2),(b,3), (b,4), (¢, 2),(c,3), (¢, 4), (d,2), (d,3), (d, 4)}.

3 Applications to Ramsey Numbers

Using Theorems 3 and 4, we obtain the following generalization of Abbott’s Theorem
for r-uniform hypergraphs. Note that there is no reason to restrict ourselves to
“diagonal” multicolor Ramsey numbers as Abbott did. Analogous to the definition
of a Ramsey number for graphs, define the r-uniform ¢-color hypergraph Ramsey
number R(kq, ko, ..., ki;7) to be the least natural number n such that every ¢-coloring

of the r-edges in K results in a monochromatic K ,g)—subhypergraph in color ¢ for
some color i € {1,2,...,t}.

Theorem 5. Ifr > 3, then
R(max(p17 ql) + 17 maX(p27 qQ) + 17 cee 7max(pt—17 Qt—l) + latht + 1; T) Z
(R(p1+17p2+177pt+17r)_1)(R<QI+17q2+177qt+1ur)_1)+17

where each p; and q; 1s > r — 1.
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Proof. Let m = R(p1+1,po+1...,p;+1;r)and n=R(g1 + 1, o+ 1,...,q + 1;7).
Then there exists a t-coloring C; of the hyperedges in K,(nr)_l that has a maximum
clique of order p; in color i for every ¢ € {1,2,...,t}. Similarly, there exists a ¢-

(r)

coloring Cy of the hyperedges in K, that has a maximum clique of order ¢; in color

i for every i € {1 2,. t} Identify the vertices in K r) _1y(n—1) With the Cartesian

product V(K 1) X V(K ). We will construct a t- colormg C of the hyperedges in

K((:rz—l)(n—l) as follows. For any j € {1,2,...,t — 1}, if either ajay...a, € E(K(T) )

has color jin Cy orifay =as =---=a, and b1by...b, € E(K( ) has color j in Cs,
then we assign the hyperedge

(al, bl)(CLQ, bg) e (CLT, br)

color j. If neither of these two conditions are satisfied, then assagn 1t color t. For
each j € {1,2,...,t — 1}, define H; to be the subhypergraph of K ’, spanned by
the hyperedges of color j in C; and define H} to be the subhypergraph of K
spanned by the hyperedges of color j in Cs. Then by definition, the subhypergraph
of K ((;Z_l)(n_l) spanned by the hyperedges of color j in C is isomorphic to H;[H J'],
and hence, has a maximum clique of order maz(p;, ¢;) by Theorem 3. Now define

H=|JH, and H=|]JH,
JjES JES

where S = {1,2,...,t — 1}. By our construction, the subhypergraph of K" (m—1)(n—1)
spanned by the hyperedges using colors in S is isomorphic to H[H'|. It follows
that the subhypergraph of K ((271)(%1) spanned by the hyperedges of color ¢ in C is

isomorphic to H[H'] and has a maximum clique of order p;q; by Theorem 4. Thus,
it follows that

R(max(py, q1)+1, max(ps, g2) +1,. .. max(pe—1, 1) +1, prgp +1;7) > (m—1)(n—1),
resulting in the statement of the theorem. O
Using the observation that
R(ki, ko, ... kisr) = R(ky, koo kiyryry oo )

and
R(kﬂ,l, ki+2, cey kt; 7’) = R(T, r...,T, kiJrl, ki+27 e k’h 7"),
G
i copies

one obtains the following corollary.

Corollary 6. If r > 3 and each k; > r, then R(ky, ko, ..., (ki —1)(r — 1)+ 1;7) >
(R(k1, ko, ..o kisr) = D)(R(Kiva, kigo, - kisr) — 1) + 1
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This corollary can be viewed as a generalization of the multicolor Ramsey inequality
for graphs proved by Xiaodong, Zheng, Exoo, and Radziszowski in Theorem 2 of
[10]. Note that this generalization is different than the one given in Theorem 3.7 of
[4] and it also differs from the conjectured generalization described in the conclusion
of [4].

In the special case wheret =2, p=p1+1=q¢ +1,andr=ps+1=¢ + 1, and
using the observation that R(p,r;r) = p, Theorem 5 implies the following corollary
to Theorem 5.

Corollary 7. Ifr > 3 and p > r, then

R(p,(r—=1+1;r) > (p—1)*+ 1.

As another application of Theorem 5, we prove the following lower bounds for diag-
onal t-colored hypergraph Ramsey numbers:

R'(n;r) == R(n,n,...,n;r).
———

t colors

Theorem 8. Letr >3,t>2, andn = (r —1)>+ 1. If R(n,n;7) > m, then

9t—2

R'(n;r) > (m—1)* " +1.

Proof. When t = 2, the theorem is trivial. Now we proceed by induction on ¢t > 2.
Assume the theorem is true for t = k:

R(nymir) >m =  R(r)>(m—1)2"+1.
Then the assumption that n = (r — 1)? + 1 along with Theorem 5 implies that

R (nsr) > (R(n,n, ... on,rsr) — 12+ 1
o
copies

(RF(m;r) —1)* +1

v

> ((m—1)""+1-1)"+1
> (m =1 41,
completing the proof of the theorem. O

For example, it is known that R(5,5;3) > 82 (Exoo [5]), from which Corollary 8
implies that
R*(5;3) > 812 +1 = 6, 562.

This improves the previous best known lower bound for this Ramsey number from
163, as was proven in [4]. In fact, this one lower bound offered by Exoo results in all
of the following bounds:
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R*(5;3) > 43,046, 722
R5(5;3) > 1,853,020, 188, 851, 842
RY(5;3) > 3,433,683, 820,292, 512,484, 657, 849, 089, 282

2i—2

R'(5;3) > 81

+ 1.
These bounds offer a significant improvement over the bounds given in Proposition
3.8 of [4].
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