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Abstract
Let n be a positive integer with n < (V(G)-2)/2. A graph G is n-
extendable if it contains a set of n independent edges and every set of n
independent edges can be extended to a perfect matching of G. In this paper,
we give a characterization of n-extendable graphs. The characterizations of
other matching extension are also discussed.

1. Introduction

All graphs in this paper are finite and have no loops or multiple edges.

A perfect matching, or 1-factor, of a graph G is a set of independent edges
V(G)-2
2 .

A graph G is n-extendable if it contains a set of n independent edges and every set of
n independent edges can be extended to a perfect matching of G. We call G 0-
extendable if it has a perfect matching. A graph G is said to be bicritical if for every
pair of distinct vertices u and v G-{u, v} has a perfect matching (clearly bicritical
graphs are l-extendable). A 3-connected bicritical graph is called a brick. A graph G
is said to be factor-critical if G-v has a perfect mat'ching for every ve V(G).

In 1980, Plummer [7] studied the properties of n-extendable graphs and
showed that every 2-extendable graph is either bipartite or a brick. Motivated by this
result he [§, 9] further looked at the relationship between n-extendability and other
graphic parameters (e.g., degree, connectivity, genus, toughness). Recently, Schrag

which together cover all the vertices of G. Let n be a positive integer with n <
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and Cammack [11] and Yu [12] classified the 2-extendable generalized Petersen
graphs, and Chan, Chen and Yu [3] classified the 2-extendable Cayley graphs on
abelian groups. For more results and the motivations of n-extendable graphs, the
interested reader is refereed to a recent survey paper by Plummer [10].

Little, Grant and Holton [4] gave good characterizations of l-extendable
graphs and 1-extendable bipartite graphs. Brualdi and Perfect [2] in 1971 obtained a
criterion of n-extendable bipartite graphs, but their result is described in terms of
matrices and systems of distinct representatives. In this paper, we shall characterize
the n-extendable graphs (n > 1). Since n-extendable graphs must have a 1-factor, we
deal only with graphs of even order. For graphs of odd order, we generalize the idea of
n-extendability and introduce n% -extendability. A graph G is nlz' -extendable if (1)

for any vertex v of V(G) there exists a set of n independent edges in G which miss v
and (2) for every vertex v and every set of n independent edges e; = x1y1, €3 = X2y2,

.» € = Xpyn missing v, there exists a near perfect matching of G which contains ey, ey,
.., €n and misses v. Analogous to n-extendability, we study the properties of n%

-extendable graph and obtain a characterization for it. The generalizations of factor-
critical and bicritical graphs are also discussed.

For any set § & V(G), we denote by G-S the subgraph of G obtained by
deleting the vertices of S together with their incident edges, and by G[S] the subgraph
of G induced by S.

The followings are some preliminary results which we need in this paper.

Theorem 1.1 (Tutte's Theorem) A graph G has a perfect matching if and only if o(G-
S) < I8! for all S € V(G).

Theorem 1.2 (Little, Grant and Holton [4]) Let G be a graph of even order. Then G
is 1-extendable if and only if for all S € V(G),

(1) o(G-S) < ISl and

(2) o(G-S) = IS! implies that S is an independent set.
Theorem 1.3 (Plummer [7]) If G is a graph with p vertices, then the following claims
hold.

(1) If G is n-extendable, then G is also (n-1)-extendable.

(2) If G is a connected n-extendable graph, then G is (n+1)-connected.
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(3) If p> 4 and d(G) > & + n, then G is n-extendable.
P 2

Theorem 1.4 (See [6]) A graph G is factor-critical if and only if G has an odd number
of vertices and o(G-S) < 1ISI for all @ # S S V(G).

2. Characterizations and Properties

The family of n-extendable graphs is quite large. For example, the cube, the
tetrahedron, the dodecahedron and the complete bipartite graph K, are 2-extenddble.
In fact, if the minimum degree &(G) is larger than n+HV(G)I/2 and IV(G)I = 4, then G
is n-extendable (see Theorem 1.3 (3)).

Several results in this section will be based on the following observation.

Observation 2.1 A graph G is n-extendable if and only if for any matching M of size i
(1 £1i < n) the graph G-V(M) is (n-i)-extendable.
Proof: Suppose that G is n-extendable. For any matching M of size i (1 £i < n), let
H = G-V(M). Observe that by Theorem 1.3 (1) H has a perfect matching. Let M’ be
a matching of H with n-i edges. Then MUM' is an n-matching of G and thus there
exists a perfect matching P of G containing MUM'. Clearly, P-M is a perfect matching
of H which contains M' and so H is (n-i)-extendable.

Conversely, for any matching Q of size n in G, let M be a subset of Q with i
edges. By assumption G-V(M) is (n-i)-extendable. Thus there exists a perfect

matching P of G-V(M) containing Q-M and therefore PUM is a perfect matching of G
containing Q. []

We begin by giving a characterization of n-extendable graphs which is a
generalization of Theorem 1.2.

Theorem 2.2 A graph G is n-extendable (n 2 1) if and only if for any S € V(G)

(1) o(G-S) £ ISl and

(2) o(G-S) = ISI-2k (0 £ k < n-1) implies that F(S) < k, where F(S) is the
size of a maximum matching in G[S].
Proof: Suppose G is n-extendable. Since G has a perfect matching, (1) follows from
Tutte's theorem. Suppose o(G-S) = ISI-2k (0 € k < n-1) for some vertex-set S &
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V(G). We consider first the case that k = n-1. In this case, assume F(S) > n-1. Let
€i =X;y; (1 £1 £ n-1) be n-1 independent edges in G[S]. By Observation 3.1, G-{x1,
Y1s s Xn-1,  ¥n-1} is 1-extendable. Let G' = G-{xy, y1, ..., Xn.1, ¥n-1} and §' = S-{x;,
Y15 s Xn-1y Y1), Then o(G'-S') = o(G-8) = ISI-2(n-1) = IS']. By Theorem 1.2, S' is
an independent set. Thus F(S) < F(8")+(n-1) = n-1 =k, a contradiction. Since k-
extendability implies (k-1)-extendability, (2) holds for 0 < k < n-2.

Now suppose (1) and (2) hold. The proof that G is n-extendable will use
induction on n.

If n = 1, the claim holds from Theorem 1.2 as F(S) = 0 means that S is
independent.

Suppose that the claim holds for n < r. Consider n = r. By the induction
hypothesis, (1) and (2) imply that G is (r-1)-extendable. If G is r-extendable, we are
done. Otherwise, there exist r-1 independent edges e;= x;y; (1 <i< r-1) so that G' =
G-{X1, Y1, «» Xr-1, ¥r-1} i not l-extendable. Since G' has a perfect matching,
condition (1) of Theorem 1.2 holds. Thus, if G'is not 1-extendable, then there exists a
set §' < V(G') so that o(G'-S") = IS'l and F(S") 2 1. Let S = S'U{xy, y1, «.., Xr.1, Yr1}.
Then o(G-S) = o(G'-8") = 81 = 1SI-2(r-1) and F(S) = F(S"+(r-1) = r, which
contradicts condition (2). []

Next we study relationships between n-extendability and n% -extendability. It

turns out that they are very similar. If a new vertex is joined to all vertices of an n%

-extendable graph G, then the resulting graph is (n+1)-extendable. Thus (n+1)-

extendable graphs can be obtained by this method and in this sense, n% -extendability

% -extendable, then

for any vertex v€ V(G), G-v is n-extendable. Hence n% -extendability is "stronger"

than n-extendability. However, there exist (n+1)-extendable graphs with the
property that on deletion of some vertex the resulting graph is not n% -extendable; for

is weaker than (n+1)-extendability. On the other hand, if G is n

example, the cube is 2-extendable but on deleting any vertex v, G-v is not 1%
-extendable. So it is natural to think of n% -extendability as lying between n and
(n+1)-extendability. Not surprising then, we can characterize all n% -extendable
graphs in terms of n-extendable and (n+1)-extendable graphs.

i

Theorem 2.3 A graph G of odd order is n

extendable if and only if G+K; is (n+1)-

extendable.
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Proof: Assume that G is n% -extendable. Let H = G+K;, where V(K;) = {z} and

choose n+1 independent edges, €; = xjy; (1 = 1, 2, ..., n+1) of E(H).

Case 1. All n+1 independent edges lie in E(G). Since G is nt -

2
there exists a near perfect matching M containing ey, €2, ..., €, and missing X1 in G.

extendable,

Let w be the vertex adjacent to yn41 in M. Then M-{wyns+1}U{wz, xn+1yn+1’} will be a
perfect matching of H containing ey, €3, ..., €n+1.

Case 2. Suppose that one of €1, €2, ..., €n41 is not in E(G), say ens1. Let eqy1 =
zw, where w € V(G)-{X1, ¥1, ... Xn, ¥n}. Then there exists a near perfect matching M
of G containing ey, e, ..., €, and missing the vertex w. Thus Mu({zw] is a perfect
matching of H as required.

Conversely, for any n independent edges €1, €3, ..., €n of E(G) and vertex v of
V(G) not lying on these edges, there exists a perfect matching M of H containing e;,

€2, ..., €n, vZ. Then M' = M-{z} is a near perfect matching of G which contains e, e,
..., €y and misses v. []

Remark: Even though when G is n% -extendable, G+K; is (n+1)-extendable, it is
not the case that if G is n-extendable, then G+K is n% -extendable. For example, the

cycle Cy, is 1-extendable, but Cyp,+Kj is not 1-;— -extendable
From the definition of n% -extendability, we have the following observation.

Observation 2.4 A graph G is n% -extendable if and only if G-v is n-extendable for

any vertex v€ V(G).

We now give a characterization of n-;- -extendable graphs.

Theorem 2.5 A graph G is 1% -extendable if and only if for any S S V(G), S = &,

(1) o(G-S) £ ISI-1 and

(2) if both o(G-S) = ISI-1 and IS| = 3, then § is independent.
Proof: IfGis 1% -extendable, then G is factor-critical, and by Theorem 1.4 condition
(1) holds.

Suppose there exists a vertex-set S of V(G) with S| 2 3 such that o(G-S) =
ISI-1 but S is not independent. Let e = xye E(G[S]) and z€ S-{x,y}. LetG' = G-{z}
and S' = S-{z}. Then, as by Observation 2.4 G' is 1-extendable, it follows that o(G'-
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§") = o(G-8) = ISI-1 = I1S"l. From Theorem 1.2, $' must be an independent set. - But
this contradicts the fact that e E(G[S']).

Conversely, condition (1) guarantees that G has an odd number of vertices
(choose S = {v}, ve V(G)) and then Theorem 1.4 implies that G is factor-critical. But
we need the stronger result that G-{v} is 1-extendable for any ve V(G). Suppose
that for ve V(G) and e€ E(G-v) there is no perfect matching in G-v containing e.
Since G-v has a perfect matching, then by Theorem 1.2 and Theorem 1.1 we know that
there exists a vertex-set S & V(G-v) so that 0o(G-v-S) = ISI and S is not
independent. Thus ISI > 2. Let $" = SU{v}. Then o(G-8") = o(G-v-S) = ISl = 1§"I-1
and IS" > 3, but §" is not independent. This contradicts condition @. [

Theorem 2.6 A graph G is n% -extendable if and only if for any S © V(G), S # &,

(1) o(G-S) < ISI-1 and

(2) if o(G-8) = I81-2k-1 (0 £ k < n-1) and ISI = 2k+3 for some vertex-set S
V(G), then F(S) £ k, where F(S) is the size of maximum matching in G[S].
Proof: The proof will be by induction on n. When n = 1, it is Theorem 2.5.

Suppose the theorem holds when n < r, and consider the case n = r.

Assuming that G is r% -extendable, it follows that G is factor-critical. Thus (1)

follows from Theorem 1.4. If o(G-S) = ISI-2k-1 (0 < k < r-2) and ISl 2 2k+3, then by
the induction hypothesis, F(S) < k. Suppose then that there exists a set S such that
0(G-S) = I81-2(r-1)-1 and ISI > 2r+1 (k = r-1), but F(S) >r. Lete; = xjiyi (1 £i<1)
be r independent edges in G[S], ve §' = $-{x;, Y15 - X5, ¥r) and G' = G-{xy, y1, ..., Xp,
¥r, v}. Then o(G'-S'") = o(G-8) = ISI-2r+1 = IS+2 > IS and by Tutte's theorem, G'

has no perfect matching. This contradicts the fact that G is 1% -extendable.

Conversely, suppose that conditions (1) and (2) hold but G is not rli

-extendable. Then there exists a vertex v€ V(G) such that G-v is not r-extendable.
Applying Observation 2.1, there exist independent edges ¢; = Xiyi (1 £1<r-1) so that
G' = G-v-{x1, ¥1, -.» X1, ¥r-1) is not l-extendable. However, from the induction
hypothesis G is (r—l)% -extendable and thus G' has a perfect matching. Then from

Tutte's Theorem for all S € V(G'), o(G'-S) < ISI. But now as G' is not 1-extendable,
from Theorem 1.2, there exists a set $' & V(G") su'ch that o(G'-S") = ISl and S' is not
independent. Let S = S'U{v, x1, Y15 «os Xr-1, Yr-1}. Then o(G-S) = o(G™-S") = ISl = {SI-
2(r-1)-1 = 1SI-2r+1 and so IS| = IS1+2(r-1)+1 2 2+2(r-1)+1 = 2r+1. But F(S) 2
F(S")+(r-1) 2 r, which contradicts condition (2) when k = r-1. 0
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Corollary 2.7 If G is an n% -extendable graph, then G is also (n-l)% -extendable.

We now turn to study some of the properties of n % -extendable graphs. They

are analogous to those of n-extendable graphs.

Theorem 2.8 If G is a graph of order 2r-i-1, r2n+l 22 and 8(G) = r+n+l, then G is
n% -extendable. Moreover, the lower bound on §(G) is sharp.

Proof: By Observation 2.4, we need only to show that for any ve V(G) G-v is n-

extendable. For any ve V(G), 8(G-v) 2 8(G)-1 = r+n. From Theorem 1.3 (3), G-v is
n-extendable and we are done.

To see that the bound is sharp, consider the graph G = Ky + Kyopi1. Sincer 2
n+1, we take a vertex v and n independent edges X;¥i, X2¥2, -, XnYn from Kr,n There

remain r-n-1 vertices in K., which cannot be matched to the r-n+1 vertices in Ky n41.
Thus 8(G) = r+n and G is not n% -extendable. 0

Theorem 2.9 If G is connected and n-;- -extendable (n 2 1), then G is (n+2)-
connected and, moreover, there exists an n%- -extendable graph G of connectivity n+2.
Proof: If G is n% -extendable, then, by Theorem 2.3, G+K; is (n+1)-extendable.

Since G+K; is connected, by Theorem 1.3 (2), G+K; is (n+2)-connected. Let K; =
{u}. Since n = 1, G-v = (G+K;)-{u, v} is connected for any ve V(G). By
Observation 2.4, G-v is n-extendable for any ve V(G). Thus G-v is (n+1)-connected
by applying Theorem 1.3 (2).

Suppose that G is not (n+2)-connected. Then there exists a cut-set S &
V(G), ISl = n+1. For any ve S, S-{v] is a cut-set of G-v. Since IS-{v}l = n, this
contradicts the fact that G-v is (n+1)-connected.

To see that an n1§ -extendable graph might not be (n+3)-connected, we

consider the graph G = I_(n+2+(Kpqu) where n+2+p+q is odd and p 2 q = 2n+2.
!

Clearly G is not (n+3)-connected as V(I—(,,+2) is a éut-set of size n+2. We next show
that G is n% -extendable. For any given n independent edges e; = x;y;, | £i<n,and a
vertex V& {X1, Y1, X2, ¥2, - Xn, ¥n)» let S = {v, X1, y1, X2, Y2, s Xn, ¥n}» V1 = V(Kp)-S,

V= V(fimz)-s and V3 = V(Ky)-S (see Figure 2.1). We now need
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Kn+2

Figure 2.1

only to show that G-S has a perfect matching. Clearly, the existence of a perfect
matching in the graph G-S is equivalent to a partition of V; into two subsets V3!, V,"
such that IV2'l £ 1Vql, V3"l £1V3l, IVl = 1Vl (mod 2), and V3"l = V3l (mod 2). As
IV(G)l is odd and p, q 2 2n+2, we have that [V |+IVal+IV3l = IV(G)-ISI = p+q+1-n is

even and IVl+IV3l 2 IV4l+2. Therefore the required partition (Vo', V") can always
be achieved. This completes the proof.  []

Remark: Theorem 2.9 does not hold for n = 0; that is, for factor-critical graphs. The
graph below provides an example of a % -extendable graph which is not 2-connected.

Figure 2.2 The factor-critical graph is not 2-connected.
Corollary 2.10 IfGisan n—;— -extendable graph of order p, p 2 2n+5, and if u is a

vertex of degree n+2 in G, then Ng(u) is an independent set.
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2
Ng) = {v1, V2, ..., vn+2}. Since p > 2n+4, we can choose n+1 vertices wy, wp,

Proof: Suppose u is a vertex of degree n+2 in an n} -extendable graph G and let

Wn+1 in V(G)-Ng(@u)-{u}. As G is (n+2)-connected, by Menger's theorem we have
n+2 vertex-disjoint paths joining Ng(u) and {w,, w2, ..., Wn41, u}. Hence there are
n+2 independent edges e; = viu, €3 = VoW1, ..., €n42 = Vn+2Wn+t', Where w;' is the last
vertex on the path from wj to vi41.

Suppose now that Ng(u) is not independent, say vivo€ E(G). Then vivy, e4,
€s, ..., €ns+2 are n independent edges. Since u is an isolated vertex of G-Ng(u), there
exists no near perfect matching containing vjva, €4, €s, ..., €n+2 and missing v3. This
contradicts the fact that G is n% -extendable. 0

A graph G is called n-critical if the deletion of any n vertices of V(G) results
in a graph with a perfect matching. This concept is a generalization of the notions of
factor-critical and bicritical which correspond to the cases when n =1 and n = 2,

respectively. Here we present a characterization of n-critical graphs.

Theorem 2.11 A graph G is n-critical if and only if IV(G)! = n (mod 2) and for any
vertex-set S © V(G) with ISl 2 n, o(G-S) < ISl-n.

Proof: Suppose that G is n-critical. Then it is immediate that IV(G)l = n (mod 2).
Suppose there is a vertex-set S € V(G) with ISI 2 n and o(G-S) > ISl-n. Delete n
vertices vy, V2, ..., v, from S and denote the remaining set by S'. Then o(G-{vy, vo, ...,
vn}-8) = o(G-S) > ISI-n = IS'l and by Tutte's theorem, G-{vy, v, ..., v4} has no
perfect matching. But this contradicts the hypothesis.

Conversely, suppose that IV(G)l = n (mod 2) and for any vertex-set S & V(G)
with ISI 2 n, o(G-S) < ISl-n. If G is not n-critical, then there exist n vertices vy, va, ...,
v such that G-{vy, vo, ..., v5} has no perfect matching. Using Tutte's theorem again,
there exists a set $' © V(G)-{v1, va, ..., g} so that o(G-{vy, va, ..., v}-S") > ISl
Let S = $' U{vy, va, ..., vu}. Then o(G-S) > IS'l = ISI-n, a contradiction. 0

There is another generalizations of n-extendability which consists of all graphs
G satisfying the property that for any n-matching M and a set of m distinct vertices uj,
usz, ..., Uy of G, none of which is incident with any edge of M, there exists a perfect
matching M* of G such that M ¢ M* and ujuy;& M* for 1 <1, j<mandi#j. Thisis
called (n,m)-extendability and was studied by Liu and Yu [5]. This concept is
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stronger than n-extendability and is very helpful for studying the Cartesian products of
n-extendable graphs.

Acknowledgment

The author would like to thank Professor Katherine Heinrich for her assistance
in preparing this paper.

References
[1]1 J. Bondy and U.S.R. Murty, Graph Theory with Applications, Macmillan Press Ltd.
(1976).
[2] R. A. Brualdi and H. Perfect, Extension of partial diagonals of matrices I, Monatsh.
Math. 75(1971) 385-397.
[3]1 O. Chan, C. C. Chen and Q. L. Yu, On 2-extendable abelian Cayley graphs.
(Submitted)
[4] C. H. C. Little, D. D. Grant and D. A. Holton, On defect-d matching in graphs,
Discrete Math. 13 (1975) 41-54.
[5]1 1. P. Liu and Q. L. Yu, Matching extensions and products of graphs, Annals of
Discrete Math. (to appear)
[6] L. Lovdsz and M. D. Plummer, Matching Theory, North-Holland, Amsterdam,
1986.
[71 M. D. Plummer, On n-extendable graphs, Discrete Math. 31 (1980) 201-210.
[8] M. D. Plummer, Matching extension and the genus of a graph, J. Combin. Theory,
ser.(B) 44 (1988) 329-337.
[9]1 M. D. Plummer, Matching extension and connectivity in graphs, Congressus
Numerantium, 63(1988), 147-160.
[10] M. D. Plummer, Extending matchings in graphs: A survey, (submitted)
[11] G. Schrag and L. Cammack, On the 2-extendability of the generalized Petersen
graphs, Discrete Math. 78 (1989) 169-177.
{12] Q. L. Yu, Classifying two-extendable generalized Petersen graphs, Discrete
Math (to appear).
[13] Q. L. Yu, A note on n-extendable graphs, J. Graph Theory (to appear).

(Received 30/4/92; revised 16/6/92)

64




