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Abstract. In this paper we determine the spectrum of possible
cardinalities of a blocking set in a H(v,3,)) and in a H(v,4,1).
Moreover we construct, for each admissible v29, a H(v,3,1) without

blocking sets.

Introduction
A handcuffed design with parameters v,k,X, or for short an
H(v,k,)), consists of a set of ordered k-subsets of a v-set, called
handcuffed blocks. In a block (a.,az,,..,at) each element is said
to be "handcuffed" to its neighbours, so that the block contains
k-1 handcuffed pairs (ax,az),(az,aa),...,(a}_l,ak), the pairs
being considered unordered. The elements in a block are distinct,
so the handcuffed pairs are distinct as well. A collection of b
handcuffed blocks forms a handcuffed design if
(i) each element of the v-set appears in exactly r of the
blocks
(ii) each (unordered) pair of distinct elements of the v-set is
handcuffed in exactly A of the blocks.
It can be shown [9] that every element of V must occur in the

interior (that is, not in the first or last position) of exactly u
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blocks. Further the following equalitieés can be shown:

A(v-1)(k-2) - Ak(v-1) o Av(v-1)
u= 2D T2 0 P Saen M

It is well known [12] that a H(v,3,X) exists 1if and only if
vel (mod 4) for A=l,3 (mod 4), vml (mod 2) for Am2 (mod 4), all
vz3 for A=0 (mod 4), and a H(v,4,1) exists if and only 1f vml
(mod 3).

let (V,B) be a handicuffed design H(v,k,\). A subset S of V is
called a &locking set if, for every beB, bnS#¥ and bN(V\S)wg.

Blocking sets have been investigated in projective spaces
(1,2,13], in t-designs [3,4,6,7,8,10,11] and in G-designs [5].

let

BS(v,k,A)={h: 3 H(v,k,A) hasing a blacking set S with |s|=h}

In this paper, we completely determine BS(v,3,X) and BS(v,4,1)

for all admissible v. In particular we prove that

—~~ for v=0 (mod 2)

2
BS(v,3,))=
{ 1 » vl } for v=1 (mod 2)
2 2
and that
Bs(v,a,l)-{ Vél e, 2v;1 } for vel (mod 3)

Moreover, in section 4, we exhibit, for every v=1 (mod 4), v29, a

H(v,3,1) without blocking sets.
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2. Blocking sets in H(v,3,)).

In this section we determine BS(v,3,)) for all admissible v.

LEMMA 2.1,

$! S i a blocking oet in H(v,3,)) (V,B), then

|S|(—{ vél , v;l }{;mvoddand]s]-—;—;onveuen.

Proof. Let |S|=w and let d (x) be the number of blocks
containing an element x€V in the interior. Since any block

containing a handcuffed pair of S contains necessarily an element

of S in the interior and di(x)- ’\(Z—J) , we obtain
- Aw(v-1) w(w-1)
PEERC) 4 2x =7 (1)
x€S
This implies
2wsv+l . ; (2)
Since V-S is also a blocking set, by (2) we obtain
2wzv-1 . (3)

The proof follows from (2) and (3). H

LEMMA 2.2.

Thene in a H(v,3,)) (V,B) hasing a blocking set S ouch that

1) |s|e{ BRI }u; v=l (mod 4) and A=1,3 (mod &)

i1) |s;e{ ~1 vl }Lz v=l (mod 2) and A=0,2 (mod 4)

111) |S|= = ¥ v=0 (mod 2) and X=0 (mod 4)
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Proof. Let V={1,2,...,v)

vo1 v-1
4 & vel
i) Let B - U ((i,i+2j,i+1),iezv) and B = U {(1 —5— +23+1,1+1) 1€z ).
3=1 3=1 M
Repeating each block of B, and B respectively A;l and 21

times we obtain a set of blocks B such that (V,B) 1is a H(v,3,1)

with blocking sets {2,4,...,v-1) and {1,3,...,v).

v-1
2
1) Let B~ U ((1,1+423,1+1) i€z )

=1

Repeating each block of B1 —%— times we obtain a set of blocks

B such that (V,B) is a H(v,3,)) with blocking sets (2,4,...,v-1)
and (1,3,...,v}.
v-2

2
ii1) Let B - U ((i,i+2j,i+1),ie2v) and To-((i,i+1,i+2),ie2v)
J=1
Repeating each block of B, —%— times we obtain a set of blocks
B such that (v,Euro) is a H(v,3,)) with blocking sets (2,4,...,v-1}

and {1,3,...,v}). ]

From Lemmas 2.1 and 2.2 we obtain the following theorem.

THEOREM 2.1.

BS(v,3,A)= —‘2’~ fon v=0 (mod 2) and BS(V,3,A)-{ "’él , v+ }

fon v=1 (mod 2).

3. Blocking sets in H(v,4,1).

Let (V,B) be a H(v,4,1) and I(v)-{ v-1 —z‘iﬂ-} . In

3 by 3

this section we determine BS(v,4,1) for all v=l (mod 3).
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LEMMA 3.1.

$¢ s o a blocking oet in H(v,4,1) (V,B), then

mﬁ_{ v;l 2v-§l }

Proof. let ‘S[-w and di(x) be as in Lemma 2.1. Since dx(x)- z%l

and any block containing a handcuffed pair of S contains

necessarily at least an element of S in the interior, we obtain

(v-1) w(w-1)
z d ()= —3 w2 5 (1)
x€S
hence
w_<_—~———2v;1 . (2)

Since V-S is also a blocking set, by (2) we have

W ";1 . (3)

The proof follows from (2) and (3). ®

LEMMA 3.2.

fet vml (mod 3). 3f teBS(v,4,1l) then t+ieBS(v+3,4,1) fon i=1,2.

Proof. Let (V,B) be a H(v,4,1) having blocking set S such that
|S|~teBS(v,4,1).

Let V—(l)UXIUXZUX3 with

3 . v-1 .
Xj {xi , i=1,2,..., 3 }, j=1,2,3

Without loss of generality we may suppose that SC(l)UXlUXz for

2v+l v-1

and SCX UX_ for 2vil
3 12 3

3

s|-

=|s|<
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Let A={a,b,c) with AnV=g@. Put V'=VUA and B =BUTUF where

T-((1,a,b,¢),(b,1,c,a)) and F—{(xj",a,xiz’.w,<x§°’.c.x:",a>,,

(2) (3) . ie v-1
(x,7,b,x "e); 1-1,2,..., — }
Then (V',B") is a H(v+3,4,1) with blocking sets Su{c) and

Su(a,c}. This proves that t+l,t+2eBS(v+3,4,1). ®

From Lemma 3.2. we obtain easily the following lemma

LEMMA 3.3.

fet vml (mod 3), then BS(v,4,1)=I(v) implies BS(v+3,4,1)= I(v+3).

Since it is easy to see that BS(4,4,1)=I(4)={1,2,3), from Lemmas

3.2 and 3.3 we obtain

THEOREM 3.1.

BS(v,4,1)=I(v) for every v=l (mod 3).

4. H(v,3,1) without blocking sets.

LEMMA 4.1.

Thene exists a H(9,3,1) without &lacking sets.

Proof. Let v={1,...,9}) and B={(i,i+2,1i+1), (i,4+i,i+7), 1629).
It is easy to see that (V,B) is a H(9,3,1). We now prove that (V,B)
has no blocking sets. In fact suppose that $§ is a blocking set of
(V,B). Since |S]e{4,5), there necessarily exists at least one xe&V
such that either x,x+1€S or x,x+2eS. If x,x+1leS, it follows that

x-1,x+2¢S and x+4€S. Hence x+6¢H, x+7€S and x+3¢S. This is impos-
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sible because (x-1,x+3,x+6)€B. If x,x+2€S, then (x-l,x+1,x+3;

x+6)NS=@. This is impossible because {x-1,x+3,x+6)€B. m

THEOREM 4.1.
Fon eseny vml (mod 4)29 thene exiots a H(v,3,1) without &lacking
aels,

Proof. The statement follows by applying the v—v+4 construction
(12] to the H(9,3,1) of the Lemma 4.1 and noting that a H(v,3,1)
with blocking sets cannot contain a sub-H(v,3,1) without blocking

sets.
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