








first 0-1 laws were proven by Gaifman [13] for countable structures and independently
by Glebskii et. al. [14] and Fagin [10] for random finite structures with uniform prob-
ability distributions. In random graph terminology, these would be random graphs
with constant edge probabilities. Most of the 0-1 laws are relatively recent, however
(see the survey by Compton [3]). A major motivation behind studying the asymptotic
behavior of expressible properties is the hope that the techniques being developed will
illuminate or perhaps even solve some of the important problems of computational
complexity. So far, these problems, such as whether P is properly contained in NP,
have resisted solution by any means, but the area is still quite new. At the conclusion
of this paper. we will describe some other questions which may be easier but are still
important, and are potential applications of the techniques we will present, via the
results of descriptive complexity.

The class of words and our languages do not have a 0-1 law, even for constant
p. In fact, the property that the first symbol in w is 1, which we saw was first-order
expressible, has probability 1 — p. However, we will prove the following convergence
law. The theorem covers the cases when p(n) converges to a value less than 1. For
p(n) converging to 1, we replace p(n) by 1 — p(n) and use symmetry.

Theorem 1.1 Let 0 be a first-order sentence. Then there is a positive integer K
depending on o such that for any probability function p(n) that satisfies one of these
conditions:

(i) p(n) < n”!
(i) =V < p(n) < n~VED 1 <k < K,
(1ii) n~ YR <« p(n) and lim,_. p(n) < 1, or
(iv) p(n) ~ en~* for some constant ¢ and 1 < k < K,
nanolo pr(w E o,n)
exists.

For our stronger monadic second-order language, we have a weaker convergence law.

Theorem 1.2 Let 0 be a monadic second-order sentence. Then there is a positive
integer K depending on o such that for any probability function p(n) that satisfies
one of the conditions listed in Theorem 1.1, there is o positive integer a such that for
all natural numbers b < a,

nlgglo pr{w k= o,an +b)

exists.

That is, the sequence of natural numbers splits up into disjoint arithmetic subse-
quences, and the probability of ¢ converges on each subsequence An immediate
consequence of Theorem 1.2 is the following:
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Corollary 1.3 Let 0 be ¢ monadic second-order sentence. Then there is a positive
integer K depending on o such that for any probability function p(n) that satisfies
one of the conditions listed in Theorem 1.1, the sequence (pr(w [= o,n)) is Cesaro-

summable, i.e.
n—1

1
tim 25 ortw o)
exists.

Special cases of Theorem 1.1 have been proven in earlier publications. The case
when p is constant was sketched in Lynch [18], although the key idea in the proof
is'due to A. Ehrenfeucht (personal communication). Note that this is an instance of
Case (i) (when p = 0) or Case (iii) (when p > 0). Dolan [5] proved convergence (in
fact 0-1 laws) for Case (i) and n~! < p(n) < n~/? (an instance of Case (ii)). Thus
our Theorem 1.1 fills in the gaps between p that approach 0 very rapidly and p that
are positive constants. Recently, using a different approach, Shelah and Spencer [22]
have proven convergence laws for our first-order language when p(n) satisfies Case (i)
or (ii), or n™¢ < p(n) for any € > 0 (a subcase of Case (iii)). They have also obtained
0-1 laws for a closely related first-order language and the same cases of p(n). To our
knowledge, Theorem 1.2 is completely new. ‘

We give some examples illustrating how the asymptotic probability of a sentence
can be more complex than the simple convergence law for constant p and first-order
sentences. The first example shows that the asymptotic probability of a first-order
sentence can depend on the growth rate of p, and demonstrates the threshold phe-
nomenon typical of many graph theoretic properties. Let o be

FaTy(z <yAVz(r <zAz<y=>z=aVz=y)AZ(x)\NZ(y)).
That is, w |= o if and only if w has the substring 00. Then
lim pr(w Eo,n) = 0if p(n) < n~Y?
Jim pr(w Eon) = e~ if p(n) ~ en~ /% for some constant ¢, and

lim pr(w = o,n) = 1if p(n) > n~ /2

Convergence on arithmetic subsequences is demonstrated by the monadic second-
order sentence 7 that holds if and only if the length of a word is even. This sentence
is similar to our previous example of a sentence that holds if and only if the number
of ones is even. Clearly pr(r,2n) = 1 while pr(7,2n + 1) = 0.

The rest of the paper is organized as follows. In the next section, we describe
a combinatorial game, a generalization of the well-known Ehrenfeucht game, that
plays a central role in our proofs. We then prove the weak convergence law (Theorem
1.2) for monadic second-order sentences. The proof also uses a generalization of
Markov chains known as a Markov chain with variable transitions. Next we prove
the convergence law (Theorem 1.1) for first-order sentences. We conclude with a
summary of related results and problems for future study.
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2 Ehrenfeucht Games

The only structural feature of sentences that is used in our proofs is their depth. This
is the maximum level of quantifier nesting. A more formal definition is as follows. A
formula with no quantifiers has depth 0. If oy and a9 are formulas with depths d; and
ds respectively, then the depth of na; is dy. the depth of a1 V ay, ay A @y, o = ay,
and a1 & a9 is max(dy, ds), and the depth of Vaa;, Jray, VXaq, and 3Xay is dy + 1.

Let k be fixed. We define an equivalence relation = on the set of words. For any
words v and w, v = w if and only if they agree on all monadic second-order sentences
of depth at most &, i.e. for any such sentence o, v = o if and only if w = 0. Given
an equivalence class C of =, we will put C = 0 if w |= o for some w € C.

There is a game-theoretic characterization of = due to Ehrenfeucht [7] that is
particularly useful in proofs about expressibility. It was originally formulated for
first-order languages, but it extends without difficulty to second-order languages. We
will use two versions of the game that are tailored to the languages we are considering.

Definition 2.1 Let v and w be two words.

(i) The monadic second-order Ehrenfeucht game of k rounds on v and w s the
following game of perfect information. In each round i = 1,...,k Player I
chooses either an index or a set of indices in one of the words, and Player 11
responds with the same kind of choice in the other word. That is, if Player
I chooses an indez in {1,...,|v|} (or {1,...,|w|}), then Player II chooses an
indez in {1,...,|w|} (or {1,...,|v|}), and similarly if Player I chooses a set
of indices. Let C; be the choice made (by either player) in {1,...,|v|}. and
D; be the choice made (by the other player) in {1,...,|w|}. Player II wins if
Ci,...,Cy and Dy, ..., Dy induce the same substructures in v and w. That is,
for1<1,j <k,

o IfC; and C; are indices, then C; < C; if and only if D; < D;.

o If C; is an indez, then v |= Z(C;) if and only if w | Z(D;).

o If C; is an index and C; is a set of indices, then C; € C; if and only if
D; e Dj.

(it) The first-order Ehrenfeucht game is the same, except that the choices made must
always be indices.

Note that if Player I can win the first-order game, then he can win the monadic second-
order game a fortiori, or equivalently, if Player II can win the monadic second-order
game, then he can win the first-order game. The fundamental fact about these games
is the following theorem.

Theorem 2.2 (Ehrenfeucht [7]) (i) Two words v and w agree on all monadic
second-order sentences of depth at most k if and only if Player II can win the
monadic second-order Ehrenfeucht game of k rounds.

(%) Two words v and w agree on all first-order sentences of depth at most k if and
only if Player II can win the first-order Ehrenfeucht game of k rounds.
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As mentioned above, the Ehrenfeucht game and Theorem 2.2 were originally stated
only for first-order sentences. On the other hand, our versions are more restrictive
because the game and Theorem apply to all types of models and first or second-order
sentences. The proof of this theorem is not difficult. Interested readers may gain
some insight into it by proving that Player II can win the Ehrenfeucht games of two
rounds on 00011 and 000011 while Player I can win the games of three rounds. Thus.
by the Theoren, there must be a first-order sentence of depth three that distinguishes
the two words. One such example is

o[ y(y<aAVz(y<z)AVz(y<zAz<z=>z=zVz= ))
AVy(z <yAZ(y) = Vzlz<zAz<y=>z=12Vz=y))

This sentence is true for v but false for w.

For the remainder of this section and all of the next, Ehrenfeucht game shall mean
monadic second-order game. In Section 4, we will work with the first-order game. As
before, k is fixed. Two easy consequences of Theorem 2.2 will play important roles
in our proofs.

Lemma2.3 There are only finitely many equivalence classes of =.

Proof. Let v and w be two words, i < k, Cy,...,C; and Dq,...,D; be the choices
made in an Ehrenfeucht game of ¢ rounds That Player II has won. Define an Ehren-
feucht game of k — i rounds numbered 7 + 1,...,k played on {(v,(Ci,...,C;) and
(w,Dy,...,D;). In each round j = i+ 1,...,k, the players choose C; in v and

D; in w. The rules are the same as before. We put (v, Cy, ..., C) 7 {(w,Dy,..., D)

if Player II can win this game. By Theorem 2.2, 0 agrees Wlth =. Thus we must

show that there are only finitely many equivalence classes of 0 7. In fact we will show
by decreasing induction on ¢ that there are only finitely many equlvﬂence classes of

. This is true for i = k because there are only finitely many isomorphism types on

C},...,C;c.

Assummg the result for i + 1 < k, we show it for ¢. Given any choices C},... . C;
in v, the 7 class of (v,C1, ... C) is determined by the set of it1 classes of
{v,C1;... C,H) where C;;1 varies over all choices'on v. If there are m eqmvalen(e

classes of i+1, then 2™ is an upper bound on the number of equivalence classes of 7.
O

The second lemma shows that = is preserved by concatenation.
Lemma 2.4 For any words v and w and s € {0,1}, if v = w then vs = ws.

Proof. By Theorem 2.2, we need only show that the Ehrenfeucht game of & rounds
on vs and ws is a win for Player II. Since v = w, Player II can win the game on v
and w, and this strategy gives a winning strategy for Player II on vs and ws. For
1< i< klet C; and D; be the choices made in the game on vs and ws, and let

C; if C;€ {l,...,l’Ul}
Ci=<9 if Ci=lv]+1
Cin{l,.. |} if CiC{L, ..}
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and similarly for D!. Using the notation of the previous lemma, Player II should
choose so that:

e He can win the (k — {)-round game on {(v,Ci,...,C}) and {w, Di,...,D}).
o C;=|v|+1ifand only if D; = [uw| + 1.
o [v|+1€ Ciifand only if {w] +1 € D;.

That this can be done follows by an easy induction on i. After & rounds these
conditions imply that Player IT has won the game on vs and ws. O
Although not needed for our proofs, a more general proposition with essentially the
same proof is: for any words v, w, v/, and @/, if v = w and v = ' then vv' = wu'.

3 Proof of the Weak Convergence Law

Since {w : w |= o} is the disjoint union of those equivalence classes C |= ¢, and there
are finitely many of them (by Lemma 2.3), for every n,

pr(w Eo,n) =Y pr(w € C,n).
Ch=o

Thus our proof has been reduced to the following lemma.

Lemma 3.1 There is a positive integer K depending on k such that for any proba-
bility function p(n) that satisfies one of the conditions listed in Theorem 1.1 and any
equivalence class C of =, there is a positive integer a such that for all natural numbers
b<a,

: nlLr{.xo pr(w € C,an + b)

exists.

Proof. First, let us consider constant p. We construct a finite Markov chain M. Its
states are the equivalence classesof =. For any two states C; and Cy and w € Cy, if
w0 € Cy then there is a transition from C; to Cy with probability p, and if w1l € Cy
then there is such a transition with probability 1 —p. By Lemma 2.4, The transitions
of M are well defined, i.e. they do not depend on the choice of w € C;. Note also
that if £ > 2, it cannot be that both w0 and wl € C».

M is simply another way of describing the construction of a random word. Starting
in the state which is the class containing the word of length 0, we successively choose
symbols to add to the growing word. When we stop, the word is in the equivalence
class in which the chain has ended.

Now when p(n) depends on n, the transitions of M are no longer coustant, and
we do not have a Markov chain in the usual sense: This is known as a Markov chain
with variable transitions. More generally, let M(0) be a matrix of nonnegative real
numbers whose row sums are 1, and E be a matrix of real numbers whose row sums
are 0. Then for any real variable ¢,

M(e) = M(0)+¢cE
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is an instance of such a chain. The following theorem is a generalization of funda-
mental results about finite Markov chains (see for example Feller {11] or Kemeny and
Snell [17]). '

Theorem 3.2 Let M(e) be a Markov chain with variable transitions. Then there is
a positive integer K such that for any probability function p(n) that satisfies one of
the conditions listed in Theorem 1.1, there is a stochastic matriz D and a positive
integer a such that

Jim M(p(n))*" = D.

Further, D and a are the same for all functions p in any of the classes of types (i) -
This theorem was proven by researchers in perturbation theory (see Kato [16]), using
analytic and generating function techniques. A graph theoretic proof and algorithm
for computing the limiting matrix D may be found in Lynch [20].

To finish the proof, for any b < a, lim, ., M(p(n))® exists. Therefore
lim, .., M(p(n))®**+® exists, and the Lemma follows. |

4 Proof of the Convergence Law

Now we restrict attention to the first-order Ehrenfeucht gaine, and v = w shall mean
v and w agree on all first-order sentences of depth at most k. Let N(¢) be the chain
analogous to M (), but whose states are the first-order equivalence classes. Lemmas
2.3, 2.4, and 3.1 still apply, and the proof of Theorem 1.1 is finished if we show that
a = 1 in Lemma 3.1. To do this, it suffices to show that from every state C, there is
a state D such that with positive probability, D can be reached from C in some fixed
number of steps, and D can reach itself in one step. Then every ergodic set contains a
state that can be returned to in one step, and the chain N(¢) is aperiodic, i.e. a = 1.
One more lemma will help prove this.

Lemma 4.1 There is a positive integer m (depending on k) such that for any word
w, wl™ = wl™t,

Proof. We can take m = 28 — 1. Let Cy = Dy = |w|, C_1 = |w| + m + 1, and
D_; = |w|+m+2. We will show by inductiononi = 0,..., k that Player Il can play so
that the following three conditions hold for (w1™, C_y,..., Ci), (w1™, D_y, ..., D),
and all h,j € {~1,...,4}.

(i) Cy < Cj if and only if Dy < D;.
(i1) If Cp, < |wl| then Cp = Dy,

(iil) HO< Cj—~Ch < 28~ then C; — C, = Dj — Dy, and if 0 < D; — D;, < 2%=i then
CJ‘ —-Ch=Dj—Dh.

These conditions obviously hold for ¢ = 0.
Assuming (i) - (iii) hold for 4, we show how Player II can choose so that they
hold for ¢ + 1. If Player I chooses Ciy1 (or Diy1) < |wl|, then Player II simply
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chooses so that Cyypp = LDy, Clearly (1) and (11) hold. Also, (11) holds because
if0 < C—Cir <2 Vand C; > |w| then 0 < C; — Gy < 28771 < 2k~ o0
Cj — Co = Dj — Dy, implying C; — Cizy = Dj — Dy

If Player I chooses Ciy1 > |w| (choosing Dty > |w| is symmetric), let C), < Cipy <
C; be the chosen indices closest to Cyiy1. By (i) there is no chosen index between D,
and D;. If C; — €y < 28" then C; — C), = D; — D;, and (i) - (iii) hold if Player 1I
chooses D1 = Dy, + Cipy — Ch.

If C; — Cy > 257 then D; — Dy, > 25 and there are three cases: Ciy1 —Cp <
k=il C; — Ciyy < 257771 and neither of the previous two inequalities holds. In the
first case, Player II chooses Dy = Dy + Ciyy — Ch. Then C; — Ciyy = C; - Cp —
(Cigr — Cp) > 2871 — 28=i=1 = 9k=i=1 "angd similarly for D; — Dy, and so (i) - (iii)
hold. An analogous argument applies to the second case. In the third case, Player
II chooses Diyy = Dy +2¥7=1 Then D; — Dy > 21 — 2k=i=l = gk=i=1  7Tpig
completes the induction step.

Since Player II can choose so that (i) - (iii) hold for i = k, he can win the game.

0

To finish the proof of Theorem 1.1, take any state C and w € C. By the last
lemina, there is a state D such that w1™ € D and wl™! € D. Since p(n) < 1 for
sufficiently large n, with positive probability, D can be reached from C in m steps
and can return to itself in one step.

5 Related Results and Problems

If binary second-order variables are allowed, Theorem 1.2 fails. A consequence of
some theorems in complexity theory (see Lynch [19]) is that any set S of natural
numbers that is accepted in nondeterministic time n? when encoded in unary notation
is definable by a binary second-order sentence. This sentence will be true for all words
whose length is in S and false otherwise. An example is the set of primes. Whether
there is some even weaker convergence law is unknown.

In a different direction, other papers have studied random relations of degree
greater than one on an ordered set of indices. A word may be regarded as a unary
relation on a linearly ordered set of indices. A random binary relation on the same set
of indices is an ordered random graph. Again, there is no convergence law when the
edge probability is constant (Compton, Henson, and Shelah [4]) or variable except in
very restricted cases (Dolan and Lynch [6]).

These negative results would seem to imply that the convergence laws of this
paper cannot be extended to more powerful languages, in particular ones that capture
important complexity classes. However, it is possible that the techniques of this article
would be useful in the analysis of specific sentences. Potential applications are to the
average case complexity and reliability of algorithms.

Given an algorithm or program, using the methods of descriptive complexity, a
sentence can be constructed such that the probability of the sentence equals the
probability that the algorithm will halt within a certain number of steps or will enter
certain states. The average complexity of the algorithim can be computed from the
halting probability, and the reliability is given by the probability that the algorithm
does not enter any undesirable states.
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sentences, techniques related to those of this paper may be applicable to many sen-
tences that arise in practice. This does not seem an unreasonable hope since a similar
philosophy underlies much of the work in automated theorem proving. There, the
general problem is unsolvable, and researchers concentrate on finding methods that
work on broad classes of sentences.

We conclude with two simple extensions of our languages that capture complexity
classes. They may be good candidates for the kind of analysis that was described. One
is obtained from our first-order language by adding another binary relation symbol
B with a fixed interpretation. For any indices z and y, B(x,y) means that bit v in
the binary representation of y is 1. This language corresponds to uniform ACO. Tt is
a proper subclass of AC?, but it is still of significant interest and has been studied in
numerous papers (again see Immerman [15]). The other language is an extension of
our monadic second-order language. We add the ternary relation symbol A such that
A(z,y,z) means  +y = z. As alluded to in the Introduction, this language captures
the class of properties recognizable in nondeterministic linear time, which includes
many properties of practical importance.
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