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Abstract

Recently, the first author and his coauthor proved a k'™-order homoge-
neous linear recursion for the genus polynomials of any H-linear family
of graphs (called path-like graph families by Mohar). Cubic outerplanar
graphs are tree-like graph families. In this paper, we derive a recursive
formula for the total embedding distribution of any cubic outerplanar
graph. We also obtain explicit formulas for the number of embeddings
of cubic outerplanar graphs into the plane, torus, projective plane and
Klein bottle. In addition, we present a O (n(h 4+ A))-time algorithm to
compute the genus distribution and the crosscap number distribution of
any cubic outerplanar graph, where h and A are the height and maxi-
mum degree of the characteristic tree, respectively. We have written an
efficient enumeration program in C++ for computing this recursive func-
tion and constructing tables of genus distributions of cubic outerplanar
graphs. Our program is documented and available on request.
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1 Introduction

Counting graph embeddings on surfaces has frequently been investigated in the past
quarter century. It has many connections with various other areas of mathematics,
such as the characters of symmetric groups, geometry and topology. For the applica-
tions of genus distribution into physics, we may call attention to a paper of Visentin
and Wieler [10]. It is well-known that the genus distribution is NP-complete. How-
ever, as noted by Gross [7], the genus distribution of a graph with bounded tree-width
and bounded degree has a polynomial time algorithm. It is known that outerplanar
graphs have tree-width at most 2. In [8], Gross presented a quadratic-time algorithm
for computing the genus distribution of any cubic outerplanar graph. This is the first
class of graphs whose genus distribution is known to be computable in polynomial
time. The above results were obtained by the powerful techniques which were de-
veloped by Gross. In this paper, we focus our attention on the total embedding
distributions of cubic outerplanar graphs.

A graph G = (V(G), E(G)) may have both loops and multiple edges. A surface is
a compact 2-manifold without boundary. In topology theory, compact and connected
surfaces are classified into the orientable surfaces S,, with g handles (¢ > 0), and
the nonorientable surfaces Ny, with k crosscaps (k > 0). A graph embedding into
a surface means a cellular embedding. For any spanning tree of GG, the number of
cotree edges is called the Betti number of G, denoted by [(G).

A rotation at a vertex v of a graph G is a cyclic order of all edge-ends incident
with v. A pure rotation system p of a graph G is an assignment of a rotation to each
vertex of G. As there are two rotations of each trivalent vertex, we color a vertex black
if the rotation of the edge-ends incident on it is clockwise, and we color it white if the
rotation is counterclockwise. We call any drawing of a graph that uses this convention
to indicate a rotation system a Gustin coloring (called a Gustin representation in
[4]). It follows that there is a bijection between the pure rotation systems of a cubic
graph and the Gustin colorings of its vertices. Under this convention, we use Gustin
colorings to indicate the pure rotation systems of a cubic graph.

A general rotation system for a graph G is a pair (p, \), where p is a pure rotation
system and A is a mapping: E(G) — {0,1}. The edge e is said to be twisted
(respectively, untwisted) if A(e) = 1 (respectively, A(e) = 0). It is well-known that
every orientable embedding of a graph G can be described uniquely by a pure rotation
system. By allowing the parameter A to take non-zero values, we can describe the
non-orientable embeddings of a graph G.

For any fixed spanning tree T', a T-rotation system (p, A) of G is a general rotation
system (p, A\) such that A(e) = 0 for all e € E(T). Two embeddings of G are
considered to be equivalent if their T-rotation systems are the same. Let ®F denote
the set of all T-rotation systems of G. Suppose that among these |®Z| embeddings
of G, there are a; embeddings, for = 0,1,..., into the orientable surface S5;, and
that there are b; embeddings, for j = 1,2,..., into the non-orientable surface N;.
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We call the bivariate polynomial

G, y) =) aa’ + Y by
i=0 j=1

the T'-distribution polynomial of G.

It should be noted that the T-distribution polynomial is independent of the choice
of spanning tree T'. Thus, we define the total embedding polynomial of G to be the
bivariate polynomial Ig(z,y) = I%(z,y), for any choice of a spanning tree T. The
genus distribution and crosscap number distribution are defined to be the sequences
{a;(G)]i > 0} and {b;(G)|j > 1}, respectively. The sequence {a;(G)|i > 0} U
{b;(G)|j > 1} is called the total embedding distribution of the graph G. Also, we
call the first and second parts of I (z, y) the genus polynomial of G and the crosscap

number polynomial of G, respectively, and we denote them by gg(x) = Z a;x" and
=0
fely) = Z biy', respectively. Thus, we have Ig(z,y) = ga(x) + fa(y).
i=1

Remark 1.1. An example from Chen’s thesis [1] shows that the crosscap number
distribution is more difficult than the genus distribution. However the recent ap-
proach of Chen and Gross [3] shows this is just a good disguise, or alternatively, that
there is not much difference in the difficulty.

A bar-amalgamation G ®. H of two disjoint graphs H and G is obtained by
running an edge between a vertex of G and a vertex of H. The following two
theorems can be founded in [5] and [2].

Theorem 1.2. (See [5]) goo.u(x) = do(u)dy(v)ge(x)gu(x), where dg(u) is the
vertex degree of u in G and dg(v) is the vertex degree of v in H.

Theorem 1.3. (See [2])

fea.n(y) = da(u)du ()| fa(W) fu(y) + faW)ga(y®) + 96(*) fa(y) ],

where dg(u) is the vertex degree of w in G and dg(v) is the vertexr degree of v in H.

Note that a 3-regular graph G is 2-edge connected if and only if G is 2-connected.
It follows from Theorem 1.2 and Theorem 1.3 that all cubic outerplanar graphs in
the paper are 2-connected.

2 Total embedding polynomials for cubic outerplanar graphs

2.1 Characteristic tree

A graph is an outerplanar graph if it can be embedded in the plane without crossings
in such a way that all of the vertices belong to the unbounded region f., of the
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embedding. An outerplane embedding is said to be normalized if all loops of the
graph lie on the face-boundary walk of the unbounded region f.,. By an outerplane
graph we mean an outerplanar graph with a fixed outerplane embedding. A tree is
called a rooted tree if one vertex has been designated the root, in which case the
edges have a natural orientation, towards or away from the root.

The dual G** of a planar graph G is a graph defined as follows: each region in G
is a vertex in G**, and two vertices in G** are adjacent if and only if the regions share
an edge in G. The weak dual G* of G is obtained from the dual G** by removing
the vertex corresponding to the unbounded region f., in G. It is easy to see that
the weak dual of an outerplanar graph is a plane tree, since a cycle in G* would
represent a set of bounded regions in GG that separate a vertex v from the unbounded
region. We call this plane tree a characteristic tree of the outerplanar embedding of
G, as shown in Figure 1. It follows that a characteristic tree (7', p) is a tree T with
a rotation system p.

If G = G1UG, and G1 NGy = {e}, then we say that G is the edge-amalgamation
of G; and G5 on the edge e. The preorder traversal of a rooted tree T" with n vertices
is defined recursively as follows:

Basis: If n = 1, then the root is the only vertex, so we traverse the root.

Recursive Step:  When n > 1, consider the subtrees T, 7T5, T3, ..., T, of T whose
roots are all the children of the root of T'. Traverse each of these subtrees from left
to right.

Figure 1: An outerplanar graph (solid lines) and its characteristic tree (dashed
lines)

Property 2.1. There is a mapping between all cubic outerplanar graphs and all trees
(T, p), where p is a pure rotation system of T

Proof. Given a cubic outerplanar graph, by definition, its characteristic tree (7 p)
is uniquely determined.

Furthermore, once the plane tree (7, p) is given, we replace each vertex v of (T, p)
by the cycle graph Chg(yy with 2d(v) vertices. According to the preorder traversal,
we can obtained an outerplanar graph by a series of edge amalgamations of the cycle
graphs, as shown in Figure 2. The result follows. O

In the following discussion, a cubic outplanar graph will be denoted by (T, p).
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Figure 2: From a tree to a cubic outerplanar graph

2.2 Overlap matrices for cubic outerplanar graphs

Let T be a spanning tree of a graph G and let (p, \) be a T-rotation system. Let
e1, ez, ...,ep) be the cotree edges of T', where 3(G) is the cycle rank of G. The
overlap matriz of (p, \) is the B(G) x B(G) matrix M = [my;] over Zy = {0, 1} such
that

1
1, if 7 # j and the restriction of the underlying pure

, if 1 =j and e; is twisted;

me:. =
Y rotation system to the subgraph 7'+ e; 4 ¢; is nonplanar;

0, otherwise.

When the restriction of the underlying pure rotation system to the subgraph T+-e;+-¢;
is nonplanar, we say that edges e; and e; overlap. The following theorem is obtained
by Mohar [9].

Theorem 2.2. Let (p, \) be a general rotation system for a graph. Then the rank of
any overlap matrix M for the corresponding embedding equals twice the genus of the
embedding surface, if that surface is orientable, and it equals the crosscap number
otherwise. The rank is independent of the choice of a spanning tree.

Note that the degree of a vertex in the dual graph G** of an outerplane graph
G is at most the size of the corresponding region in G, especially when G is a cubic
outerplanar graph, and the degree of a vertex in the characteristic tree is half the
size of the corresponding region in G. Let GG be a cubic outerplanar graph and let T’
be its characteristic tree. Suppose a vertex v in 7" has degree d; we divide the edges
of the corresponding region f, into two parts, one part belonging to the intersection
of f, and the unbounded region f., the other part belonging to the intersection of
fo and the bounded regions. We call the part of edges that belongs to f. adjoint
edges. Recall that a chord is an edge joining two non-adjacent vertices in a cycle.
We have the following property.

Property 2.3. For a cubic outerplanar graph G, a vertex v of degree d(v) in the
characteristic tree of G corresponding to d(v) adjoint edges in G.

Proof. Suppose the degree of vertex v is d(v). By the definition of a characteristic
tree, the vertex v crosses d(v) chords of G. Note that each region of the outerplanar
graph is a cycle, since all the chords are independent and the degree of v in a
characteristic tree is half the size of the corresponding region in G; so the property
follows. U
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In a Gustin coloring for a cubic graph, an edge is called matched if it has the same
color at both endpoints; otherwise, it is called unmatched. In the following discussion,

we label the adjoint edges of the vertex v by el e? ..., 2™ in a counterclockwise
order, as shown in Figure 3.

Figure 3: The adjoint edges of a cubic outerplanar graph

A matching in a graph is a set of edges having no common vertices. A perfect
matching is a matching which matches all vertices of the graph. Let (G5, be a cubic
outerplanar graph with 2n vertices. By Euler’s formula, the number of vertices of
the weak dual T of Gg, is n+1. By the definition of weak dual of a cubic outerplanar
graph, each chord intersects one edge of T’; this means the number of chords is n.
Furthermore, all the chords of Gs, form a perfect match. Let vy, vs,... ,v,11 be
vertices of T'. By Property 2.3, each vertex v; corresponds to d(v;) adjoint edges in
G. For each vertex v; (1 <4 < n+ 1), we delete an adjoint edge e, of v;, and the

. . . 1 1 1
resulting graph is a spanning tll“ee (l)f Gap,. ;Fhus we assuine €, , €, ,...,¢e,  are the
cotree edges of Ga,. Let M, (e, ,e,,, ..., ¢, ) be the overlap matrices of Gy, over

Zs. By face-tracing, we have the following result.

Lemma 2.4. Two cotree edges e})i and e})j overlap if and only if v; and v; are adjacent
in T and the edge crossing v;v; is unmatched (i # j).

The following property follows directly from the lemma above. We give a detailed
proof here.

Lemma 2.5. For a fived overlap matriz of the form My(e,, e, ... e, . ), corre-
sponding to a spanning tree T' in a cubic outerplanar graph Gs, there are exactly 2"

different T-rotation systems corresponding to the matriz.

Proof. Note that there are four different assignments of colors to a chord of Gay;
two of them are matched while the other two are unmatched. Furthermore, all the
n chords form a perfect match of Gy, (i.e. they are independent). From Lemma 2.4,

each matrix M, (e} , el el ) corresponds to 2" different Gustin colorings. The

V1) U227 ") T Up4

property follows. U

2.3 A characterization

In graph theory, an isomorphism of simple graphs G and H is a bijection between the
vertex sets of G and H, f: V(G) — V(H), such that any two vertices u and v of G
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are adjacent in G if and only if f(u) and f(v) are adjacent in H. If an isomorphism
exists between two graphs, then the graphs are called isomorphic and are denoted

by G = H.

Theorem 2.6. Let (T}, p;) be the characteristic tree of the cubic outerplanar graph
G;, 1 =1,2. If Ty and Ty are isomorphic, then the two graphs G, and G5 have the
same total embedding distributions.

Proof. Suppose V(T1) = {v1,v2, ..., 01} and V(To) = {u, us, ..., uns1}. Let e,
be the adjoint edge of v; and e}u be the adjoint edge of u;, for ¢« = 1,2,...,n +

L. Let Myii(ey,,e,,,---,¢e, ,,) be the overlap matrices of Gy over Zy, and let
Mi(el e, .., einﬂ) be the overlap matrices of Gy over Zs. Since T and T, are

isomorphic, there exists an isomorphism mapping such that f : V(G;) — V(G2).
For simplicity, we may assume that f(v;) = u;. By Lemma 2.4, the following condi-
tions are equivalent:

Two cotree edges e})i and 611}], overlap <= v; and v; are adjacent in 7} <= u; and
u; are adjacent in T, <= two cotree edges e}u and eij overlap.

In other words, M, (e} e} ..., equnﬂ) = Myii(el, €0, einﬂ). By Lemma
2.5, the result follows. 0
C N4
G "

Figure 4: Two non-isomorphic Cubic outerplanar graphs have non-isomorphic
characteristic trees

However, the reverse of Theorem 2.6 is not true. We illustrate with an example.
Let G and H be two graphs of Figure 4. Although we have

Io(z,y) =In(z,y)
=2(1 + 21z + 1222% + 2402° + 1282")
+29(19y + 1832 + 1432y + 6990y + 25536y°
+ 66192y° + 122368y™ + 151296y° 4 112384y° + 37376y'%),

the two graphs G and H still have non-isomorphic characteristic trees.

Theorem 2.6 shows that the embedding distribution of any cubic outerplanar
graph is related to its characteristic tree. In the following discussion, we shall use
gr(z) and fr(y) to denote the genus polynomial and crosscap number polynomial of
the cubic outerplanar graph G, respectively.
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2.4 Recursive formula for the rank-distribution polynomial

Let G5, be a cubic outerplanar graph of order 2n and let T be a characteristic
tree of Gg,. Suppose V(T) = {vy,va,..., 0541} and E(T) = {ej,ea,...,e,}. Let

el el ..., el be cotree edges of Gy, described in the previous section. Let

v1? Tv2) Un+1
X,Y) . : .
Myii(ey,ehysney ) = M " ) be the overlap matrix corresponding to a given
general rotation system of Gy, where X = (1,29, ...,Zn11), Y = (Yeys Yegy - - 5 Ye,, )-

Recall that x; = 1 if and only if the edge e})i is twisted, for i = 1,2,...,n+ 1 and
that y., = 1 if and only if the chord f of Gy, which crosses e; is unmatched, for
1=1,2,...,n

We now consider the set C,, 41 of all (n+1) x (n+ 1) matrices Méﬂ of G, over
Zy. We define the rank-distribution polynomial of the set €, 1 as

where N, (j) is the number of different assignments of the variables x; and y.,, with
1<i<n+1land1 <k < n, for which the matrix M +1 in €41 has rank j.
Similarly, we consider the set

On+1—{ —?—/1|Y6Zn}

and define the rank-distribution polynomaial of Or to be the polynomial

n+1
Or(z) = Y Oni(j)7, (1)
=0
where O,,11(j) is the number of different assignments of the variables ye,, Ye,, - - - , Ve,

for which the matrix MY, = ]\/[0 t1 10 Op4q has rank 7.

A leaf of T is a vertex of degree 1. Let the vertex u be a leaf of T" and let v be
its neighbor. Let u,vq, vy, ..., v40w)—1 be the neighbors of v. Let T1, T, ..., Tyw)-1,
(d(v) > 2), and u be the connected components of 7' — v, as shown in Figure 5.
Similarly, we define the rank distribution polynomials of Or,(z) and Nr,(z). We

have the following recursive formula for the rank distribution polynomial Op(z) of
Gan.

Theorem 2.7. Let u be a leaf of T' and let v be its neighbor. Let Ty, Ts, ..., Tyuw)—1
and u be the connected components of T'— v. Then the rank-distribution polynomial
Or for (n+ 1) x (n+ 1) matrices Mﬁ’ly) satisfies the recurrence relation

1

(v)—
Or(z) = Op_u(2) + 2¢¥ H (2)

with the initial conditions

Op,(2) = Op,(2) =1 and Op,(2) = 2* + 1. (3)
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Figure 5: A tree T and its connected components 14,75, . .., Tyw)—1 and u

Proof. Suppose the overlap matrix M, (@) has the following form

n+1
0 x4 0 --- 0
Ty O ke *
0 *
: : A
0 *

where z,,, = 1 if and only if e}, and e} overlap. The following two cases are considered.

e Case 1: x,, = 0. In this case, we delete the first row and the first column; the
resulting matrix is the overlap matrix of the outerplanar graph whose charac-
teristic tree is 7' — u. This case contributes a term Or_,(2) to the polynomial

OT(Z)
e Case 2: x,, = 1. In this case, we can transfer the above matrix to the following

form.

010 --- 0

100 --- 0

00

Do A

00
By Lemma 2.4, the cotree edge e; can overlap the edges e} ,e; ..., eid(v)il. It
will be convenient to use variable z,,, = 1 or z,,, = 0 to denote that e} overlaps
61111-’ or does not, respectively, for i = 1,2,...,d(v) — 1. There are a total of
24(v)=1 different combinations of values for the variables Twwys Tovgs - - + s Tovggyy_; -

Note that A is the overlap matrix of the outerplanar graph whose overlap
matrix is Ty U Ty U -+ U Tyu)—1. By using Lemma 2.4 again, we have the
following form of A:

Ay 0
Ay
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where A; is the overlap matrix of the cubic outer plane graph whose characteris-
tic tree is T;, for t = 1,2,...,d(v) — 1. Note that rank(Mr(L?r’ly)) =rank(A)+2 =
d(v)—1

Z rank(A;) + 2; this case contributes in all a term 2d(”)_122nf§?—1 Or,(2)
i=1
to the polynomial Or(2).
Summarizing the two cases above, the proof is now complete. O
For the nonorientable case, we have the following theorem.

Theorem 2.8. Let u be a leaf of T' and let v be its neighbor. Let Ty, Ty, ..., Tyw)—1
and u be the connected components of T'—v. The rank-distribution polynomial Nr(z

for (n+1) x (n + 1) matrices MT(Lif’lY) satisfies the recurrence relation

d(v)—1
Nr(z) = (1+22)Nr_u(2) + 2°02° T Nr(2). (4)
i=1
with the initial conditions
Np,(2) = 1,Np (2) = 1 + 2z and Np,(z) = 42° + 3z + 1. (5)
Proof. Suppose that overlap matrix Mg’ly) has the following form
Y1 Tyv 0 0
Tyv Y2 * *
0 *
: A
0 *

where z,, = 1 if and only if e} and e} overlap, y; = 1 if and only if e} is twisted,
and yo = 1 if and only if €} is twisted. The following four cases can be proved in the
same way as Cases 1 and 2 of Theorem 2.7 above.

| Cases | Contributions to Nr(z) |
| 2w = 0,1 =0 | Nr_y(2) |
‘ Typ = 0,91 = 1 ‘ 2ZNp_(2) ‘
‘ Ty = 1,y =1 ‘ 2ZNp_(2) ‘

|

‘ Lyy = 1,91 =0 ‘ 2d(v)22H?§)1)*1 NTz(z)

Combining the cases above, we have the desired result. O
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2.5 Total embedding polynomial
By Lemma 2.5, we have the following two theorems.

Theorem 2.9. Let Gy, be a cubic outerplanar graph and T be its characteristic tree.
The genus polynomial gr(z) of Ga, equals

gr(r) = 2nOT(\/E)- (6)

Theorem 2.10. Let G, be a cubic outerplanar graph and T be its characteristic
tree. The crosscap polynomial fr(y) of Ga, equals

fr(y) = 2"(Nr(y) — Or(y).) (7)

5

Figure 6: A tree and its decomposition

Example 2.11. Suppose 7T is the tree in Figure 6. Let us find the exact values for
the polynomial Or(z). By applying Theorem 2.7 recursively, we obtain

Or(z) = (14 252% 4 1622* 4 25225 + 722°)

From Theorem 2.9, gr(z) = 2°07(y/x) = 2°(1 + 252 + 16222 + 25223 + 722%).

2.6 Embeddings of (G5, into surfaces of small genus

An internal vertex of a tree is a vertex of degree at least 2. We now go on to find
explicit formulas for embeddings of G, into a plane, torus, projective plane and
Klein bottle.

Theorem 2.12. Let T be the characteristic tree of Ga,. Let d; be the number of inter-
nal vertices of degree i in T, for 2 < i < mn. Then the number of embeddings of cubic

outerplanar graphs Gs, into a plane and torus are 2™ and 2" (Z d;i(2" —2) + 1),
i=2

respectively.

Proof. Let the genus polynomial of the cubic outerplanar graph Gs, be gr(z) =
) n+l )
> gi(T)z". Let the rank distribution of Gy, be Or(2) = > Opi1(j)27.
=0

1>0
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By the recursive formula (2) in Theorem 2.7, we have
01(0) = 04(0) = -+ = 04(0) = 1 (®)
Ops1(2) =1+ do x 2+ d3 (2 +2) 4+ +d, (2" +2" 24+ +2)

:idi(T—2)+1. (9)

By formula (6) in Theorem 2.9, we have

go(T) = 2n0n+1(0) = 2”

gi(T) =2"0p1a(2) = 2" <§n: d;(2" —2) + 1) .

1=2

The result follows.

Similarly, we have the following theorem.

Theorem 2.13. Let T be the characteristic tree of Ga,. Let d; be the number of
internal vertices of degree v in T, for 2 < i < n. Then the number of embeddings of
cubic outerplanar graphs Gs, into a projective plane and Klein bottle are 2™(2n + 1)

and 2" <2n2 +1+ Z d; (2" — 2)) , respectively.

=2
3 The algorithm

3.1 Tree structures of Theorem 2.7 and Theorem 2.8

We now restate Theorems 2.7 and 2.8 with tree structures. We need to use some
definitions of rooted trees. Fach element of a tree is called a node of the tree. Every
node in a tree defines a subtree, namely the tree defined by this node and all its
children. The vertex v is an ancestor of w if there is a path from v to w; we then
also call w a descendent of v. Two nodes are called brothers if they are sons of the
same father.

Given a tree T, we choose a vertex as its root, and then label the vertex of T
by preorder traversal; the labeling set is {0,1,...,n}. Suppose T is a labeled tree.
Let A(7) be the set of all ancestors of i and let B(i) be the set of left brothers of i.
Let F(i) be the father of node i and let T'(7) be the subtree of node i. Let L(i) be
the mazimum labeling of T'(7). Figure 7 gives an example to illustrate this concept,
where A(5) = {0}, B(5) ={1,2}, F'(5) =0 and L(5) = 9.

For any integers i, k, 0 < i,k < n, if node ¢ is the ancestor of k£ then we denote
by Ti, k| the subtree which contains the nodes 7,7 + 1,...,k. In particular, T'[i, ]
and T'[k, k] are isolated vertex sets. Let G[i, k] be the rank distribution polynomial
of T'[i, k]. We have G[i,i] = G[k, k] = 1. We also have the following property.



Y. CHEN AND T. WANG / AUSTRALAS. J. COMBIN. 68 (1) (2017), 131-146 143

(0) (0) (5)
@ @) (5) @ ) ©, © O
® @ © O @ @ © @ &
OO,
T =T[0,9] T = TI0, 6] T =T[5,9]

Figure 7: A preorder traverse labeling of a tree

Property 3.1. For any i € A(k + 1) we have i € A(k) U{k}, (0 <k <n-—1).

Property 3.2. For anyi € A(k+1), the tree T[i, k] can be obtained from T'i, k+ 1]
by deleting edges which are incident to the node k+1, (0 <k <n—1).

By Properties 3.1 and 3.2, and Theorem 2.7, we restate Theorem 2.7 as the
following recursive formula.

Theorem 3.3. We have that

Gli, k] = Gli,k — 1]+ 2PWH 260 P(k) — 1] T Gl LG)I-

JjeB(k)

In particular, when F(k) =1,

Gli, k] = Gli, k — 1] + 2/B®)] H Glj, L

jeB(k

Also, we have another expression of Theorem 2.8.

Theorem 3.4. We have

Gli, k] = (1 +22)G[i, k — 1] + 2P®I22q];, — 1] H Glj, L

In particular, when F(k) =i, then

Gli, k] = (14 22)G[i, k — 1] + 22022 TT Gl L))

jeB(k)

3.2 Algorithm aspect

With the help of the analysis and notation above, we propose the following algorithm
that computes the rank distribution polynomial G[0,n| efficiently.

Begin Algorithm 1
Input: A tree T with pre-order labels 0,1,...,n

?

Output: The rank distribution polynomial G|0, n] of 7.
// A(1) is the set of all ancestors of i
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// B(i) is the set of left brothers of i.
// F(i) is the father of node i
// T (i) is the subtree of node 1.
// L(7) is the maximum labeling of T'(7).
// Tli, k] is the subtree which contains the nodes ¢,i +1,..., k.
// Gli, k] is the rank distribution polynomial of T'[i, k].
// Let G be an (n + 1) % (n + 1) matrix
1 Pre-processing: for every node v in T, compute the sets A(v), B(v) and L(v);
2 G[0,0] = 1;
3for k=1tondo
Glk, k] = 1;

W~

O a==z*z;

6 for all j € B(k) do

T a=aGli.L());

8 end for

9 for all i € A(k) do

10 if i = F(k) then

11 G[i, k] = Gli, k — 1] 4 a x 2/B®)I,

12 else

13 G[i,k] = Gli,k — 1] + a * 2BOF « Qi F(k) — 1];
14 end if

15 end for

16 end for

17 return G[0,n|;
End Algorithm 1

The pre-processing in Algorithm 1 (line 1) can be finished in O(n) time. This
algorithm contains a 2-loop: the outer loop runs n times, and computes a column
in matrix G each time. There are two inner loops: the first loop (lines 6 to 8) is to
compute the item [];c ) Glj, L(j)] described in Theorem 3.3, and it runs A times
in the worst case (where A is the maximum degree of T'); the second loop (lines 9
to 15) is to compute elements in the k-th column of matrix G, and it runs A times
in the worst case (where h is the height of 7). So the complexity of this algorithm
is O(n(h + A)) (on average, h and A are far less than n). Similarly, we can encode
Theorem 3.4 as an O(n(h+w))-time algorithm and the details are omitted. According
to the algorithm above, we build the embedding-distribution computer program.

Example 3.5. Let T be the tree of Figure 8. Suppose T is the characteristic tree
of the cubic outerplanar graph G14. The computer program shows that the genus
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polynomial gr(z) of G1a4 equals.

gr(v)
262

=1 + 183z + 155042% + 8083922 + 290904002 4+ 7679874722°
+ 154356710402° + 2419302723842" + 30045695431682°
+ 298778367398402° + 2394108779765762'
+ 1550357283483648x'! + 81117202632376322"
+ 341742890791895042" + 1151191391504302082
+ 3065518964520714242'° + 634256725446623232'
+ 9936048444197437442' + 11328605423319121922:'8
+ 881351152818978816x + 4152756753043292162%°

+ 88557124429283328 2%

Note that the running time of the program is less than 1 second. We also input two
trees: one tree is 226 vertices, the other is 280 vertices. The running time is about
1 second and 2 seconds, respectively.

Figure 8: A complete binary tree with 63 vertices

In [6], Gross, Robbins and Tucker conjectured that the genus distribution of a
graph is log-concave. With the help of an embedding-distribution computer program,
we also verified the log-concavity for the genus distribution of any cubic outerplanar
graph with fewer than 33 vertices. This provides further evidence that the genus
distribution of any graph is log-concave.
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