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Abstract

Locally, a distance-regular graph with ‘u = 2’ carries the structure of
a partial linear space. Using this, we show that there are no distance-
regular graphs with intersection array {27, 20, 10; 1,2, 18} or {36, 28, 4;
1,2,24} (on, respectively, 448 or 625 vertices).

1 Introduction

Let I' be a distance-regular graph (for definitions, see Section 2 below) such that
any two vertices at distance 2 have precisely 2 common neighbours. Let A be the
subgraph of I' induced on the neighbours of a fixed vertex. Then in A any two
nonadjacent vertices have at most one common neighbour. It follows that each edge
of A lies in a unique maximal clique, so that A is the collinearity graph of a partial
linear space of girth at least 5 (see [2, Section 2]).

In [2] the following theorem was proved.

Theorem 1.1 A connected partial linear space with girth at least 5 and more than
one line in which every point has \ neighbours, contains k > A(A + 3)/2 points.
Equality holds only in the case A = 2, k = 5.
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Applying this to a putative distance-regular graph with intersection array
{27,20,10; 1,2,18}, we see that the connected components of a local partial lin-
ear space have k < 27 points, where each point has A = 6 neighbours, and we arrive
at a contradiction: each connected component must be a single line of size 7, but 7
does not divide 27. We found

Proposition 1.2 There 1is no distance-reqular graph with intersection array
{27,20,10; 1,2, 18}.

Next, consider the intersection array {36,28,4; 1,2,24}. Here A =7, k = 36 and
the inequality is not violated. But there is not much room, and a closer inspection
rules out this case as well, see Section 3 below. We find

Proposition 1.3 There 1is no distance-reqular graph with intersection array
{36,28,4; 1,2,24}.

2 Distance-regular graphs

For the concept of distance-regular graph, and any unexplained notation, cf. [1].
Here we very briefly repeat the definitions of distance-regular graph and intersection
array.

Let I' be an undirected graph, without loops or multiple edges. Assume that I"
is connected, with diameter d. If u,v are two vertices, then the distance d(u,v) =
dr(u,v) between u and v in I' is the length of a shortest path from w to v. Thus,
d(u,v) = 0 means u = v, and d(u,v) = 1 precisely when u,v are adjacent. Define
Ii(x) = {y | d(z,y) = i} so that I'(x) := I'y(x) is the set of neighbours of x. The
graph I' is called distance-reqular when there are constants p?j (0 < h,i,j < d) such
that |T;(z) NT;(y)| = pf for every two vertices z,y with d(z,y) = h. For a distance-
regular graph with parameters p?j one defines constants a; := pi., b; := pz1Z 10 G =
p’i?i_l, and further k := by, A\ := a1, p := c5. Now I' is regular of valency k, and
a; +b;+c¢; = k for all i, 0 < ¢ < d. Every local graph I'(x) is regular of valency
A. Two vertices at distance 2 have p common neighbours. All parameters p?j can
be expressed in terms of the b; and ¢;. The intersection array of I" is by definition

{50751, ooy bgor; e, e, ,Cd}-

In the tables at the end of [1], the existence of distance-regular graphs with
intersection arrays {27, 20, 10; 1,2, 18} and {36, 28, 4; 1,2, 24} is shown as undecided.
Much happened since the publication of that book, and [3] is a survey of all that is
new. But the tables at the end of this survey show no progress on these existence
questions. In this note we show that there are no such graphs.

3 Nonexistence of a partial linear space

A partial linear space is a geometry with points and lines, where two lines meet in
at most one point. Let xIL denote that the point x is incident with the line L. The
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girth g of a partial linear space is the length of a shortest cycle xg/ LiIx11 Ly ... Lyl
of mutually distinct points and lines. Thus, girth at least 5 means that the partial
linear space does not contain triangles or quadrangles.

Consider a partial linear space of girth at least 5 on 36 vertices, where each point
is collinear with 7 other points. We shall derive a contradiction.

Fix a point xy, and let there be m; lines of size i (say, ¢-lines, i > 2) on .
The valency condition says > m;(i — 1) = 7. At distance 2 from z, there are
> m;(i—1)(8 — i) vertices, so this expression is not larger than 36 — 1 —7 = 28. Let
us call a line long if it has size at least 5. If x( is not on any long lines, then we can
bound 8 — i >4 and find 28 = 4> m;(i — 1) <> m;(i — 1)(8 — i) < 28. It follows
that equality holds everywhere and xy is on 4-lines only. But 3 does not divide 7,
this is impossible.

We proved that each point is on a (unique) long line, so that the vertex set is
partitioned by the long lines.

Consider a long line L of size m, m = 5,6,7. Then L has m(8 — m) neighbours,
each on a different long line. So 5m(8 — m) + m < 36, a contradiction. It follows
that each point is on an 8-line. But 8 does not divide 36, and we reach the final
contradiction.
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