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ABSTRACT

A (v, k,t) trade can be used to construct new designs with various support
sizes from a given t-design. H.L. Hwang (1986) showed the existence of (v, k, )
trades of volume 2¢ and the non-existence of trades of volumes less than 2¢ or
of volume 2t + 1. In this paper, first we show that there exist (v, k,t) trades
of volumes 2¢ + 271 (£ > 1), 2t 4 2671 4 2072 (£ > 2), 2t + 2871 4 2672 4 23
(t > 3), and 2*F). Then we prove that, given integers v > k > ¢ > 1, there
does not exist a (v, k, 1) trade of volume s, where 2 <5< 2t 421

1. Introduction

Let V be a set of elements with cardinality v, and let k, ¢t and X be positive
integers such that v > k > t. A k-subset of V will be called a block. A t-(v, k, A)
design (or simply a t-design) is a collection of blocks such that every t-subset of V'
is contained in A blocks. The number of blocks in a t-design is denoted by b.

A (v, k,t) trade of volume s consists of two disjoint collections Ty and T, , each
of s blocks, such that for every t-subset the number of blocks containing this subset
is the same in both 7} and T, . When s = 0 the trade is said to be void.

The definitions of ¢-designs and (v, k, t) trades allow repeated blocks. A t-design
(or a trade) having no repeated block is called a uniform design (or trade). The
number of distinct blocks in a t-design is referred to as the support size of the design,
and is denoted by b*.

It is an easy exercise to prove that a t-design (or a (v,k,t) trade) is also a t'-
design (or a (v, k,t') trade), for all # with 0 < ¢’ < t. In a (v,k,t) trade both
collections of blocks cover the same set of elements. This set of elements is called
the foundation of the trade. Note that in a (v, k,t) trade, some of the elements of
V may not appear at all. Let D be a t-(v, k, X) design which contains the collection
of blocks in Ty of a (v,k,t) trade. Then by substituting the blocks of T for the
blocks of T} in the design, we obtain a new t-(v, k, ) design, with possibly a new
support size. This method, called the method of trade off, was introduced in 1979
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by A. Hedayat and S.-Y.R. Li [2]. For a reference on the application of this method
see, for example, [1] or [5].

The structure of (v,k,t) trades has been studied by H.L. Hwang [3]. She has
shown that for each t and any k > t+1, v > k+t+ 1, there exists a (v, k,1)
trade of volume 2* , and there exists no (v, k,t) trade of volume less than 2! or of
volume 2 + 1. In constructing 3-(9,4,)) and 3-(10,4,)) designs with various support
sizes, one of the present authors noted that there might not exist a (v, 4, 3) trade of
volume 10, 11 or 13 [5]. We shall prove a general theorem, which as a special case
implies that there is no (v, k, 3) trade of volume 10 or 11.

2. Notation

To avoid triviality, unless otherwise stated, all the trades in this paper are non-
void and v, k, t satisfy £ >t + 1 and v > k+t + 1. We shall follow the notation
used by Hwang [3]:

(1) A (v, k,t) trade of volume s will be represented by

T-’:Tl“"Tz:ZBli‘“ZB%)

i=1 =1

where the By;'s and Bj,’s are the blocks contained in Ty and Ty, respectively.

(ii) The foundation of a trade T will be denoted by found (T).

(iii) Let D be collection of blocks and {z;, ..., z;} be an z-subset of V, 0 <4 < k.
We define Apya,,..s;) = number of blocks in D which contain {z,...,z;}.
To avoid messy notation, we shall use Aayyz:) 10T AD{ay,....cip and 74 for Apge).

(iv) For a subset B of A, A\ B denotes the complement of B with re-
spect to A. For two given (v,k,t) trades T = Ty — Ty and T* = Ty — T},
T\T*=(T1\T?) = (T2 \T3) and T + T* = ThT} — T,T; are also (v, k, t) trades.

(v) ABC will denote the set union of A, B and C.

Now we state some of the results of Hwang [3] which are needed in the sequel.

Lemma 1 [3]. Let T be a (v, k, t) trade of volume s, and z € found (T') with r, < s,
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where r, = rqy, = r7y,. Let

Tlmz 2 Bli ; T23= Z Bli

1:B1;dz :Byidz
and
I I
Ti,= Y, Bu , T5,= Y B
:By;Fx i:Bay; ¥
Then:

(i) Ty = Tip — Tos is a (v, k,t — 1) trade of volume r;

(i) T:=T{, — Ts,is a (v — 1,k,t — 1) trade of volume s —r,.

Theorem 1 [3]. If T is a (v, k, t) trade, then:
(i) {found (T)]| > k+t+1;
(ii) the volume of T is at least 2¢.

Lemma 2 [3]. If T is a (v, k,t) trade of volume 2*, then for any i-subset of V, say
(z1, .y 2:), 0 <2 < L,

.....

Lemma 3 [3]. I T is a (v,k,t) trade of volume s, then for any = € found (T'),
either 7, = s or 28! <, < s —2¢1,

Lemma 4 [3]. If T is a (v, k,t) trade of volume s with 28 < s < 2¢ + 2¢7!, then
re > 271 for some z € found (T'). Consider the permutations on {1,...,2n}. For
each {,£=1,...,n, let

Pg = {(i171;1 + 1)(1:2,%.2 + 1)‘..(2'[,1;1 + 1) N {'1:1,...,7:[} g {1,3, ...,2n - 1}}

So P, is a permutation which sends 7; into ¢; + 1 and 2; + 1 to 4; for j = 1,...,¢,
and leaves all other elements fixed. Also, let P, = {(1)} consist of the identity
permutation only. Define

A2n - U Pl and Z_Zn = U Pl.
£ even £ odd

Theorem 3 [3]. All (v, k,t) trades of volume 2¢ are of the form:
T = T1 *‘“Tz = E 50(1)55(3)‘..SU(2t+1)52H.3'— ; 53(1)33(3)“'SF(2t+1)SZt+3 Wlth

€Ay TEA 42
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S{ g Viori= 1, ...,2t+3, S,ﬂS,- = m for 1 7’2 j, |Sz,'_1| = ISg,'l Z 1fori= ]., ...,t+1,
and Y112 (S5 | = k. ‘

=1
Theorem 5 [3]. There is no (v, k, 2) trade of volume 5.
3. The existence of some trades

In this section we show the existence of some trades of a given volume s. First
we state and prove the following useful lemma.

Lemma 3.1. Let T = T; — T; be a (v,t + 1,t) trade of volume s. Then, based on
T,a(v+2,t+2,¢t+1) trade T* of volume 2s can be constructed. ~

Proof. Let z and y be two new elements. Then we can construct the blocks of 7
as follows.

’ ’

T T

1 2
x x
x X

T

1 TZ

X X
X X
y b
Y Y

T T
v v
y Y

Figure 1

Clearly T* is a (v + 2, + 2,t + 1) trade of volume 2s. B
Theorem 3.2. Let k£ >t + 1. Then:
(1) there exists a (v, k, 1) trade of volume 2 for any v > k + ¢ + 1;

(ii) there exist trades of volumes 2! + 2!~ (¢ > 1), 28 + 281 + 2072 (¢ > 2),
9t 4 9t—1 4 9t=2 4 9t=3 (t>3),foranyv>k+t+2

(ii1) there exists a trade of volume 2**! for any v > k+1¢ + 3.
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Proof. The existence of a (v, k,t) trade of volume 2¢ is shown in [3]. Observing the
following special trades and utilizing Lemma 3.1 the theorem is established.

A (5,2,1) trade of volume 3:
T, = {13, 14, 25}, T, = {12, 15, 34};

a (7,3,2) trade of volume T:

Ty = {123, 147, 245, 267, 347, 357, 456},
Ty = {124, 137, 256, 237, 345, 457, 467};

a (9,4,3) trade of volume 15:

Ty = {1238, 1245, 1357, 1478, 2359, 2367, 2489, 2569,
9578, 3469, 3478, 3789, 4567, 4579, 4589},

T, = {1235, 1248, 1378, 1457, 2369, 2378, 2459, 2567,
2580, 3467, 3489, 3579, 4569, 4578, 4789}

a (6,2,1) trade of volume 4:

T) = {13, 14, 25, 26}, T, = {15, 16, 23, 24} &
Remark. Construction of the above 1-trades is easy and the 2-trade and 3-trade
can be deduced from the tables of [5]. All the above trades are uniform trades.

Similar non-uniform trades exist as well; for example, the following (5,2,1) trade of
volume 4 is non-uniform:

Ty, = {13,14,23,25 }, T, ={12,12, 34,35 }.

4. Non-existence of some trades

In this section we state and prove our main theorem, which shows that, for cer-
tain volumes, there does not exist any trade. First we prove the following lemmas.

Lemma 4.1. Let k¥ > £+ 1, and let T be a (v, k,t) trade of volume s, such that
s =20422 44 with0<:< 2% -1, and let z, y € found (T). Then:

(i)if rp = 201 + 2072 + 4 and ry = 2'77, then Ay, = 0 or 27,

Wifrg =7, =21+ 282 44, then Ay = 2871 + 4 or 2871 4 282 4 4
¥ Y )

283




(iii) if rp = ry = 2071 then A,y = 202 or 2¢-1,

Proof. (i) Let z, y € found (T') such that r, = 2t~ + 202 4 { and r, = 2t~!. Then
T;is a (v — 1,k,t — 1) trade of volume 2*~*. By Lemma 2 [3], 7y, the number of
blocks in T containing y, is given by

r, =21 2% or 0.
Therefore

Aoy =0, 2077 or 2071,
But if Apy = 271, then T, — Ty is a (v — 1,k,t — 1) trade of volume 7, — Ty =
2% 44 < 2!71. This is impossible by Theorem 1(ii) [3].

(ii) Let 2, y € found (T), 7o =7y = 201 + 202 44, Then TV is a (v—1,kt—1)
trade of volume 2'~!. Again by Lemma 2 [3], :

ry =21 202 or 0,
which implies that

Aoy =22 44, 281 44 or 201 4202 4,
But if Asy = 2% 4+ i, then T — (T, + T}) is a (v,k,¢ — 1) trade of volume
202 44 < 2072 4 2% = 2t~ which is also impossible by Theorem 1(i1) [3].

(iii) Let z, y € found (T), r, = r, = 21, Then T} is a (v, k,t — 1) trade of
volume 2!~'. By taking ¢ = 1 in Lemma 2 [3], '

Aoy = 2071, 2072 o1 Q.
But the impossibility of Ay = 0 can be seen by considering the (v—2,k,t—1) trade
T-(T.+T,). B

Lemma 4.2. Suppose that & > ¢+ 1 and that T is a (v, k, ) trade of volume s. If
z,y € found (T'), such that r; +ry, = s and Ay = 0, then 7" = T{ — T, where

Ty =3 (Bi~{z,y}) and Tj=3 (Bx—{z,y}),
=1 =1
isa (v—2,k—1,t) trade.

Proof. If {ay,...,a:} is a t-subset of V such that a; ¢ {z,y} for i = 1,...,, then we
have

AT{(al,A..,ag) = }‘Tl(al,...,ag)y
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AT;(al.---,a:) = )‘T2(ﬂly~--,at)'

Since T'is a (v, k,t) trade, Ar(q,,..ar) = ATy(ay,...ar)- L herefore AT (ag,mms) = AMTY(ar,eomas)-
Thus T"is a (v — 2,k — 1,t) trade. &

Note that in Lemma 4.2, the volume of 7" is less than or equal to s. Indeed, T
may be a void trade; for example, consider the following (6,3,1) trade:

T = (212) + (¥34) — (y12) — (234).

Lemma 4.3. If a (v,t+1,t) trade T contains z, y such that v, # ry and rp+ry, = s,
then Agy # 0.

Proof. Suppose A,y = 0. Each ¢-subset {ay, ..., a;} such that a; # z for 1 = 1, ..., ¢,
which appears with z in the blocks of 77 must appear with y in the blocks of T.
This implies r, =y, a contradiction. #

Theorem 4.4. Given integers v > k > t > 1, there exists no (v,k,t) trade of
volume s, where 2 < s < 2¢ 4 2071,

Proof. We proceed by induction on ¢. For ¢ = 1 there is nothing to prove. For
t = 2, by Theorem 5 [3], there exists no (v, k,2) trade of volume 5. Assume that
the theorem holds for all values less than ¢ (¢ > 3). We show that it holds for ¢
also. Suppose the theorem is not true for ¢, and let T be a (v, k, t) trade of volume
s =244, where 0 <4< 2" We show a contradiction.

There are two possible cases:

(1) 0<i< 272 or (i) 202 <4< 20,

If 0 <4< 2% thenin any trade of volume s, there exists an element z in found (T')
such that r, < s. By Lemma 3 [3], we have r, = 2147, where 0 <j <. If j £0,
then T, is a (v,k,t — 1) trade of volume 2!7* + 5, with 0 < ;7 <37 < 2'2, which
is contradictory to the induction hypothesis. If j =0, then T! isa (v—1,k,t — 1)
trade of volume 2! + 7, where 0 < 7 < 2'% again contradicting the induction
hypothesis.
Now we show that (i1} is also impossible; that is, there exists no (v, k, ¢) trade of
volume
s=2"492"2 44 where 0<7<27% 1. )

There exists an element « in found (T') such that r, < s. By Lemma 3 [3] we
have r, = 20245, with 0<j < 20244 If 0 < j <2244, theneither T}, or T
is a (v, k,t — 1) trade of volume 27! + 1, where 1 <1 < 272, and this is impossible
by the induction hypothesis. Therefore, if 7, # s, then either r, = 21 4 2t-2 14
or r, =21, For simplicity put

a=21422 4% and b=201,
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We should note that the existence of a (v,k,t) trade of volume s, in which
precisely ¢ elements belong to all the blocks of T, is equivalent to the existence of a
(v = ¢,k — ¢,t) trade of volume s, having no element z with r, = s. Thus we may
assume that, for each element,

either 7r,=a or ry=>0 (2)

Therefore, there are three cases to be investigated:
Case 1: r, = b for all z € found (T);
Case 2: r, = a for all © € found (T);
Case 3: there exist z,y € found (T'), such that r, =a and 7, =b.

Case 1 is impossible by Lemma 4 [3].

For Case 2, let z € found (T). T, isa (v —1,k,t — 1) trade of volume 2:71,
which by Theorem 3 [3] is of the following form:

T, =T~ T3 = ZUEAM Sa'(l)so(3)---Sa(Zt-—l)S2t+1 - E?e&t S?(I)Sﬁ(a)-~-S<7(2t—1)S2t+1)
where S; C Viorj=1,..,2t+1, S;NSy=0 for j#¢,

t41
[Saj-1] = |S25] > 1for j =1,2,...,t and Y |Sp;4] = k.

Jj=1
But Sae1 = 0, for if y € Sy41, then in trade 7' we have Azy = 2872 44, and this
contradicts Lemma 4.1(ii).

For each pair of y,z € found (T7), by Lemma 2 [3] and from the fact that
Sai41 = 0, we have ;

A, =27227% or 0, (3)
and
Ty, =2"? (4)
(As earlier A, for example, denotes Az:{y.}.)

Let y € S3;-1 and z € S;. Then by (3) we conclude that

if £=2f then X, =0 (5)

and
if £#2jor2j—1then A, =2"7° (6)

Let y € Sz;-1. By (5) there are as many as 2= +4 blocks in Ty, which contain y.
By (6) and Lemma 4.1(ii) every element of Sy; together with y, must be contained
in 2" 4 4 blocks of Th,. Since this is true for every y € Sy,_y, all the elements
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in Sy;_1 and S; must be included in the same blocks of Ti,. For simplicity, let
Aj = Sp;1U Sy for j = 1,...,t in Ti,. Since all the elements in A; appear in the
same blocks of Ty, we can consider every set A; in Ty, as an element.

By (7) and Lemma 4.1(ii), every pair of A; and Ay, for (j # £), is included in
exactly 3(2:7%) + i blocks in Tig. Now Tyy, is a (v, k,t —2) trade of volume 27" 44

(see Figure 2). T,
;
A B
£-3 x
3(27 T)+i 12
t-1 . (T
2 +1 <« & A2 1x Al
a X Al
2 N s N
T x
X
£-2 (. )
2
1x Al
l v L
S
b T1x
i
Figure 2

Moreover, (T,),,, that is, the blocks in T, which do not contain A, is also a
(v, k,t — 2) trade of volume 2'7%. Each A;, for j # 1, is included in as many as
201 45— (3(2872) +14) = 2!72 blocks in (7)Y, . By Theorem 3 [3], the trade (T5)’,

has the following unique structure:

(Tm)fql = (Tlx)’Al - (sz)fql = GE: 30(1)30(3)“-§0(2t—3)-§2t—1
o 22
— ¥ S31)S#(3)--Sa(2e-3)Sa-1 (7)
0€At—2

where §; C V for j = 1,2,..,2t — 1,5, N8, = O for j # £, [Saj-1] = [Sa] > 1
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t 2-2__ ¢ -
for j = 1,2,...,t — 1 and ¥ [S31] = k. Since U §; C U Ay IS;1 > 1 for
j=1 J=1 =2

J=1,2,..,2¢—2,and §;N'S; = 0 for j # £. Therefore, by the pigeonhole principle,
some of the S;’s must be empty, which is a contradiction.

For Case 3, we will call an element of type a (or ) if r, = a (or 7, = b)
respectively. First we show that, for k = ¢+ 1, this case is impossible. For, let T’ be
a (v,t+ 1,t) trade and r, = a, r, = b, for some z,y € found (T). Then by Lemma
4.3, Asy # 0 and, consequently by Lemma 4.1(i), Ay = 2672,

Thus the number of appearances of y in the blocks of 77 is also 2¢2.

We denote by a; the number of elements of type bin T'. These elements occupy
5.2~ places in all the blocks of TY,. Since T}, is of volume b = 2t~ the remaining
k.b — 2'7? places, are filled with elements of type a. By Lemma 4.1(ii), every
element z € found (77,) of type a appears 2= times in the blocks of T%,. Therefore,

the number of such elements is equal to &b—”;?i—z,—zt:—z This implies that

k.b— a5.2“2
Qg > T ) (8)

where o, denotes the number of elements of type a in found (M.
We know that

a.qq + by = s.k. 9)
Hence
8.k — b.OLb
Qg = —————,
a
Therefore,
s.k—bay kb— .2t
a ot-2 (10)
Now by substituting the values of a, b, and s in (11) we obtain
ap > k. (11)
With a similar argument we can deduce that, at the same time
ag > k. (12)

Inequalities (12) and (13) contradict (10).

Thus there does not exist a (v,t+ 1, 1) trade satisfying the condition s of case 3.

Now by induction on k, we show that case 3 is always impossible. Suppose that
for k — 1, there does not exist a (v,k — 1,t) trade (k > ¢ + 1) satisfying the con-
ditions of case 3, and of volume s, where 28 < s < 28 4+ 2t~ Let T be a (v, k1)
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trade satisfying conditions of case 3. And let z,y € found (T'), such that r, = a and
ry = b. We consider two cases.

(1) Suppose Agy = 0.

By Lemma 4.2, 77 is a (v — 2,k — 1,t) trade of volume s', where 0 <s' <s. By
Theorem 1(ii) [3], it is impossible to have 0 < s’ < 2%
If s’ = 2¢, then T must be of the form given in Figure 3 below, with A and B
identical.
T T

1 2
A A
IRE : T
X Y
-2 . . t-2
t +1 . A . B 2 +1
b
a % v
X b
3;' I 4
x x 1
A y X
1 TI
Tl 2
b a
x
X
YL Y N
Figure 3

Next, we show that the rows of A (also B) are all identical. Since T” is a

(v —2,k—1,t) trade of volume 2¢, then by Lemma 2 [3], for each z € found (1) we
have

=242 or 0. (13)

Since z € found (T'), if r, = 2t™! = b then it is obviously impossible to have r, = 2°.

Also, 7l # 0, since if v, = 0, then z must belong only to the set of blocks in A

or B (Figure 3), each of which have 272 4 1 blocks, where ¢ < 2¢2. Therefore

r, <202 44 < 2071 a contradiction. Thus if r, = b, then v, = 2!"! = | implying
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that 2z does not appear either in the blocks of A or in the blocks of B. If r, = a,
then a similar argument yields that z belongs to 28~% blocks of 7" and therefore to
all 272 + 4 blocks of A and also of B.

Thus each set of blocks Ty and T, containing 2¢72 44 identical blocks. Therefore
T,, whichis a (v—1,k,t—1) trade of volume 2!~!, must have 2:~% +7 identical blocks
in Ty, which is a contradiction of Theorem 3 [3].

If s/ = 0, then any (k — 1)-subset S of elements (z ¢ ) which appears with
¢ in the blocks of Ty, it must appear with y in the blocks of 7. Thus r, = r,, a
contradiction.

Therefore, 2° < &' < s. This implies that 7" is a (v,k — 1,t) trade of volume
s (28 < s’ < 28 4+ 2'71), contradicting the induction hypothesis.

(ii) Suppose Ay # 0.

By Lemma 4.1(1), we have A, = 2°"?. The non-existence of T can be proved in
the same way as in the case k = ¢ + 1. So we have established the impossibility of
case 3. The proof given for the three cases establish the theorem. B

Remark. Now that the existence and non-existence of some trades have been
proven, one can ask a general question: For what values of s does there exist a
(v, k,t) trade of volume s? The answer for this question will help to attack the open
question on the existence of ¢-designs with various support sizes (see questions 22
and 24 in [4]). ;From the results of section 3 and 4, we conjecture that:

1. for every s; = 28 + 2071 . 4 207 1 = 0,1, ..., ¢, there exists a (v, k, t) trade of

volume s;;

2. for every s, 5; < s < si41,1=0,1,...,t — 1, there does not exist a (v, k,t) trade
of volume s.
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