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Abstract

A graph G of order n is k-placeable if there exist k edge-disjoint copies of G in the
complete graph K,,. Previous work characterized all trees that are k-placeable for k < 3.
This work extends those results by giving a complete characterization of all 4-placeable
trees.

1 Introduction

Onuly finite simple graphs are considered here and standard terminology and notation from [1] is
used unless otherwise indicated. For any graph G, let V(G) and E(G) denote the vertex and edge
sets of G, respectively. The degree of a vertex v € V(G), denoted dg(v) (or d(v) when the context
is clear) is the number of edges incident with v. Furthermore, a vertex of degree 1 is called an
end verter and the maximum (minimum) degree of G is denoted A(G) (6(G)). Denote by K, the
complete graph of order n and P, the path of order n and length n — 1.

For graphs G and H, an embedding of G into H is an injective function ¢: V(G) — V(H)
such that ¢(a)p(b) € E(H) whenever ab € E(G). It is notationally convenient to write ¢: G — H
as opposed to ¢: V(G) — V(H) and to write ¢(ab) for the edge ¢(a)¢p(b). Furthermore, when
V' CV(G) or E' C E(G) let (V') ={¢p(v) : v € V'} and ¢(E’) = {#(abd) : ab € E'}. A packing
of k graphs G1, Ga, ...,Gy, into H is a k-tuple ® = (¢1, ¢a, ..., ¢x) such that, for i = 1,2,... k, ¢; is
an embedding of G; into H and the k sets ¢;(F(G;)) are mutually disjoint. If G is a graph of order
n, a packing where G = G; =Gy = --- = G, and H = K,, is a k-placement of G.

A tree T is a connected acyclic graph. Besides the trees in Figure 1 and Figure 2 (which will be
frequently referenced) several other trees of order n > 8 are important. A star S, is a tree of order
n where every edge is incident with a single vertex (e.g. Sg = T}). Denote by S* the tree of order
n obtained by replacing a single edge of S,,_r11 with a path of length k (e.g. S% = Ty, S§ = T,
and S§ = Ty5). Let S22 be the tree of order n obtained by replacing two edges of S,,_» with paths
of length 2 (e.g. S3* 22 Ty). Similarly let S2t be the tree of order n obtained from S2_, by joining
a new end vertex to the vertex of degree 2 (e.g. S§+ = T3). Finally, define the tree Y,, obtained
from S2_, by joining two end vertices to the end vertex of the length 2 path (e.g. Y = T11).

Finally, let W be the set of trees consisting of Ty, T13, and all trees Y,, and Si where n > 8.
The main result of this work is Theorem 1.1, which characterizes all trees that are 4-placeable.

Theorem 1.1. A tree T of order n > 8 has a 4-placement if and only if A(T) <n—4 and T ¢ W.

It is generally accepted that H. J. Straight first observed that each non-star tree of order n has
a 2-placement [4, 11]. This result was first generalized in [4] and led to a great amount of work on
packings of two graphs [2, 3, 5, 7, 8, 13]. The main inspiration for this work comes from H. Wang
and N. Sauer who proved an analogous result for k = 3 in [9]. A good deal of work on packings of
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Figure 1: The 23 trees of order 8.

3 graphs has also been done [6, 10, 12, 13]. There have been some results for arbitrary k [14], but
the amount of work is rare by comparison. We present the following conjecture for arbitrary k.

Conjecture 1.2. Let k > 1 be an integer and let T be a tree of ordern withn > 2k. If A(T) < n—k
then there is a k-placement of T.

The proof of Theorem 1.1 is based mainly on the induction argument of Lemma 2.5. Several
other supporting lemmas are given in Section 2. A “base case” for Lemma 2.5 involving trees of
order 8,9,10, and 11 is addressed separately in Section 3. A special case where Lemma 2.5 cannot
be used is addressed in Section 4. Finally, the proof of Theorem 1.1 is given in Section 5.

2 Preliminaries

Let G be a graph, V' C V(G), and E' C E(G). A vertex adjacent to an end vertex is a node. Let
G — E' be the graph with vertex set V(G) and edge set E(G)\ E’. Denote by G — V' the subgraph
of G induced by V(G) \ V' and if V' = {z} then the notation of G — {z} is relaxed to G — z. If
V'’ consists entirely of end vertices of G then G — V' is called a shrub of G. For example, P, is a
shrub of Py, P3, and Py but not Ps. The neighborhood of a vertex  in G, denoted here as Ng(z)
is the set of vertices adjacent to  in G and Ng(V’) = |J{Ng(z) : x € V'} (N(x) or N(V') when
G is clear).

Let @ be a k-placement of G. A vertex v of G is k-placed by @ if for each i,j € {1,2,...k} with
i # j, ¢i(v) # ¢;(v). Moreover if every vertex of G is k-placed then ® is dispersed. An edge ab is
k-placed by ® if the set of edges {¢;(ab) : i =1,2,...,k} are independent.

Lemma 2.1. Let V be a set of end vertices in a graph G of order n. If G —V has a 4-placement
with each vertex in Ng(V') 4-placed, then G has a 4-placement.

Proof: Suppose |V| = r and let V = {v1,vq,...,v,}. Let H & K,, and let X C V(H) where
X ={z1,29,...,2:}. Let Ng(V) = {uy,ua,...,u,} where u;v; € E(G) for i =1,2,...,r and note
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Figure 2: Special trees.

that the u;’s may not be distinct. By assumption there is a 4-placement ® = (¢1, ¢2, P3, P4) of G-V
into H — X such that each vertex in Ng (V') is 4-placed. For j = 1,2,3,4, define v; : G — H so that
vila—v = ¢; and v;(v;) = x; for each ¢ € {1,2,...,r}. It is straightforward that I" = (v1, 72, 73,74)
is a 4-placement of G. O

Lemma 2.2. Let G be a graph of order n with ab € E(G). Let G' be the graph with V(G') =
V(@)U {w} (for some w ¢ V(G)) and E(G') = E(G) — ab+ aw + bw. If ® is 4-placement of G
such that ab is 4-placed, then G’ has a 4-placement.

Proof: Let H = K, 11 and let x € V(H'). Let ® = (¢1, @2, ¢3,P4) be a 4-placement of G into
H' — z that 4-places ab. For i = 1,2,3,4, define v; : G' — H' by vil¢ = ¢; and v;(w) = z. Let
L= (71,72,73,74)-

Suppose to contradict that T' is not a 4-placement of G’. Then there are two edges e and f of G’
such that ~;(e) = 7;(f) for some distinct 7, j € {1,2,3,4}. Clearly 7;(e) and ~;(f) are not in H' —z,
since then ¢;(e) = ¢;(f). Thus v;(e) and 7;(f) are incident with . Thus e = rw and f = sw
where 7, s € {a,b}. Since v;(e) = 7;(f) then v;(r) = v;(s). But then ¢;(r) = ¢;(s) contradicting
the assumption that ab is 4-placed by ®. Thus I is 4-placement of G'. [

In Lemma 2.2 vertices and edges that are 4-placed by ® are also 4-placed by I', with the
exception of the ab edge. Thus Lemma 2.2 can be applied once to each 4-placed edge to produce
new 4-placements of larger graphs. This is done in Section 4.

The following well-known observation is given here for completeness.

Lemma 2.3. There exists a dispersed 4-placement of P, if n > 8.

Proof: Let V(K,) = {v1,vs,...,v,} and let a be an end vertex of T = P,. Suppose first that
n = 2t for a positive integer t. For i = 1,2,3,4, define the path P? = ViVig1Vi—1 * * * Vi—t41Vitt,
where the subscripts of the v;’s are taken modulo n in {1,2,...,n}. It is easy to see the set of
P! P? P3 P* are edge disjoint paths of order n in K,,. For i = 1,2,3,4, define ¢;(T) = P* with
¢i(a) =v;. Thus ® = (@1, P2, P3, P4) is a dispersed 4-placement of T' (see the 4-placement of T3 in
Figure 3).

The case when n = 2¢ — 1 is similar and is therefore omitted. O

Before presenting the main induction lemma a technical result is needed. Define a subset V' of
V(G) as nondeficient if [N(S)| > |S| for every subset S of V. The proof of Lemma 2.4 uses Hall’s
Theorem which states (paraphrased) that in a bipartite graph, one partite set B can be matched
into the other partite set A if and only if B is nondeficient (see Theorems 1.2.3 and 2.1.1 of [1]).

Lemma 2.4. Let H = Ky ,,, where m > 4 and let A and B be the partite sets of H with sizes 4
and m, respectively. If By, Bo, B3, By are arbitrary subsets of B each with order 4, then there exist
disjoint matchings My, Mo, M3, My such that M; matches B; into A, fori=1,2,3,4.

Proof: Let A = {a1,a9,as3,a4} and let z = |B*| where B* = ﬂle B; = {b1,ba,...,b,}. Suppose
first that z > 3. For i = 1,2,3,4, let M] = {a;b1, a;4+1b2,a;42b3} where the subscripts are taken
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modulo 4 in {1,2,3,4}. In this case, each M/ can easily be extended to satisfy the lemma. Suppose
next that z = 2. For ¢ = 1,2,3,4, let M/' = {a;b1, a;+1b2} where the subscripts are taken modulo
4in {1,2,3,4}. Again, each M/ can be extended, in turn, to satisfy the lemma.

Thus suppose z < 1 and assume to contradict that By, By, B3, B4 cannot be matched into A
by disjoint matchings. Let ¢ be the maximum number of the B;’s that can be matched into A and
note that trivially 1 < ¢ < 4. Assume without loss of generality that M; is a matching of B; into A
for all t = 1,2,...,c such that the M,’s are disjoint. Let C' = Ule M; and D = H — C. Since c is
maximal by Hall’s Theorem B,.; is not nondeficient in D. That is, there exists S C B.4; such that
|INp(S)| < |S]. Let R = Np(S). Note all the edges from S to A\ R are in C so ¢ > min{|S|, |4\ R|}.
Thus 1 < |R| < |S| < 3. If |[R| = 1, then |A\ R| = 3 implying ¢ = 3. But then S C B* and |S| > 2,
contradicting z < 1. Therefore |R| # 1, implying |R| = 2, |S| = 3, and ¢ = 3.

Let By = {s1, S2, 83,5} and A = {ry, 79,771,732} where S = {s1, 82,83} and R = {ry,r2}. Without
loss of generality, M1 D {soT7, 8372}, Mo D {s173, 8371}, and M3 D {s177, 8273 }. If s; € B; for some
i =1,2,3, then s; € B*. It may be assumed without loss of generality that s; ¢ B; and sa ¢ Bs.
There exists p € By \ S such that pry € My. Let M) = (Ms \ {pr1,s172}) U {p73, s171} and note
that My, M}, and Mj are mutually disjoint. Since sy ¢ Bs, then there exists a matching M* of
{82, 83} into {ry,r2} in D. Let My = M* U {s173,571}. Then My, M}, M3, and My are mutually
disjoint and ¢ =4. O

Lemma 2.5. Let T be a tree of order n > 12. Suppose that there are 4 end vertices vy, va, V3,4
of G adjacent to distinct nodes ui,us,us,uy, respectively. If there is a 4-placement of G' = G —
{v1,v9,v3,v4} then there is a 4-placement of G.

Proof: Let H 2 K, and let A C V(H) with A = {a1,a2,a3,a4}. By assumption there exists a
4-placement ® = (¢1, ¢2, P3,¢4) of G’ into H — A. For i =1,2,3,4, let B; = {¢i(u;) : 1 < j <4}
and let B = U?zl B;. Let D be the complete bipartite subgraph of H with partite sets A and B.
By Lemma 2.4, there exist disjoint matchings My, My, M3, and M, such that M; matches B; into
A within the subgraph D. It is straightforward that each ¢; can be extended to 7; : G — H using
M;. Furthermore, since the M;’s are disjoint I = (1, y2,73,74) is a 4-placement of G. O

This section concludes with a lemma showing the necessity condition of Theorem 1.1. The
phrase degree considerations will refer to the fact that in a k-placement ® of a tree T' with order
n, the sum of the degrees of vertices placed by ® on a single vertex cannot exceed n — 1. Also, a
k-placement of a tree is tight if all edges of K, are required, i.e. when n = 2k.

Lemma 2.6. Let T be a tree of order n > 8. T has no 4-placement if A(T) >n—4 orif T € W.

Proof:  Any tree with A(T) > n — 4 has no 4-placement by degree considerations. Similarly, any
4-placement of T3 must place two vertices of degree three on a single vertex which is not possible by
degree considerations. Thus let T € W \ {T13} and suppose to contradict that ® = (¢1, da, d3, P4)
is a 4-placement of T'. Let a be the vertex of T' with degree n — 4 and let A = {v; : v; = ¢;(a),i =
1,2,3,4}. By degree considerations the set of elements in A are distinct, and moreover, any vertex
other than a that is placed on an element of A must be an end vertex.

Case 1: Let T = Ty. Let b be the end vertex adjacent to a. Note that {¢;(ab) : i =1,2,3,4} are
the only edges placed by @ in the subgraph induced by A, a contradiction since ® must be tight.

Case 2: Let T = S2. Let ¢ be the end vertex not adjacent to a and let zy, 29, ..., z,_5 be the other
end vertices of T'. Note that, for each embedding, at least 2 of the z;’s must be placed in A. This
means that ® must place at least 8 distinct edges in the subgraph induced by A, a contradiction.

Case 3: Let T =Y,. Let x1 and x5 be the end vertices not adjacent to a and y1,¥2,...,Yn_5 be
the other end vertices of T'. Furthermore, for ¢ = 1,2,3,4, let r; = |AN{#:(y;) : 7 =1,2,...,n—5}|
and note that since each ¢; must place three end vertices in A so that r; > 1. Assume without loss
of generality that ry > ro > r3 > ry4. Finally, let ¢ be the node adjacent to z; and for ¢ = 1,2,3,4
let ¢i(c) = w;.
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Case 3a: Suppose r1 = 1. It may be assumed that ¢1(y1) = ve and ¢a2(y1) = vs. It must be
the case that ¢1({z1,22}) = {vs,vs} and ¢o({z1,22}) = {v1,v4}. Thus wi; # we. But then
¢1(Nr(a)) N{vy,vs,vq, w1, we} = @, a contradiction since d(a) = n — 4.

Case 3b: Suppose 71 = 3. It may be assumed that ¢1({y1,vy2,y3}) = {v2,v3,04}, P2(v1) = v3,

¢3(y1) = U4, and (]54(y1) = V3. Thus ¢2({$1,1‘2}) = {U17U4} and ¢3({5€1,Z‘2}) = {1)1,1}2}. Thus
wy # ws and so ¢2(Nr(a)) N{vy,ve, v, we, ws} = 0, a contradiction since d(a) =n — 4.

Case 3c: Suppose r = 2. It may be assumed that ¢ ({y1, y2}) = {v2,v3}. It may further be assumed
that ¢o(21) = ¢3(x1) = vy and in particular we # ws. If ® places no edge on vavs, then ¢3(x2) = va,
a contradiction since then ¢o(Nr(a))N{vy, va,v3, wa, w3} = . Thus assume that ¢2(y1) = v3. Note
that v1vg, viwa, viws & ¢1(E(T)). Thus wy € {we, w3} and ¢1 ({1, 22}) C {v4, wa, w3}, so it must
be the case that wows € ¢1(E(T)). Similarly, vavy, vaws, vaws ¢ ¢2(E(T)), and thus ¢a(z2) = ws,
a contradiction since wowsz € ¢1(E(T)). O

3 Small Order Trees

This section provides 4-placements for each tree that meets the criteria of Theorem 1.1 and has order
8,9,10, or 11 as well as F; and F5. It is convenient to label the vertices T} as at, b, ¢t, dt, e, ft, g¢, and
h; starting from the top (as pictured in Figure 1) and proceeding left to right, then top to bottom.
Under this scheme, for example, E(T7) = {arb7, arcy, azdr, azer, by f7,b797, czhr}. Furthermore, let
T = {Ts,T7, Ts, T10, T14, T15, T1e, Ti7, Tig, Too, Tor, Tz} -

Lemma 3.1. The following statements are true:
a) Each tree T € T has a dispersed 4-placement.
b) Ti9 has a 4-placement where each vertex is 4-placed except big.
c) Ty has a 4-placement where each vertex is 4-placed except fos.
d) Fi, F5, Fy, and F5 have dispersed 4-placements.
e) F5 has a 4-placement such that each vertex of degree 4 is 4-placed.

Proof: Let V(K,) = {v1,va,...,v,}. Four embeddings for each of the trees in a through d are
shown in Figure 3. Each embedding assumes the v;’s are placed on a circle with the subscripts
strictly increasing as the angle increases from 0 to 27. Occasionally, all the images of a particular
vertex are colored to distinguish it from other vertices it may be mapped to in an automorphism.
For example, the images of bg are colored red, the images of cg are colored green, etc. It is
straightforward to verify that these embeddings produce the 4-placements required. The only
vertices not 4-placed are b1g (the images of which are colored red) and fag (the images of which are
also colored red).

A 4-placement of Fj satisfying e can be obtained from the 4-placement of T and applying
Lemma 2.2 to the agbg edge. [

Corollary 3.2. Let T be a tree of order n € {9,10,11} not in W and let U be a shrub of T with
order 8. If A(U) < 4 then there is a 4-placement of T.

Proof:  First, it may be assumed by Lemmas 2.1 and 3.1 that U ¢ T and furthermore that T'
contains no shrub in TU{Fy, F>}. This leaves six possibilities for U. Let V = V(T)\ V(U) and let
N = Np(V).

Case 1: Suppose U = T1g9. By Lemmas 2.1 and 3.1 it may be assumed b1g € N. If dig € N, then
Ti7 is a shrub of T and if not T5g is a shrub of T', both contradictions.

Case 2: Suppose U = Thy. By Lemmas 2.1 and 3.1 it may be assumed that foo € N. If N =
{c22,daa, fao} then Ty is a shrub of T and if not then Ty is a shrub of T. Again, these are both
contradictions.

Case 3: Suppose U = Ty. If ag € N (or eg € N) then Fy (F») is a shrub of T, a contradiction.
Thus suppose N N {ag,eq} = 0. If {bg,co,do} N N # () then T4 is a shrub of T, a contradiction.
However, if {fg, g9, ho} N N # 0 then Ty7 is a shrub of T, also a contradiction.
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Figure 3: 4-placements for certain trees of small order. Similarly colored vertices in a packing are
images of single vertex. These colors are used to make distinctions in trees with symmetry.
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Case 4: Suppose U = Tio. If hio € N then Ths is a shrub of T and this is handled by Case 2. Thus
assume his ¢ N. Note that {c12,d12,e12} N N = () since otherwise Tiq is a shrub of T. Similarly,
if b1, f12, or g1 are in N then Tg,Tig, or T are shrubs of T, respectively, all contradictions. But
then N = {a} and T = S2, a contradiction. Thus 7 must have a 4-placement.

Case 5: Suppose U = T7;. Since T77 is not a shrub of T, then g11 and hi; cannot both be in N.
If exactly one of g11 or hyq is in N, then T} is a shrub of T' and this reduces to Case 4. Thus it
can be assumed that {g11,h11} N N = 0. Similarly, {c11,d11,e11} NN = () since otherwise Ty is
a shrub of T. Furthermore, b1; ¢ N, since then Ty would be a shrub of T. Thus N C {a11, f11}-
Note that fi; € N since otherwise N C {a;1} and then T' =Y, a contradiction. Therefore Fj is a
shrub of T" and Lemma 2.1 and Lemma 3.1 e provide a 4-placement of T

Case 6: Suppose U = Ti3. Note that ai3 and dy3 are not in N since then T%7 or Ti4 would be a
shrub of T, respectively. If {e1s, f13, 913, h13} N N # 0 then Tyg is a shrub of T, a contradiction.
Thus N C {b13,c13} and so Ty is a shrub of T, a contradiction.

This completes the proof. [

Lemma 3.3. Let T be a tree of order n € {9,10,11}. If A(T) <n—4 and T ¢ W, then there is a
4-placement of T.

Proof: Suppose the Lemma is false and let T' be a counterexample. By Corollary 3.2 T does
not contain a shrub U of order 8 with A(U) < 4. Let u be a vertex of T' with maximum degree.
By Lemma 2.3 it may be assumed that T' # P;1, and so T' contains shrubs of order 8; therefore
d(u) > 4. If n =9, then there exists an end vertex in N(u) and deleting this end vertex creates a
shrub of order 8 with maximum degree 4, a contradiction.

Suppose n = 10. If d(u) = 6, then there exists two end vertices in N(u) and removing them
gives a shrub of order 8 and maximum degree 4, a contradiction. Thus d(u) = 5. There exists an
end vertex v; € N(u). If A(T —vy) = 4 then removing any additional end vertex of T" produces
a shrub of order 8 and maximum degree at most 4, a contradiction. Thus A(T' —v1) =5 and T
contains two vertices of degree 5 and is thus uniquely determined. But then Ty is a shrub of T, a
contradiction.

Therefore n = 11. If d(u) = 7, then there exists three end vertices in N(u) and removing them
gives a shrub of maximum degree 4, a contradiction. If d(u) = 6, there are end vertices vo and vs
in N(u). If A(T — {ve,v3}) > 5 then Ts is a shrub of T, a contradiction. Thus T' — {vs,v3} has
maximum degree less than 4 and removing any other end vertex produces a shrub of order 8 and
maximum degree at most 4, a contradiction. Thus d(u) = 5. If N(u) contains no end vertex then
T is uniquely determined and contains F} as a shrub. But by Lemmas 3.1 and Lemma 2.1 there is
a 4-placement of T, a contradiction. Thus N (u) contains an end vertex vy. Again, A(T —vy) > 5
otherwise removing any two additional end vertices produces a contradiction. But then 7" must
contain either Tg or T7; as a shrub, both contradictions.

Therefore no such T exists and the Lemma is true. O

4 'Tri-path trees

If T is a tree with exactly three distinct nodes then Lemma 2.5 cannot be applied. Fortunately, trees
with three distinct nodes have a common structure, that is they each have a shrub consisting of
three paths meeting at a single vertex. Define Q(n1,na,n3) as the tree of order n = ny +ng+ns+1
consisting of a single vertex a that begins three disjoint (except for a) paths of length ny,ns, and
ng, respectively, (see Figure 5). This section will show that each of these tri-path trees has a
4-placement such that each of the end points is 4-placed. It will be assumed that 1 < ny < ny < ng.

Lemma 4.1. Let T be the tree Q(ni,na,n3) with order n. If n > 10 and ny < n—9, then there is
4-placement of T' such that each end point of T is 4-placed.
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Proof: Let z1, 22, and 23 be the end vertices of the ny,no, and ng length paths in 7', respectively.
Let G be the graph of order n obtained from T by adding the edge 2z523. Finally, let H = K, and
let V(H) = {v1,v2, ..., 05}

Here, a 4-placement of G is constructed by a method similar to one used in Lemma 2.3. First,
suppose that n — 1 = 2t for some positive integer t. For each i = 1,2,3,4, define the path
P = v;v;410;_1 - - Vj_41 1V 41, Where the subscripts of the v;’s are taken modulon—1in {1,2,...,n—
1}. Again for i = 1,2,3,4, let b; = v;, ¢; = vi4¢, and a; be such that the distance between a; and
b; along path P’ is n;. It is straightforward to see that the elements of {a;,c; : i = 1,2,3,4} are
distinct since ny <n —9. Fori =1,2,3,4, let E* = E(Pi) U {a;vn, c;vn }. Since the set of a;’s and
¢;’s are distinct, then E* N EJ = () when i # j and the subgraph induced by each E’ is isomorphic
to G (see Figure 4).

For i = 1,2,3,4, let 7; be an embedding of G into H such that v;(E(G)) = E* and let I' =
(71,72,73,74). Note that it can be assumed that all vertices of G are 4-placed by I except a single
vertex x that is placed on v,,. Moreover, it may be assumed that x ¢ {z1, 22, 23}. Clearly, I is also
a 4-placement of T' with each end vertex 4-placed.

A similar argument can be used if n = 2¢ for some positive integer ¢t. I

Lemma 4.2. Let T be the tree Q(n1,n2,n3) with order n. If n > 8 then there is a 4-placement of
T such that each end vertex of T is 4-placed.

Proof: By Lemma 3.1, it may be assumed that n > 9. There are exactly nine tri-path trees with
n > 8 that do not satisfy the conditions for Lemma 4.1: Q(1,1,6), Q(1,2,5), Q(1,3,4), Q(2,2,4),
and Q(2,3,3) for n =9; Q(2,2,5), Q(2,3,4), and Q(3,3,3) for n = 10; and Q(3,3,4) for n = 11.

In the 4-placement of Ty7 = (2,2, 3) given in Lemma 3.1 the edges by7¢17, arrerr, and a17g17 are
4-placed (see Figure 3). Using this and Lemma 2.2 there are 4-placements of Q(2,3,3), Q(2,2,4),
Q(3,3,3), Q(2,3,4), and Q(3,3,4) with each end vertex 4-placed. An embedding of each remaining
tree is shown in Figure 5 and these embeddings can be used to generate a dispersed 4-placements
by rotating each embedding clockwise by one, two, and three vertices. [J

5 Proof of Theorem 1

The necessity of Theorem 1.1 is shown by Lemma 2.6. Assume to contradict the theorem is not true
and let T be a counterexample of minimum order n. By Lemmas 3.1 and 3.3 it may be assumed
that n > 12. Clearly, T' has more than one distinct node and by Lemmas 2.1 and 3.1 T contains
no shrub in TU {F’l7 FQ, F4, F5}

Case 1: T has exactly 2 distinct nodes u; and ug. Let U be the shrub of T obtained by removing
all end vertices. Clearly, U = P; for some s > 2 and by Lemmas 2.1 and 2.3 s < 5. Note s # 2 since
A(T) < n—4 and T is not a shrub of T. Similarly s # 4 since Ty is not a shrub of T and T % S2.
Suppose that s = 5. Then Tbs is a shrub of T" and {u1,us} = {age, gao} and there is 4-placement of

ai az bs by
b as

a4

b1 V13 V13

V13 V13
C
2 cs Cq

1(G) 72(G) 73(G) 74(G)

Figure 4: The 4-placement of G in Lemma 4.1 with n = 13 and n; =3
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QA A A AR

Q(1,1,6)  Q(1,2,5)  Q(1,3,4)  Q(2,2,5)

Figure 5: Embeddings that produce dispersed 4-packings by rotation.

T using Lemmas 3.1 and 2.1. Now suppose that s = 3. Then F3 is a shrub of T since A(T) <n—4
and T #Y,,. Similarly, a 4-placement of T' can be obtained from Lemmas 3.1 and 2.1.

Case 2: T has exactly 3 distinct nodes uj,ue, and us. Let U be the shrub of T obtained by
removing all end-vertices of T' and let s = |V(U)|. If s > 8, then by Lemmas 4.2 and 2.1 there is a
4-placement of T', so s < 7. Since T14, T17, and Ty are not shrubs of T, then U = P,. Furthermore,
since Th3 is not a shrub of T then s < 5. Assume without loss of generality that us is not an end
vertex of U. Suppose first s = 5. Then Tig is a shrub of T since Tyg is not. However, by Lemmas
3.1 and 2.1 there is a 4-placement of T', a contradiction. Similarly, if s = 4 then either Ty, 116, or
T1s is a shrub of T, all contradictions. Finally, suppose s = 3. Since T» is not a shrub of T" and
A(T) < n — 4, then dr(uz) = 3. Moreover, since T' % T3, without loss of generality dr(u;) > 4.
But then Ty is a shrub of T', a contradiction.

Case 3: T has 4 distinct nodes uy, us, uz, and uy. For ¢ = 1,2, 3,4, let v; be an end vertex adjacent
to u;, V= {v1,v2,v3,04}, and let U =T — V. Suppose first that A(U) > (n—4) —4, then U is one
of five trees: S, 4, S2_,, S2F,, Sfl 2, or S3_,. However this isn’t possible since then at least one

of Tg, Ty, Ts, Tio, F1, or Fy is a shrub of T, a contradiction. Thus A(U) < (n — 4) — 4. Therefore
U € W since otherwise U has a 4-placement and by Lemma 2.5 so does T'.

Case 3a: Suppose to contradict that U = Ty. Since neither F} nor F5 are shrubs of T, then
ag,eg & N(V). But then N(V) N {fo,go, ho} # 0 and Ti7 is a shrub of T', a contradiction.

Case 3b: Suppose to contradict that U = Ty3. If dy3 ¢ N(V') then Tyg is ashrub of T. If d13 € N(V)
then T4 is a shrub of T', both contradictions.

Case 3c: Suppose U = S _,. Label the Ps path in U as y1y2ysyays with dy(y1) = n — 9 and let
Ry be the set of remaining (end) vertices and r; = [N (V) N Ry|. Suppose first y5 ¢ N(V). Note
that 71 # 0 since Tb; is not a shrub of T. Similarly 1 ¢ {1,2,3} since Tj¢ is not a shrub of T.
Thus r1 = 4. Let U’ = T — {y5,v2,v3,v4}. Thus U’ is a shrub of T not in W and so it has a
4-placement. But then T has a 4-placement by Lemma 2.5, a contradiction. Thus y5 € N(V) and
it may be assumed v1ys € E(T). Again r1 # 0 since otherwise N(V) N {y2,y4} # 0 and Ty is a
shrub of T. Similarly 71 ¢ {1,2} since Ty is not a shrub of T. Thus 7y = 3 and F} is a shrub of
T, another contradiction.

Case 3d: Suppose to contradict that U = Y,,_4. Label the shrub isomorphic to P; in Y, _4 as
x1z9x3 where dy(z1) =n — 9. Let Ry (R3) be the set of end vertices adjacent to z1 (z3) and let

= |N(V)N Ry| (r3 = |[N(V) N R3|). Suppose to contradict r3 = 2. If ro > 0 then Tjg is a shrub
of T and if ro = 0 then Ti7 is a shrub of T, both contradictions. Thus r3 < 2. Note ro # 0 since
then zo € N(V) and Ty is a shrub of T'. Similarly 7o ¢ {1,2,3} since Tj¢ is not a shrub of T'. But
then ro = 4 and F} is a shrub of T', a contradiction.

This completes the proof. [J
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