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Abstract

A simple graph G = (V (G), E(G)) admits an H-covering, if every edge in
E(G) belongs to at least one subgraph of G isomorphic to a given graph
H. An (a, d)-H-antimagic total labeling of G admitting an H-covering
is a bijective function ξ : V (G) ∪ E(G) → {1, 2, . . . , |V (G)| + |E(G)|}
such that for all subgraphs H

′
isomorphic to H, the H-weights w(H ′) =∑

vεV (H
′
) ξ(v) +

∑
eεE(H

′
) ξ(e) constitute an arithmetic progression a, a +

d, a + 2d, . . . , a + (k − 1)d where a and d are positive integers and k is
the number of subgraphs of G isomorphic to H. Such a labeling is called
super if the smallest possible labels appear on the vertices.

This paper is devoted to studying super (a, d)-H-antimagic total label-
ings for some shackles of a connected graph H. A shackle of G1, G2, . . . ,
Gk, denoted by shack(G1, G2, . . . , Gk), is a graph constructed from non-
trivial connected and ordered graphs G1, G2, . . . , Gk such that for every
1 ≤ i, j ≤ k with |i − j| ≥ 2, Gi and Gj have no common vertex, and
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for every 1 ≤ i ≤ k − 1, Gi and Gi+1 share exactly one common vertex,
called a linkage vertex, where the k − 1 linkage vertices are all distinct.
In the case when all Gi’s are isomorphic to a connected graph H, we
call the resulting graph a shackle of H, denoted by shack(H, k). A tech-
nique of partitioning a multiset is introduced and an upper bound for d
is obtained.

1 Introduction

We consider finite and simple graphs. Let the vertex and edge sets of a graph G
be denoted by V (G) and E(G), respectively. An edge-covering of G is a family
of different subgraphs H1, H2, . . . , Hk such that each edge of E(G) belongs to at
least one of the subgraphs Hj, 1 ≤ j ≤ k. Then it is said that G admits an
(H1, H2, . . . , Hk)-(edge)covering. If every Hj is isomorphic to a given graph H, then
G admits an H-covering. Suppose that G admits an H-covering. Gutiérrez and
Lladó [4] defined an H-magic labeling which is a generalization of Kotzig and Rosa’s
edge-magic total labeling [6]. The graph G is called H-magic if there exists a total
labeling ξ : V (G)∪E(G) → {1, 2, . . . , |V (G)|+ |E(G)|} such that, for each subgraph
H ′ isomorphic to H,

∑
vεV (H′ ) ξ(v) +

∑
eεE(H′ ) ξ(e) is constant. In this case, we

say that G is H-magic. When ξ(V (G)) ={1, 2, . . . , |V (G)|}, we say that G is H-
supermagic.

Lladó and Moragas [7] proved that wheels, prisms, books, and windmills are
cycle-magic. Maryati et al. [8] and Salman et al. [12] proved that some families of
trees are path-supermagic. Recently, Ngurah et al. [11] proved that chains, wheels,
triangles, ladders, and grids are cycle-supermagic labelings.

For any connected graph H, Maryati et al. [9] have shown that for k ≥ 2 and
H an arbitrary graph, if shack(H, k) contains exactly k subgraphs isomorphic to
H, then shack(H, k) is H-supermagic. A shackle of G1, G2, . . . , Gk, denoted by
shack(G1, G2, . . . , Gk), is any graph constructed from non-trivial connected and or-
dered graphs G1, G2, . . . , Gk such that for every 1 ≤ i, j ≤ k with |i− j| ≥ 2, Gi and
Gj have no common vertex, and for every 1 ≤ i ≤ k − 1, Gi and Gi+1 share exactly
one common vertex, called a linkage vertex , where the k − 1 linkage vertices are all
distinct. In the case when all Gi’s are isomorphic to a connected graph H, we call
any resulting graph a shackle of H, denoted by shack(H, k).

Meanwhile, Simanjuntak et al. [13] introduced an (a, d)-edge-antimagic total label-
ing of G which is defined as a bijective function f : V (G)∪E(G) → {1, 2, . . . , |V (G)|+
|E(G)|} so that the set of edge-weights {f(u) + f(uv) + f(v) | uv ∈ E(G)} is equal
to the set {a, a+ d, a+ 2d, . . . , a+ (|E(G)| − 1)d} for some positive integers a and d.
An (a, d)-edge-antimagic total labeling f is called super if the vertex labels are the
smallest possible labels. Several results related to edge-antimagic total labelings are
provided; see for example [1], [2], [3], and [10].

Combining the two previous labelings, Inayah et al. [5] introduced the (a, d)-H-
antimagic total labeling. An (a, d)-H-antimagic total labeling of a graph G admit-
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ting an H-covering is a bijective function ξ : V (G) ∪ E(G) → {1, 2, . . . , |V (G)| +
|E(G)|} such that for all subgraphs H

′
isomorphic to H, the H-weights w(H ′) =∑

vεV (H′ ) ξ(v)+
∑

eεE(H′ ) ξ(e) constitute an arithmetic progression a, a+d, a+2d, . . . ,

a + (k − 1)d where a and d are positive integers and k is the number of subgraphs of
G isomorphic to H. In this case we say that G is (a, d)-H-antimagic. Such a labeling
is called super if the smallest possible labels appear on the vertices and G is super
(a, d)-H-antimagic.

In this paper, we present super (a, d)-H-antimagic total labelings of certain con-
nected graphs obtained from k isomorphic copies of a graph H, namely, a shackle. In
Section 2 we introduce a technique of partitioning a multiset. We will use the follow-
ing notation. Let X, Y be two multisets. Then the multiset X

⊎
Y = {α : α ∈ X; α ∈

Y }. Notice that if α appears r times in X and s times in Y , r, s ∈ {0, 1, 2, . . . }, then
α appears r + s times in X

⊎
Y .

In Section 3 we show that the shackle is a super (a, d)-H-antimagic total labeling
for some integers d.

2 (k, δ)-anti balanced

Let k ∈ N and let X be a multiset containing positive integers. Then X is said to be
(k, δ)-anti balanced if there exist k subsets of X, say X1, X2, X3, . . . , Xk, such that

for every i ∈ [1, k], |Xi| = |X|
k

,
⊎k

i=1 Xi = X, and for i ∈ [1, k−1],
∑

Xi+1−
∑

Xi = δ
is satisfied. Next, we give several lemmas about (k, δ)-anti balanced multisets.

Lemma 1 Let k be an integer such that k ≥ 2. If

X =

{
[1, k + 1]

⊎
[2, k], if k is odd,

[1, k
2
]

⊎
[k
2

+ 2, k + 1]
⊎

[2, k + 1], if k is even,

then X is (k, 1)-anti balanced.

Proof. For i ∈ [1, k], define Xi = {� i+1
2
	, 
k

2
� + � i

2
	 + 1}. It is easy to verify that

for each i ∈ [1, k], |Xi| = 2, Xi ⊂ X, and
⊎k

i=1 Xi = X. Since
∑

Xi = i + 2 + 
k
2
�

for every i ∈ [1, k], and
∑

Xi+1 −
∑

Xi = 1 for every i ∈ [1, k − 1], X is (k, 1)-anti
balanced. �

Lemma 2 Let k be an integer such that k ≥ 2. If X = [1, k]
⊎

[2, k + 1], then X is
(k, 2)-anti balanced.

Proof. For i ∈ [1, k], define Xi = {i, i+1}. It is easy to verify that for each i ∈ [1, k],
|Xi| = 2, Xi ⊂ X, and

⊎k
i=1 Xi = X. Since

∑
Xi = 1 + 2i for every i ∈ [1, k], and∑

Xi+1 −
∑

Xi = 2 for every i ∈ [1, k − 1], X is (k, 2)-anti balanced. �

Lemma 3 Let n, k be integers with n, k ≥ 2. If X = {1 + (j1 − 1)(n − 1), j1 =
1, 2, . . . , k}⊎{n+(j2−1)(n−1), j2 = 1, 2, . . . , k}, then X is (k, 2n−2)-anti balanced.
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Proof. For i ∈ [1, k], define Xi = {2 − n + (n − 1)i, 1 + (n − 1)i}. It is easy
to verify that for each i ∈ [1, k], |Xi| = 2, Xi ⊂ X, and

⊎k
i=1 Xi = X. Since∑

Xi = 3 − n + 2(n − 1)i for every i ∈ [1, k], and
∑

Xi+1 −
∑

Xi = 2(n − 1) for
every i ∈ [1, k], X is (k, 2n − 2)-anti balanced. �

Lemma 4 Let n, k be integers and n, k ≥ 2. If X = [k + 2, (n− 1)k + 1], then X is
(k, n − 2)-anti balanced.

Proof. For i ∈ [1, k], define Xi = {kj + i + 1 | 1 ≤ j ≤ n − 2}. It is easy to verify
that for each i ∈ [1, k], |Xi| = n − 2, Xi ⊂ X, and

⊎k
i=1 Xi = X. Since

∑
Xi =

(n− 2)+ 1
2
(n− 1)(n− 2)k + (n− 2)i for every i ∈ [1, k], and

∑
Xi+1 −

∑
Xi = n− 2

for every i ∈ [1, k − 1], X is (k, n − 2)-anti balanced. �

Lemma 5 Let n, k be integers and n, k ≥ 2. If X = {(e + 1) + (j − 1)(n − 1), e =
1, 2, 3, . . . , n − 2, j = 1, 2, 3, . . . , k}, then X is (k, (n2 − 3n + 2))-anti balanced.

Proof. For i ∈ [1, k], define Xi = {(n − 1)i + 2 − n + j | 1 ≤ j ≤ n − 2}. It is easy
to verify that for each i ∈ [1, k], |Xi| = n − 2, Xi ⊂ X, and

⊎k
i=1 Xi = X. Since∑

Xi = 1
2
n(5 − n) − 3 + (n2 − 3n + 2)i for every i ∈ [1, k], and

∑
Xi+1 −

∑
Xi =

(n2 − 3n + 2) for every i ∈ [1, k], X is (k, (n2 − 3n + 2))-anti balanced. �

3 Super (a, d)-H-antimagic total labelings for some shackles

Let H be a connected graph with |V (H)| = n and |E(H)| = m. Then G ∼=
shack(H, k) has |V (G)| = (n − 1)k + 1 and |E(G)| = mk. We derive an upper-
bound of the difference d for G to be super (a, d)-H-antimagic total.

Lemma 6 If G is super (a, d)-H-antimagic then

d ≤ m2 + n2 − n.

Proof. Let |V (G)| = vG, |E(G)| = eG, |V (H)| = vH , and |E(H)| = eH . Since G is
super (a, d)-H-antimagic, the maximum possible H-weight is vG + (vG − 1) + (vG −
2) + · · · + (vG − vH + 1) + (vG + eG) + (vG + eG − 1) + · · · + (vG + eG − eH + 1), or

a + (k − 1)d ≤ n[(n − 1)k + 1] − n(n − 1)

2
+ m[(m + n − 1)k + 1] − m(m − 1)

2
.

(3.1)

On the other hand, the least possible H-weight is 1 + 2 + · · ·+ vH + (vG + 1)+ (vG +
2) + · · · + (vG + eH) or

a ≥ n(n + 1)

2
+ m[(n − 1)k + 1] +

m(m + 1)

2
. (3.2)
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From (3.1) and (3.2), we obtain

(k − 1)d ≤ n[(n − 1)k + 1] − n(n − 1)

2
+ m[(m + n − 1)k + 1] − m(m − 1)

2

− n(n + 1)

2
− m[(n − 1)k + 1] − m(m + 1)

2
,

d ≤ m2 + n2 − n.

�

In the next theorem, we consider super (a, d)-H-antimagic total labelings for
shackles of a connected graph H.

Theorem 1 Let H be a non-trivial connected graph and let k be an integer, k ≥ 2.
If shack(H, k) contains exactly k subgraphs isomorphic to H, then shack(H, k) is
super (a, d)-H-antimagic for 1 ≤ d ≤ m + n.

Proof. In this proof we have four separate cases. In the first three cases, we define
three sets W = [1, k+1], Y = [k+2, (n−1)k+1], and Z = [(n−1)k+2, (m+n−1)k+1].
Let L = [2, k] and X = W

⊎
L. By Lemma 2, X is (k, 2)-anti balanced. Let Xi be

an anti balanced subset of X for every i ∈ [1, k], as defined in the proof of Lemma
2 and let Yi be an anti balanced subset of Y , for every i ∈ [1, k], as defined in the
proof of Lemma 4.

Case 1. m + n is odd and d = 1

For p = m−n+1
2

, define

Pi = {(n + j1 − 2)k + i + 1, j1 = 1, 2, 3, · · · , m − p + 1}
⋃

{(n + m − p + j2)k + 2 − i, j2 = 1, 2, 3, · · · , p − 1} for i ∈ [1, k].

It is easy to verify that for each i ∈ [1, k],

k⊎
i=1

Pi = Z , Pi ∩ Pj = ∅ for i �= j, and

∑
Pi = (mn + p − 1)k + m + p − 1 +

1

2
(m2 − 3m)k + (m − 2p + 2)i.

Hence,
∑

P1,
∑

P2,
∑

P3, . . . ,
∑

Pk form an arithmetic progression with common
difference (m − 2p + 2).

Let u1, u2, u3, . . . , uk−1 be the linkage vertices of shack(H, k). Now, we define a total
labeling f1 of shack(H, k) as follows.

- For every i ∈ [1, k − 1], label the linkage vertex ui with k + 1 − i ∈ Xi.
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- Label any vertex other than the linkage vertices in H1 and Hk with k + 1 and 1,
respectively.

- For every i ∈ [1, k], label the remaining n − 2 vertices of Hi with the elements of
Yk+1−i.

- For every i ∈ [1, k], use the elements of Pi to label edges of Hi.

Under the labeling f1, we find

f1(Hi) = f1(V (Hi)) + f1(E(Hi))

=
∑

Xk+1−i +
∑

Yk+1−i +
∑

Pi

= (mn + p)k +
1

2
(m2 + n2 − 3m − n)k + m + p + 2n − 2 +

(m − n − 2p + 2)i

Since for p = m−n+1
2

, the following is satisfied

f1(Hi) = (mn − m − n)k +
1

2
(m2 + n2 + 1)k +

3

2
(m + n − 1) + i,

shack(H, k) admits an (a, 1)-H-super antimagic total labeling with

a = (mn − m − n)k +
1

2
(m2 + n2 + 1)k +

3

2
(m + n − 1) + 1.

Case 2. m + n is odd and 3 ≤ d ≤ m + n is odd.

For p = m−n+1
2

, define

Qi = {(n + j1 − 2)k + i + 1, j1 = 1, 2, 3, . . . , m − p − d−1
2
}

∪{(m + n − p − d−1
2

+ j2)k + 2 − i, j2 = 0, 1, 2, 3, . . . , p + d−1
2

− 1}, i ∈ [1, k].

It is easy to verify that for each i ∈ [1, k],

k⊎
i=1

Qi = Z , Qi ∩ Qj = ∅ for i �= j,

and ∑
Qi = (mn + p +

1

2
m(m − 3) +

1

2
(d − 1))k + m + p +

1

2
(d − 1) +

(m − 2p − d + 1)i.

Hence,
∑

Q1,
∑

Q2,
∑

Q3, . . . ,
∑

Qk form an arithmetic progression with common
difference (m − 2p − d + 1).

Let u1, u2, u3, . . . , uk−1 be the linkage vertices of shack(H, k). Now, define a total
labeling f2 of shack(H, k) as follows.
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- For every i ∈ [1, k − 1], label the linkage vertex ui with i + 1 ∈ Xi.

- Label any vertex other than the linkage vertices in H1 and Hk with 1 and k + 1,
respectively.

- For every i ∈ [1, k], label the remaining n − 2 vertices of Hi with the elements of
Yi.

- For every i ∈ [1, k], use the elements of Qk+1−i to label edges of Hi.

Under the labeling f2, we find

f2(Hi) = f2(V (Hi)) + f2(E(Hi))

=
∑

Xi +
∑

Yi +
∑

Q(k+1−i)

= (mn − p +
1

2
(m2 − m − d + 1) +

1

2
(n − 2)(n − 1))k + 2m + n − p

−1 − 1

2
(d − 1) + (2p + d + n − m − 1)i.

Since for p = m−n+1
2

, the following is satisfied

f2(Hi) = (mn − m − n + 1 +
1

2
(m2 + n2 − d))k +

3

2
(m + n − 1) − 1

2
(d − 1) + di,

shack(H, k) admits an (a, d)-H-super antimagic total labeling with a = (mn − m −
n + 1 + 1

2
(m2 + n2 − d))k + 3

2
(m + n − 1) − 1

2
(d − 1) + d.

Next, we will show that d ≤ m + n. Since one of the edge labels in Hk is (m + n −
p − d−1

2
)k + 1 and the smallest edge label in H1 is nk + 1,

(m + n − p − d − 1

2
)k + 1 ≥ nk + 1

d ≤ m + n.

Case 3. m + n is even and d ≤ m + n is even.

For r = m−n
2

, define

Ri = {(n + j1 − 2)k + i + 1, j1 = 1, 2, 3, . . . , m − r − d
2
}

∪{(n + m − r − d
2

+ j2)k + 2 − i, j2 = 0, 1, 2, 3, . . . , r + d
2
− 1}, i ∈ [1, k].

It is easy to verify that for each i ∈ [1, k], we have

k⊎
i=1

Ri = Z, Ri ∩ Rj = ∅ for i �= j, and
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∑
Ri = (mn + r +

1

2
(m2 − 3m + d))k + m + r +

1

2
d + (m − 2r − d)i.

Hence
∑

R1,
∑

R2,
∑

R3, . . . ,
∑

Rk form an arithmetic progression with common
difference (m − 2r − d).

Define a total labeling f3 as follow.

- Label the vertices of shack(H, k) as in Case 2.

- For every i ∈ [1, k], use the elements of Rk+1−i to label edges of Hi.

Under the labeling f3, we find

f3(Hi) = f3(V (Hi)) + f3(E(Hi))

=
∑

Xi +
∑

Yi +
∑

R(k+1−i)

= (mn − r +
1

2
(m2 − m − d) +

1

2
(n − 2)(n − 1))k + 2m + n − r −

1

2
d − 1 + (2r + n − m + d)i.

Since for r = m−n
2

, we have

f3(Hi) = (mn − m − n + 1 +
1

2
(m2 + n2 − d))k +

1

2
(3m + 3n − d − 2) + di,

shack(H, k) admits and (a, d)-H-super antimagic total labeling with a = (mn−m−
n + 1 + 1

2
(m2 + n2 − d))k + 1

2
(3m + 3n − d − 2) + d.

Next, we will show that d ≤ m + n. Since one of the edge labels in Hk is (m + n −
r − d

2
)k + 1 and the smallest edge label in H1 is nk + 1,

(m + n − r − s

2
)k + 1 ≥ nk + 1

d ≤ m + n.

Case 4. m + n is even and 1 ≤ d ≤ m + n − 1 is odd, or m + n is odd and
1 ≤ d ≤ m + n − 1 is even.

In this case, we define three sets W = [1, k + 1], Y = [k + 2, (n − 1)k + 1], and
Z = [(n − 1)k + 2, (m + n− 1)k + 1]. Let L = [2, k] and X = W

⊎
L. By Lemma 1,

we find that X is (k, 1)-anti balanced. For every i ∈ [1, k], let Xi be an anti balanced
subset of X as defined in the proof of Lemma 1 and let Yi be an anti balanced subset
of Y as defined in the proof of Lemma 4.

For s = m+n−d−1
2

, define

Si = {(n + j1 − 2)k + i + 1, j1 = 1, 2, 3, · · · , m − s}
∪ {(m + n − j2)k + 2 − i, j2 = 1, 2, 3, · · · , s}, i ∈ [1, k].
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It is easy to verify that for each i ∈ [1, k],

k⊎
i=1

Si = Z , Si ∩ Sj = ∅ for i �= j, and

∑
Si = (mn + s +

1

2
m(m − 3))k + m + s + (m − 2s)i.

Hence
∑

S1,
∑

S2,
∑

S3, . . . ,
∑

Sk form an arithmetic progression with common dif-
ference (m − 2s).

Now, we define a total labeling f4 of shack(H, k) as follows.

- For every i ∈ [1, k − 1], label the linkage vertex ui with 
k
2
� + � i

2
	 + 1 (for odd i)

and � i+1
2
	 (for even i). Note that the labels are in Xi.

- Label any vertex other than the linkage vertices in H1 with 1.

- Label any vertex other than the linkage vertices in Hk with k + 1 (for i is odd) and
k
2

+ 1 (for i is even).

- For every i ∈ [1, k], label the remaining n − 2 vertices of Hi with the elements of
Yi.

- For every i ∈ [1, k], use the elements of Si to label edges of Hi.

Under the labeling f4, we find

f4(Hi) = f4(V (Hi)) + f4(E(Hi))

=
∑

Xi +
∑

Yi +
∑

Si

= 
k
2
� + m + n + (mn + s +

1

2
m(m − 3))k +

1

2
(n − 2)(n − 1)k + s + di.

Since for s = m+n−d−1
2

, the following is satisfied

f4(Hi) = 
k
2
� +

3

2
(m + n) − 1

2
(d + 1) +

(mn +
1

2
(m + n) − 1

2
(d + 1) +

1

2
m(m − 3))k +

1

2
(n − 2)(n − 1)k + di,

shack(H, k) admits an (a, d)-H-super antimagic total labeling with a = 
k
2
�+ 3

2
(m+

n)− 1
2
(d + 1) + (mn + 1

2
(m + n)− 1

2
(d + 1) + 1

2
m(m− 3))k + 1

2
(n− 2)(n− 1)k + d. �

In the next two theorems, we define three sets

W = {1, 1 + (n − 1), 1 + (n − 1)2, 1 + (n − 1)3, . . . , n + (k − 1)(n − 1)},
Y = {(e + 1) + (j − 1)(n − 1), e = 1, 2, 3, . . . , n − 2, j = 1, 2, 3, . . . , k}, and

Z = [(n − 1)k + 2, (m + n − 1)k + 1].
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Let L = {n, n + (n − 1), n + 2(n − 1), . . . , 1 + (k − 1)(n − 1)} and X = W
⊎

L. By
Lemma 3, we find that X is (k, 2(n − 1))-anti balanced. For every i ∈ [1, k], let Xi

be an anti balanced subset of X as defined in the proof of Lemma 3. By Lemma 5,
we obtain the fact that Y is (k, (n2 − 3n + 2))-anti balanced. For every i ∈ [1, k], let
Yi be an anti balanced subset of Y as defined in the proof of Lemma 5.

Theorem 2 Let H be a non-trivial connected graph, and let k, p and m be positive
integers satisfying k ≥ 2 and p ≤ m. If shack(H, k) contains exactly k subgraphs
isomorphic to H, then shack(H, k) is super (a, d)-H-antimagic, where d = n2 − n +
m − 2p.

Proof. For i ∈ [1, k], define

Zi = {(n + j1 − 2)k + i + 1, j1 = 1, 2, 3, · · · , m − p}
∪ {(n + j2 − 1)k + 2 − i, j2 = m − p + 1, · · · , m}, i ∈ [1, k].

It is easy to verify that for each i ∈ [1, k], we have

k⊎
i=1

Zi = Z , Zi ∩ Zj = ∅ for i �= j,

and ∑
Zi = (mn + p)k +

1

2
(m2 − 3m)k + m + p + (m − 2p)i.

Hence,
∑

Z1,
∑

Z2,
∑

Z3, . . . ,
∑

Zk form an arithmetic progression with common
difference (m − 2p).

Let u1, u2, u3, . . . , uk−1 be the linkage vertices of shack(H, k). Now, define a total
labeling f5 of shack(H, k) as follows.

- For every i ∈ [1, k − 1], label the linkage vertex ui with 2i + 1 ∈ Xi.

- Label any vertex other than linkage vertices in H1 and Hk with 1 and (n− 1)k + 1,
respectively.

- For every i ∈ [1, k], label the remaining n−2 vertices of Hi with the elements of Yi.

- For every i ∈ [1, k], use the elements of Zi to label edges of Hi.

Under the labeling f5, we find

f5(Hi) = f5(V (Hi)) + f5(E(Hi))

=
∑

Xi +
∑

Yi +
∑

Zi

= (mn + p)k +
1

2
m(m − 3)k +

1

2
(3n − n2) + m + p + (n2 − n + m − 2p)i.

Hence shack(H, k) admits an (a, d)-H-super antimagic total labeling with a =
(mn + p)k + 1

2
m(m − 3)k + 1

2
(n2 + n) + 2m − p and d = n2 − n + m − 2p. �
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Theorem 3 Let H be a non-trivial connected graph, let k be an integer, k ≥ 2,
and 0 ≤ p ≤ m. If shack(H, k) contains exactly k subgraphs isomorphic to H, then
shack(H, k) is super (a, d)-H-antimagic, where d = m2 + n2 − n − 2mp.

Proof. For i ∈ [1, k], define

Zi = {(n − 1)k + (i − 1)m + 1 + j1, j1 = 1, 2, 3, 4, · · · , m + 1 − p}
∪{(n − 1)k + (k + 2 − i)m + j2, j2 = m + 2 − p, · · · , m + 1}.

It is easy to verify that for each i ∈ [1, k],

k⊎
i=1

Zi = Z , Zi ∩ Zj = ∅ for i �= j,

and ∑
Zi = (n + p − 1)mk + mp +

1

2
(3m − m2) + (m2 − 2mp)i.

Hence
∑

Z1,
∑

Z2,
∑

Z3, . . . ,
∑

Zk form an arithmetic progression with common
difference m2 − 2mp.

Let u1, u2, u3, . . . , uk−1 be the linkage vertices of shack(H, k). Now, define a total
labeling f6 of shack(H, k) as follows.

- For every i ∈ [1, k − 1], label the linkage vertex ui with ni − i + 1 ∈ Xi.

- Label any vertex other than the linkage vertices in H1 and Hk with 1 and (n−1)k+1,
respectively.

- For every i ∈ [1, k], label the remaining n−2 vertices of Hi with the elements of Yi.

- For every i ∈ [1, k], use the elements of Zi to label edges of Hi.

Under the labeling f6, we find

f6(Hi) = f6(V (Hi)) + f6(E(Hi))

=
∑

Xi +
∑

Yi +
∑

Zi

= (n + p − 1)mk +
1

2
(3m − m2) +

1

2
(3n − n2) + mp +

(m2 + n2 − n − 2mp)i.

Hence shack(H, k) admits an (a, d)-H-super antimagic total labeling with a = (n +
p − 1)mk + 1

2
(3m + m2) + 1

2
(n + n2) − mp and d = m2 + n2 − n − 2mp. �

4 Conclusion

In this paper we have presented results concerning super (a, d)-H-antimagic total
labelings for shackles of a connected graph H. We have found labelings for all
possible d up to m + n (Theorem 1) and various values of d which include the
maximum possible d (Theorems 2 and 3). The labelings for other possible values of
d remain unknown and finding them might be seen as an interesting problem.
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