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Abstract

In this note, it is proved that the necessary and sufficient conditions for
the existence of a balanced (q, {3, 4}, λ)-DF over GF (q) are q ≥ 4 and
q ≡ 1 (mod 18

gcd(18,λ)
).

1 Introduction

Let v, λ be positive integers, K a set of positive integers. A (v, K, λ) pairwise bal-
anced design (PBD) is a pair (V ,B) where V is a v-set whose elements are called
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points and B is a family of subsets of V (blocks) with sizes from K such that any
2-subset of V is contained in exactly λ blocks. A (v, K, λ)-PBD with K = {k} is a
balanced incomplete block design and is denoted by (v, k, λ)-BIBD. A (v, k, 1)-BIBD
is also called a Steiner 2-design.

Given an additive group G of order v and a set K of positive integers, a (v, K, λ)-
DF over G is a family of subsets of G (base blocks) having sizes belonging to K and
such that each non-zero element of G can be represented as the difference of two
elements of some base block in exactly λ ways. When K = {k}, we simply speak of
a (v, k, 1)-DF. If K contains at least two distinct elements, and the number of base
blocks of size k is a constant for each k ∈ K, then the (v, K, λ)-DF is called balanced
in [7]. The following result is known.

Lemma 1.1 Let A be a (v, K, λ)-DF over G and B = {A + g | A ∈ A, g ∈ G}.
Then (G,B) is a (v, K, λ)-PBD, where v = |G|.

Much work had been done for the existence of (v, k, λ)-DFs (see [1]–[13] for the
examples). When |K| ≥ 2, some results were obtained in [7]. It is easy to see that
the necessary condition for the existence of a balanced (v, {3, 4}, 1)-DF is v ≡ 1
(mod 18). We have the following result.

Lemma 1.2 ([7, 14]) Let q = 18t+1 be a prime power. Then there exists a balanced
(q, {3, 4}, 1)-DF.

It is not difficult to prove the following lemma.

Lemma 1.3 The necessary conditions for the existence of a balanced (v, {3, 4}, λ)-
DF are v ≥ 4 and v ≡ 1 (mod 18

gcd(18,λ)
).

Throughout this note q will always denote a prime power and it is understood that
all DFs are over the additive group of a finite field. The main purpose of this paper
is to prove the following theorem.

Theorem 1.4 If q is a prime power, then the necessary and sufficient conditions
for the existence of a balanced (q, {3, 4}, λ)-DF are q ≥ 4 and q ≡ 1 (mod 18

gcd(18,λ)
).

2 Proof of Theorem 1.4

The following lemma is clear.

Lemma 2.1 If there exists a balanced (v, K, λ)-DF, then there exists a balanced
(v, K, nλ)-DF for each positive integer n.

To prove the sufficiency of Theorem 1.4, from Lemmas 1.3 and 2.1, one needs
only to prove that Theorem 1.4 is true for λ = 1, 2, 3, 6, 9, and 18. The case of λ = 1
is solved in Lemma 1.2. Suppose q ≡ 1 (mod e), and θ is a primitive element of
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GF (q). Let He be the multiplicative subgroup of index e, while Ce
j = θjCe

0 , denotes
the coset of Ce

0 (= He) in GF (q)∗ = GF (q) \ {0}, 0 ≤ j ≤ e − 1. For B ⊂ GF (q),
define ΔB = {x − y : x, y ∈ B, x �= y}. For a set B of subsets of GF (q), define
ΔB =

⋃

B∈B
ΔB.

Similar to the proof of Theorem 1 in [13], we have the following result.

Lemma 2.2 Let q be a prime power. If there exists a balanced (q, K, λ)-DF in
GF(q), then there exists a balanced (qn, K, λ)-DF in GF(qn) for any positive integer n.

We first deal with the cases of λ = 3, 6. From Lemma 1.3, the necessary conditions
for the existence of a balanced (q, {3, 4}, 3)-DF, (q, {3, 4}, 6)-DF are q ≡ 1 (mod 6),
q ≡ 1 (mod 3), respectively.

Lemma 2.3 If q ≡ 1 (mod 6) is a prime power, then there exists a balanced
(q, {3, 4}, 3)-DF. For each prime power q = 3t+1, there exists a balanced (q, {3, 4}, 6)-
DF.

Proof For λ = 3, we have q ≡ 1 (mod 6). Let ξ be a cubic primitive root of
unity of GF (q) (so that 〈−ξ〉 is the group of 6th roots of unity of GF (q)). Let S
be a complete system of representatives for the cosets of 〈−ξ〉 in GF (q)∗, and F =
{{s, sξ, sξ2}, {0, s, sξ, sξ2} : s ∈ S}. Since Δ{1, ξ, ξ2} = {ξ−1}〈−ξ〉, Δ{0, 1, ξ, ξ2} =
{ 1, ξ − 1}〈−ξ〉, it follows that F forms a (q, {3, 4}, 3)-DF.

For λ = 6, q = 3t+ 1. If t is even, then the balanced (q, {3, 4}, 6)-DF comes from
the existence of a balanced (q, {3, 4}, 3)-DF and Lemma 2.1.

If t is odd, then q = 2n, and 2|n. From Lemma 2.2, we need only to consider
the case of q = 22 = 4. It is obvious that F = {GF (4), GF (4)∗} forms a balanced
(q, {3, 4}, 6)-DF.

For λ = 2, the necessary condition for a balanced (q, {3, 4}, 2)-DF is q ≡ 1
(mod 9).

Lemma 2.4 Let q = 9t+1 be a prime power. Then there exists a balanced (q, {3, 4},
2)-DF.

Proof If t is even, then q ≡ 1 (mod 18) and the result follows from Lemma 1.2 and
Lemma 2.1.

If t is odd, then q = 2n and 6|n. From Lemma 2.2, we need only to consider the
case of q = 26 = 64. Let f(x) = 1+x+x6 be a primitive polynomial in GF (64), and
let θ be a primitive element of GF (64). Let A = {A1, A2}, where A1 = {0, 1, θ, θ2},
A2 = {0, θ4, θ44}.

Then the conclusion can be obtained as follows. It is easy to check that ΔA has
exactly two entries in each coset of H9 and hence F = {sA1, sA2 : s ∈ H9} is a
balanced (64, {3, 4}, 2)-DF.
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The necessary conditions for the existence of a balanced (q, {3, 4}, 9)-DF are
q ≡ 1 (mod 2) and q ≥ 5. For a balanced (q, {3, 4}, 18)-DF, the necessary condition
is q ≥ 4.

Lemma 2.5 For each prime power q ≡ 1 (mod 2) and q ≥ 5, there exists a balanced
(q, {3, 4}, 9)-DF. For each prime power q ≥ 4, there exists a balanced (q, {3, 4}, 18)-
DF.

Proof Let A = {A1, A2}, where A1, A2 contain three, four distinct elements of
GF (q), respectively.

For each prime power q ≡ 1 (mod 2) and q ≥ 5, let S be a complete system of
representatives for the cosets of {1,−1} in GF (q)∗. Then F = {sAi : s ∈ S, i = 1, 2}
is a balanced (q, {3, 4}, 9)-DF.

For each prime power q ≥ 4, F = {sAi : s ∈ GF (q)∗, i = 1, 2} is a balanced
(q, {3, 4}, 18)-DF. This completes the proof.

We are now in a position to prove Theorem 1.4.

Proof of Theorem 1.4: From Lemma 1.3, we need only to prove the sufficiency
of Theorem 1.4. The result comes from Lemmas 1.2, 2.3-2.5, and 2.1.
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