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Abstract,

Partially balanced incomplete block designs, PBIBDs, are designs
for which the property of balance of BIBD is relaxed. They are
based on an association scheme. We introduce the concept of
generalized relative difference sets, generalizing the concept of
relative difference sets introduced by A.T. Butson[2] in 1963. We
obtain a PBIBD from a generalized relative difference set translating
by cyclic automorphisms.

On the other hand, certain amorphous association schemes over
the extension rings of Z/4Z were classified[6]. In this paper, we
give a necessary and sufficient condition for the existence of
generalized relative difference sets associated with these amorphous
association schemes which give rise to PBIBDs, under some conditions.
In the last section, we give examples of generalized relative

difference sets associated with amorphous association schemes of



class 3 for the case when the degree of an extension of Z/4Z is 3

and 4.

1 Generalized Relative Difference Sets and PBIBDs

A.T. Butson[2] introduced the concept of relative difference sets
in 1963. Relative difference sets are useful for construction of
Hadamard matrices and D-optimal designs. See Spence[12,13,14] and
Koukouvinos, Kounias and Seberry [9].

We recall the definition of relative difference sets.

Definition. Let G be an additive abelian group of order v and D be
a subset of G containing k elements. Let H be a subgroup of G of

order h. If for d # 0, d€G, the number of pairs (r, s) such that d

= 7r - s, r,s€D, has fixed values
{k when d&§H,
0 when deH,

then D is called a relative difference set.
We extend this concept.

Definition. Let G be an additive abelian group of order v and D be

a subset of G containing k elements. Let H Ht be subsets

e
of G such that

G={O}UH1UH2U UHt’ HiﬂHj=Q’, for 1+#j.
If for d # 0, d€G, the number of pairs (r, s) such that d = »r - s,

r, s€D has fixed values

11 when d€H1,
/12 when deHz,
lt when dth,
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then D= R[k,kl,kz ,...,xt;v] is called a generalized relative difference

set.

Partially balance incomplete block designs were introduced by
Bose and Nair[2] in 1939. They are designs for which the property
of balance of a BIBD is relaxed and based on an association scheme.

We give the definition of association schemes first.

Definition. Let X be a v-set and R'L’ 0<i<d, be subsets of XxX which
satisfy
(i) Ry={(x, 2) [z€X),

(ii) XxX = ROU"'URd’ R'Lij =0 (i#]),

(iii) B. = R, for some €{0,1,...,d} where B = {(z,9) | (v, D)ER},
(iv) for 1,j,k€{0,1,...,d}, the number of z€X such that (z, z)€Ri and

(2, y)ER. is constant whenever (z,y)€R,. This constant is
J A k
denoted by pij'

Then ¥ = (X, {Ri}0§i§d) is called an association scheme of class d on

X. Furthermore, if
k k

is satisfied, then X is called a commutative association scheme of class

d on X. An association scheme with the property
is called symmetric or Bose-Mesner tlype.

Definition. Let X be a wv-set and Bl"“’Bb

elements which are called blocks. Assume that there exists an

be subsets of X with &k

association scheme of class { on X. If Bl""’Bb satisfy
(i) each element of X occurs in exactly r blocks,

(ii) if (x,y)eRi, then the pair (&, y) occurs in Ai blocks,



then % = {Bl,...,Bb} is called a partially balanced incomplete block design
and is abbreviated to a PBIBD. We denote this by PB[k,ll,...,lt;'u].

There are relations between the parameters of a PBIBD.

Lemma 1. (i) vr = bk,
d
(i) Yk 2. =rk=-1),
Rt e 1
i=1
where ki is the number of elements y€X such that (=, y)ERi for fized

x€X. We call ki the valency of Rz“

Theorem 2. Assume that there exists a PB[Ic,A1 ,...,kt;v] over an additive

is a

abelian group and v = b, Moreover assume that every block Bl

translate of 81 = {(11 sey Qg }, that 1is

Bl = B1 +c= {a1+c ya,+C, ... ,ak+c}, cEX,

2
Then B1 is a R[k,}tl,...,/lt;v].

Proof. Let X = (X, {Ri}Ogigt) be an association scheme associated
with PB[k,/ll,...,/‘Lt;v]. Assume that a pair (0, d), d * 0€X, is contained
in a relation Rl. Then the pair (0, d) occurs in exactly /11 blocks.
Since every-block is a translate of Bl’ there exist exactly ),1 pairs

(ai,‘ qj) in block B, such that

1
a. +1=0, a.+l=d, IlEX.
i J

Namely, it means that there exist exactly 11 pairs (ai, aj) in B1

such that d = a,-a,. We proceed similarly in the cases when a pair

(0, d) is contained in R,, RS’ oo Rt respectively. Thus we get B

2 1

= R[k, Aqreees At;v].
The converse of Theorem 2 is not always true.
Theorem 3. Let D = R[k”ll"."’;tt;vl and X = (X, {Ri}Og'Lgt) be an

24



association scheme over an addifive abelian group. Assume that a pair
(a, b) belongs to a relation Ri when d = a - b €H7‘,’ 0<i<t. Then D and
translates of D, DZ = D + ¢, cEX, become PB[k,Al,...,/lt;v].

Proof. There are exactly Al pairs (a, b) in D such that d = ¢« - b

1
b + I, where » and s belong to block Bl' That is, a pair (r, s) which

€H,. For these ,11 pairs (a, b), we have pairs (r, s), r = a + I, s =

belongs to a relation R, occurs 11 blocks. Proceeding similarly in

1
cases when d€H,_, ..., dEHt, we can get the result of the theorem.

2’
We call this generalized relative difference set associated with an

association scheme X,

2. Amorphous Association Schemes

Let I = (X, {Ri}ogigd) be a commutative association scheme.

Definition. A partition A ,A Ae of the index set {0,1,...,d} of the

Qrityeee
association relations is said to be admissible if A0= {0}, Ai + O,

1<i<e and A’i= A. for some j 1=i,j<e, where A’iz{a’ | aEAi},Ra,

J

={(z,y) | (y, x)€ER }. Let R =U R . If (X, {R

! becomes
aeAi a )

A,
i

Ai)Oéiée
an association scheme, it is called a fusion scheme of X. X is defined
to be amorphous if every admissible partition gives rise to a fusion

scheme,

Amorphous association schemes are closely related to Hadamard’
matrices. A.V. Ivanov[8] proved that if X is amorphous énd symmetric,
and class d is greater than 2, either Ti = (X, R’i,) is a stongly regular
graph of Latin square type for each 1 (i # 0) or Ti is of negative
Latin square type for each 1 (1 # 0). Moreover it was proved the

converse is also true[6]. Goethals-Seidel[5] showed that the existence



matrices with constant diagonal is equivalent to the existence of
strongly regular graph of Latin square type or of negative Latin
square type. In other words, there exiét symmetric Hadamard matrices
of order 432 with constant diagonal if and only if there exists a
Symmetric amorphous association schemes and (X, Ri) belongs to Ls
(2s) or NLS(ZS). Ito-Munemasa-Yamada[6] generalize the Goethals—Seidel’s
theorem partially by introducing the concept of nonsymmetric
amorphous association schemes.

There - is another relation between Hadamard matrices and
amorphous association scheme. A.A. Ivanov-Chuvaeva[7] showed
certain amorphous association schemes of class 4 can be obtained

from Hadamard matrices.

3. An Extension Ring of Z/4Z.

Let F = GF(2) be a finite field with 2 elements and
p(x) = 2+ alxsnl + ...+ ag be a primitive polynomial of degree s over
F. Let ®(x) = 25 4 alxs—l ot be a polynomial over Z4=Z/4Z
obtained from ¢(z) such that a, = a; (mod 2), 1=<i<s. There is a

25-1
unique polynomial ®(x) whose root ¢ satisfies ¢ = 1,

The ring R =Z4[E] is an algebraic extension of Z4 and has the
radical # = 2R, The residue class field /2 is isomorphic with an
extension K = GF(ZS). We can take the Teichmuller system 9 =

7 »5_s g
{0,1,¢, ... ,¢ } as a set of representatives of R/2.

Therefore an arbitrary element a of % is uniquely represented

as
a=a0+2a1 ao,aleﬂ.
All the regular elements #* of R forms a multiplicative group of

order 23(23—1).
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When we put ag = t{a), then 7 is a homomorphism of 2% into
the cyclic group M generated by &£. The kernel of ¢ is the group
& of principal units, namely of elements of the form 1 + 28, B€7.
More precisely, 7 is given as

t(a)= azs.
For a principal unit ¢ =1 + 28 we can regard B as an element of
K. For 1 + 2l, 1+2m€é8, we have
(1 +20)1 +2m) = (1 + 2(1+m)), [ImEK.
Hence the group & is an elementary abelian group of order 2° and
isomorphic with the additive group of K.
Thus 9&* is a direct product of M and &é. That is, an arbitrary

b S .
element a of &  1is uniquely represented as

a=tMg = ™1 +2a), c€6, ¢-1€P, a€Kk.

4, Multiplicative Characters and Additive Characters of X.

F

For any element a = 010+Zaz1 € R, we define the element ¢ as
F_ 2 2
a’ = a0+2a1.

Hence f is a ring-automorphism of %, and we call this the Frobenius
automorphism. The set of elements of % invariant under the Frobenius

automorphism f is identical with Z4.

Definition. We define the relative trace from R to Z4:

s-2
1 e

a=a+a +t..ta
4

Sa/z

A multiplicative character y of R* is defined by

x(aB)=x(a)x(B),



and each value of y(a) is a 2S(ZS -1)-th root of unity. We extend
x as the character of % by defining y(a) = 0, for any element «
in 2. We call this the multiplicative character of ®. The principal
character ’XO of R is defined by Xo(a) = 1, for any element a in
56*.

We treat multiplicative characters y of ® which satisfy xz = Xg
Since xz(i;’) =1 and (2, 2% -1) =1, we have y(¥)=1, and y induces
a character of &. Hence we can regard a multiplicative character

x of ® as an additive character of X, because & is isomorphic with

the additive group of K.

Lemma 4. All additive characters d)l of a finite filed K are given as

follows:

S la
¢, (a) = (-1) K/F, forlek

where SK/F is the relative trace from K to F.

Thus the multiplicative character y = X, of ® which satisfies
2 . .
X = xq is given by

S la
x(a) = x,(1420) = ¢ (a) = (-1) K/T

Next we consider additive characters of &,

Lemma 6. All the additive characters A ., of R are represented as

Sﬂﬂ/Z4Ba
lB(a)=i for BER

where 1 is the primitive fourth root of unity.
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Proof. See [17].

Next we define three kinds of Jacobi sums associated with

multiplicative characters over 2.

Definition. For multiplicative characters y, and x_, we define three
[ m

kinds of Jacobi sums:

J(XL, Xm) = agﬂxl(a)xm(l - a),

ol 2,0 = agﬁxl(a)xm@ - a,),

Jolxp X)) = a%ﬂxl(a)xm(-a).

The following theorem gives explicit forms of Jacobi sums.

Theorem 6, For the mulliplicalive character Xy and X, such that

#xo, we get

Xl Xm l+m
J(X y X )' 2 (2 _2)9
0 0

S
To(x g 2g) = 2°(2°-1),

Tl 2y) =0,

Jxp xg) =0,

@ @ .
J(Xls Xl)zoy Jz(le Xl)=*Xl("1)2,
J(Xla Xm) = le('l)zs, Jz(xl’ Xm) = Os
Tolx g 1) = 2°2°-1),
Jolxp xg) =0,

(3) oML 20

_ i \oSioS_
ol ) = 0.
Proof. See [17].



The following thoerem on character sum is useful.

Lemma 7.
X
X2, (a2, ) when a€R”,
a
r *xl(ﬁ)xm(a -B)= Xlxm[f]‘jz(xl’ X,,) when ¢€% and a #0,
BER X
Jolxp x,) when a = 0.

Proof. See [17].

6 Amorphous Association Schemes over %

Now we consider association schemes over %. Let T =(Rr,
{Ra}aEﬂC) be the association scheme for which (8, y)€EXX& is in
Ra if 8 -7 = a. Let Ea be a coset by M in 2% containing 1 + 2a,
namely the direct product of M and a principal unit & = 1 + 2a:

B, = (g™ = £7(1 + 2a), m=0, ... ,2°-2, a€K}.
For a subgroup H of the additive group X, form a subgroup M(1 +

a€H a
2(H+a)). We fuse the association relations of I to form

2H) =U E of 36*. Denote the coset of M(1 + 2H) by Ca = M(1 +

R.={(a, a)| aer},

0

Rp=VUser—(0)fa (1)

Ra = UaecaRa'

Let us introduce a nondegenerate symmetric bilinear form on X
over F by

(a,b) =S ab

K/F
For a subgroup H of X, Ht denotes the orthogonal complement of

H , i.e.

Bt ={a€K|5,, (a,b)=0 for all beH)

K/F
Notice that -1 = 1 + 2-1€ 6 and so -M(1 + 2(H+ a)) = M(1 + 2(H +a +1)),

is

. _ . o
i.e. —Ca = C(H»1 . This means Ra—Raﬂ for a€K/H. Therefore IH
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symmetric if and only if 1€H. Furthermore notice that <1>‘L, the
orthogonal complement of the subspace spanned by 1, is the set of

isotropic elements in K, since (I, 1) = SK/FI'Z = SK/FI' = (1, ).

Theorem 8. For a subgroup H of K, let :L”H be the association scheme

over R with association relation given by (1). Then I, 1is symmetric

H
and amorphous if and only if HJ“ is totally isoiropic subspace of K.

Proof. See [6].

7. Characteristic Functions

Let D be a subset of K containing 2Su1 elements, not necessarily
a subgroup. We give a necessary and sufficient condition that the‘
union 2 = UaEDEa = M(1 + 2D) becomes a generalized relative
difference set associated with the amorphous association scheme

over £ in Theorem 8. So we can obtain PBIBDs over amorphous

association schemes translating by cyclic automorphisms.

Lemma 9. The characteristic function fa(a) of Ea is given by

Fola)= z'sl;zzxxl(l +2a)x (a).

From this Lemma, we obtain the characteristic function F(a) of
M +2D), a direct product of M and the set of principal units

determined by a subset D of K, as

Fla)=2"° Y wyx(a),

l€K
where w; = b Xl(1+2a>'
a€D
We define the group Q = {:cg, gER} isomorphic with ® by the
3 3 .
relation 929 =xg+g_ Moreover we define the element %(x) of the
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group ring QZ by
F)= ¥ Fa)x®=2" T T wxla)z”
a€ER a€ERLEK

8. Main Theoren

We have to verify

F() T Y = 25 1S - D+i, £ 2% T a1 % 2%

a
o 6?* a€K/H a€ER
We represent the left-hand side of the relation above by using
Jacobi sums.

F(x)F(x 1) = 275

D Y I VD LT I VD D P S AT

BERIEK v ERAMEK

¥ T T ew, &L xB)x, (1af77.
l€EX mekK BERYER

Putting 8 - v = a, we have
-1 -2
F@FH =2 L T e, T T (B, (B-a)z”
LEK mEK a€9€[3€5€
Denote the multiplicative group of X by K and 2 - {0} by ?*.

From Lemma 7, we obtain

(2) 27 L T 0o x, DI 2 )
leKmeKl 0°nE Sm
Bl (DI 2g) + Z*wfxl(—l)-fo(xl, x )
leEK

= 2@ -l T wlz}

leK
= 28—1(23~1),
) a
2y % CHENEDD Xl"m[?] 2, CDTo0x xm)xa
leK meK
aeﬂ’
-2s a
a€§’
2 2 a a
+ wl 2 XZ[ZJ xl(—l)Ja(xl,xl)x }
Z€K
—2s 2(s 1)

K T 2%-2° T Wl ¥ 2%
aer* lek® aes™

-y



- 25—1(23—1_1) 5 ;a’
06?*
-2
© 2% © ww L xpx(a)x DIy, xm)x(Z
leK m€K *
a€R
-2s, 2 «a
=2 oy L xgla)xy(-1)J(xq x )
aER
: _ a
+ Z* E*wlwm L oxpx(a)x (CDJ(x, x e}
lEK me€eK a€ER
: m#l
- 28“1(28‘"1_1)‘ D 2%
acz*

+2° L L e, T (), (-Dx, (-)z®

1ek* mek™ a€ER
m#l

Therefore, )
g Fe =215y + 257y v 2% 425Nty v 2%4270n,
* X
aEP a€ER
: o
where A = }:* PN *(‘)lwm > *XL(a)xm(a)xm(-l)xlm(—l)x .
lek meK a€ER

m#l

Denote the coefficient of z%

, a=£"(1+2a), by T,
r,= L r o xfa)x, (a)x (-1)x, (-1)
X
leX meK
m#l

Z* = *wlwm(-l)
leX mek
m#l

it

SK/Fm(1+l) SK/F(Z+m)a

(-1 (2)

Lemma 10, [‘a = Pa+1'

Proof. Replacing a of the equation (2) by a+l, we can easily obtain

the result.

The subset 2 = M(1 + 2D) becomes a generalized relative difference

set associated with an amorphous association scheme over % if and



only if Fa = Fa for every a€X and for every h€H.

+h
When we put k = | + m, the equation (2) is equivalent to
LY k(m+a)
_ 4\ K/F
= . = *wk_mwm( 1) .
k€K mekK
m+#k
Extending this sum to contain the cases k = 0, m = 0 and m = &k,
we have
S k(m+a) _ S ka
L T e e (-1 XF S ol G D R N C A )
kEKmeK keEK
SK/ka
Furthermore we put u, = Y o w, (-1) , we obtain
k k-m " m
hY ka meK hY ka
Po= O (-0 M —2® ¢ () KT,
keEK kEK
SK/Fk=O
SK/Fka'
Observe that 3 (-1) uk=0, since ' =T from Lemma
a a+l .
keEK
SK/FIc=1
10. Hence
S ka S ka
K/F F
R AR CRET ' S S e L
k€K 1994
SK/szo SK/FIC=0
s
where Vk = U - 2 W

Theorem 11. Let D be a subset of K containing 28—1 elemenis and H be

a subgroup of K which satisfies the condition of Theorem 8. The subset

s-1,.s 2s

2 = M(1 + 2D) becomes a R[2° ~(2° - 1);Aa,kb w32 1, a, bEK/H, associated

with ,‘XH if and only if

_ S. kb

Y (-1 KFT g for all k such that ke<i>L and k&HL.

beD
b& (D+k)
Then the multiplicity is given by

S. . ka S. , kb
-1, s-1 K
i, =2y - p o) B/E v (- KF
1 beED
keH b&(D+k)
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Proof. The subset 2 = M(1+2D) in 5@* becomes R[Zs—l(zs - 1);la,kb oo}

225] associated with "TH if and only if

r =T, Va€K, VheH.
a+h a
_ 1 _
Let 7 = <1>+ = {n| Sg/Fh((HSk o
a+h a
Poth " Ta = = (D KIx V= L (=D KI¥ Ve
kEn X Skenkh
a
K/F K/F
= T 0 B ey K
kExn
It implies
S ka
T (-0 Xy <o,
k€
keHL

From the orthogonality relations of characters, we have

V]c = 0.
for all k¥ such that k€7 and kQHJ‘. Hence
S ka
r,= & v,
keHt

We transform Uy to a simpler form.
S km
u, = 3 o _w,  {(-1)
k meg ™ k-m
S mb

DI N A S )
mEKbED cED

S kc
D IR N A S &)
beDceD meK
m(b-c+k)

= 2° only if ¢ = b + k, and it is equal

K/F

(k-m)c: S km
(-1) K/F

m(b-c+k)

Sk/F

Sk/F

S

The sum ). (-1) X/F
meK

to 0 otherwise. Hence

) zs(_l)SK/Fk 5 (_I)SK/F

beEDN(D+k)
Substituting this to Vk=uk: -:2sa)k, we have

bk

Yk
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S bk S kb
v, = 2° (1) BT 08 3 oy K/
beDN(D+k) s bk beD
=28 x (p K
beD
b&(D+k)
Thus
S ak S bk
k/F
re=2" » (0% v (¥
1 beD
keH b& (D+k)

This leads to the multiplicity.

. 2s ,s-1,.s s-1,,.s-1 .
Corollary 12, The subset 2 is a (2°°,2° 7(2° - 1),2° (2 - 1)) difference
set if and only if

S bk
vk= Z (-1) K/F =0
bed

b&(D+k)
for all k€.
Proof. Assume that Uk = 0, that is Vk = 0. Then it can be easily
proved that 2 becomes a (223, 23‘1(25-1), 23-1(23"1-—1)) difference
set from Theorem 11, Now we assume 2 is a (223, 23—1(25 - 1), 23<1(28_1 -1))

difference set. Then for all a€kK,

S ka
Pe= = 0y <o
kent
must be satisfied. From the orthogonality relation of characters, Vk
= 0 for all keHL. The assumption implies that V, = 0 for all k

k
such that k€7, and kéEHJ‘. So we get the result.

Hadamard matrices can be constructed from these difference sets

over R.

10. Generalized Relative Difference Sets Associated with Amorphous

Association Schemes of Class 3 over %
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amorphous association scheme X = (&, {0}, 5"*, RO’ Ra) of class 3 for
the cases s = 3 and s = 4. We have only to verify that either Fa
= FO or I‘a = —PO is satisfied for all a€K and for the subset D

which satisfies a necessary and sufficient condition of Theorem 11.

It is equivalent to verify that either

S, bk
L ve= T £ ) M=o
kent kegt  beD
S, xka=1 S, ka=1028D+)
K/F K/F
or
S, bk
K/F
L ¥= ¥ 0 KF oo
keHt kert beD
S, ka=0 S, ka=o0%(D¥k)
K/F K/F

must be satisfied for every a€XK, where H is a subgrdup of K of
index 2 which satifies the condition of Theorem: 8. k

When reduced by the equivalence relation based on translations,
we obtain the following generalized relative difference sets over
R. Denote a primitive element of XK by g. The primitive polynomial\‘

isgivenbyx3=x2+1fors=3andx4=x+1fors='4.

The case s = 3.

A subgroup which gives rise Generalized relative

to an amorphous association

scheme of class 3: difference sets:

0, 1, 92, P {0, 1, g, g {0, 9, &% °)

0,1, g g ©, 1, &% ¢4 (o, R
o1, ¢ o © 10 @000

37




The case s = 4,

A subgroup which gives rise to an association scheme of class 3

Generalized relative difference sets

2 4 5 8 10
0719g’g)g99!g’g
3 4 6 7 12 2 3 4 %7 9 10 14
0,1, 9,9,9,9,9,9 0,9 9,9,9,9,9 ,9
"""""""""""""""" 3 4 6 9 11 e 3 s Ty e T T
0,1, 9,9,9,9,9,9 0,9.9,9,9,8,9, 49
I 3 4 7 1 13 4 65 6 8 11 12 13
0,19, 9,9,9,9,9 10, 9°9,9,9,9,9,9
"""""""""""""""""" 9 12 13 3 7 8 9 10 14
0, L, 9,9,9,9,9 ,9 0,9,9,9,9, 9,9 ,9
2 3 6 7 8 12 2 3 4 6 10 13 14
0,1, 9,9,9,9,9,49 6,9 9,9,9,9 ,9,9
P 1 | 2 3 65 6 13 14
014,9,9,9,9,9, 9 0,9,9,9,9,9,9,9
) 2 3 8 11 13 | 3 4 5 & 8 13 14
0,4, 9,9,9,9,9 ,9 0,9,9,9,9,9,9", 9
23 12 13 3 6 8 10 13 14
0,4, 9,9,9,9,9 %, 9 10,9,9,9,9,9,9,9
T3 5 10 12 2 3 4 10 11 12 14 |
0, , 9°,9,9,9,9 ,9 0,9,9,9,9 ,9,9",9
3 5 6 10 11 2 3 5 11, 12 14
0,1,9,9,9,9,9 y 9 ioyg’gggag’g g9 , 9
"""""""""""" 3 5 7 10 11 13 3.4 5 8 11, 12 14
0,1, 9,9,9,9 ,9,49 0,9,9,9,9,9 g9, 9
"""""""""" 3 5 10 12 13 8 10 11, 12 14
0, L, 9,9,9,9 ,9°%, 9 0, 9,9,9,9, g,

38




s = 4 (continued).

2 3 6 8 13 14
001995999999g 19
7 8 10 11 4 5 6 8 10 14
0,1,9,92,9.g,g,g 0, 9,9,9,9,9,9 ,9
""""""" 2 8 9 10 12 3 4 5 8 10 13
0,4, 6,9,9,9,9 ,9 10,09, 0,9,9,9,9,9
2 3 4 8 7 9 0 3 5 9 11 14
0, 9, 9,9,9,9,9, 9 0,4, 9,9,9,9,9 ,9
S 2 3 4 8 11, 12 5 6 9 11, 13
0, 9.9,9,9,9,9"9 0,14, 9,9,9,9,9 "9
""" 2 4 7 9 13 14 3 5 7 12, 14 |
0,9,9,9,9,9,9.,9 10, 1L9,9,9,9,9"9g
2 4 11 12 13 14 5 6 7 12, 13
0, 99,9,9 5,9 9 , 9 0,1, 9,9,9,9,9 9
2 7 8 9 11 12
0,1, ¢9,9,9,9 g ,9
2 3 5 6 8 2 4 5 9 10 11
0, 1, 9,9,9,9,9,9 0,9,.9,9,9,9,9 ,9
"""""""""""" 2 5 8 13 14 2 4 5 710 12 ]
0,4, 9,9,9,9,9 ,9 09 9,9,9,9,9 ,49
"""" 3 4 7 8 11 14 : 6 7 9 10 14
0,9.9,9,9,9,9,9 1 0,1, 9,.9,9,9,9,9
"""""""" 3 4 8 9 12 14 3 7 9 10 13
0, 9,.9,9,9,9,9 ,9 0,1, 9,9,9,9,9 ,9
’’’’’’’ 4 6 7 8 11 13 z 6 10 11 12 14 |
0,9,9,9,9,9,9 ,9 0,149 9,9 ,9,9,9
4 B8 8 9 12 13 3 10 11 12 13 |
0,9, 9,9,9,9,9 ,.9 0,1, 9,9, 9 , 9,9 ,9
3 5 10 11 12 14
0,4, 9,9,9 ,9,9,9
2 3 6 9 14 3 4 5 7 9 1
0,1, 9,9,9,9,9, 9 0,9,9,9,9,9,9,9
"""" 2 4 8 10 11 14 5 6 7 8 10 |
0,9,9,9,9,9 ,9,9 0,1, 9,9,9,9,9,9
. 3 4 6 8 9 14 4 5 7 9 12 14 |
0,1, 9,9,9,9,9,49 0,9,9,9,9,9,9 ,9
2 6 9 11 12 i 3 4 5 6 11 13
0’199’gaga99999 }Oig)gvg)g’g’g9g
2 7 11 12 13 4 5 & 12 13 14
0,1, 9,9,9,9,9 ,9 0,9,9,9,9,9 ,9 ,9
2 3 4 8 10 12 U 5 8 9 10 13 |
0,9,9,9‘,9,9,9 y 9 :’0;1999g’gagsg y 9
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s = 4 (continued).
5 6 7 9 10 13
0, L, 9,9,9,9,9 ,9
11 2 4 5 & 8 9
0,1, 9,9,9,9,9 ,9 0,9,9,9,9,9,9,49
""""""""""""""""""""""" 11 12 13 3 6 8 12 13
0, 9, 9,9,9 ,9 ,9 ,9 0,1, 9, 9,9,9,9 ,49
13 14 N 3 7 8 9 12
0)9’99‘939;9 » 9 4 9 091,9»959’9»9’9
""""""""""""""""""" 11 12 8 8 11 13 14
0,9,9,9,9,9 ,9,9 0,1, 49,9,9,9 ,9 ,9
“““““““““““““““ 4 6 7, 10 14 7 8 9 11 14
0,99,9,9,9" 9, 0,1, 9,9,9,9,9 ,49
2 5 10 12 14 T2 4 s 78 a3
0,1, 9,9,9,9 ,9,9 0,9,9,9,9,9,9,49
3 4 7 9 14
0,1, 9, 9,9,9,9, 9
2 4 6 10 12 2 3 4 5 7 8 10
0,1, 9,9, 9,9,9 ,9 0,9,9,9,9,9,9,49
""""""""""""""" 2 4 10 11 13 ' 5 910 14 ]
0,1, 9,9,9,9 ,9 ,9 0,9,9,9,9,9,9 ,9
"""""""""" 2 3 6 8 9o 13 2 3 5 11 14
0,9.9,9,9,9,9,9 10,1, 9,9,9,9,9,9
2 3 8 911 12 é 2 5 6 7 9 11
0,9,9,9,9,9,9 sy g :0,1,9,9,9,9,9,9
T2 e v 8 13 14 2 3 5 12 13 14
0,9,9,9,9,9,9 ,9 0,1, 9,9,9,9 ,9,9
2 78 11 12 1a 2 5 7 9 12 13
0,9.9,9,9,9 ,9,9 0,1, 9,9,9,9,9 ,9
4 6 11 12 13
0,4, 9,9,9,9 ,9, 49
2 3 4 5 9 5 8 10 11
0,1, 9,9,9,9,9,9 0,9,9,9,9,9,9 ,9
2 a4 7 14 2 5 8 10 12 13
0,1, 99,9,9,9,9 0,9, 9,9,9,9 ,9 ,49
2 3 4 6 8 12 14 2 3 & 7 10 13
0, 9,9,9,9,9, y g 0,1, 9,9,9,9,9 ,9
4 8 11 13 14 . 2 8 10 13 14
0, 9,9,9,9,9 ,9,9 0,1, 9,9,9,9 ,9 ,9
"""""""""""""""""""" 7 8 9o 12 7 2 3 7 10 11 12
0,9,9,9,9,9,9,9 0,1, 9,9,9,9 ,9 ,49
2 4 7 8 9 11 13 2 9 11 12 14 |
0, 9,9,9,9,9,9 ,49 0,1, 9,9,9 ,9 ,9 ,49
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