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Abstract

Let G be a graph, and let p(G) and c(G) be the order of a longest path
and a longest cycle of G, respectively. In [J. Graph Theory 30 (1999), 91–
99], Saito proved that if G is a 2-connected graph with p(G)− c(G) ≥ 2,
then p(G) ≥ σ3(G) − 1. In this paper, we evaluate the length of a
longest path of G by using σ4(G). Specifically, our main results are the
following. (i) If G is a 3-connected graph with p(G) − c(G) ≥ 3, then
p(G) ≥ σ4(G)−5, and (ii) if G is a 3-connected graph with p(G)−c(G) ≥
2, then p(G) ≥ 3σ4(G)/4 − 1. The statement (ii) is a generalization
of Saito’s theorem for 3-connected graphs. In fact, we characterize all
graphs G with p(G) − c(G) ≥ 2 and p(G) = 3σ4(G)/4 − 1. Following
these results, we propose a conjecture, and obtain an application for the
problem concerning the existence of vertex-disjoint paths.

1 Introduction

In this paper, all graphs are finite undirected graphs without loops or multiple edges.
Let G be a graph. For a positive integer k, if there exists an independent set of order
k, then we let σk(G) denote the minimum degree sum of an independent set of k
vertices of G; otherwise, we let σk(G) := +∞. Let p(G) and c(G) be the order of a
longest path and a longest cycle of G, respectively. We define diff(G) := p(G)−c(G).

In this paper, we study the relations between p(G) and diff(G). It is considered
that diff(G) is small if the degree sum is large. In fact, the following two theorems
are known.

Theorem A (Ore [9]) Let G be a connected graph of order n. If σ2(G) ≥ n, then
G is hamiltonian (diff(G) = 0).
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Theorem B (Enomoto, van den Heuvel, Kaneko and Saito [5]) Let G be a
2-connected graph of order n. If σ3(G) ≥ n + 2, then diff(G) ≤ 1.

Recently, Ozeki, Tsugaki and Yamashita [10] gave a σ4 condition for 3-connected
graphs to be diff(G) ≤ 2.

Theorem C (Ozeki et al. [10]) Let G be a 3-connected graph of order n. If
σ4(G) ≥ n + 6, then diff(G) ≤ 2.

It is known that the connectivity and the degree sum conditions of Theorems B
and C are weakened for graphs without a hamiltonian path.

Theorem D (Enomoto et al. [5]) Let G be a connected graph of order n. If
σ3(G) ≥ n, then diff(G) ≤ 1 or G has a hamiltonian path.

Theorem E (Kawarabayashi, Ozeki and Yamashita [7]) Let G be a 2-conn-
ected graph of order n. If σ4(G) ≥ n + 3, then diff(G) ≤ 2 or G has a hamiltonian
path.

By these results, one can consider that the degree sum condition could be more
weakened for graphs without a long path. In fact, Saito proved the following theorem,
which is a generalization of Theorems B and D.

Theorem F (Saito [11]) Let G be a 2-connected graph of order n. Then

(i) diff(G) ≤ 1 or p(G) ≥ σ3(G)− 1,

(ii) if σ3(G) ≤ n, then diff(G) ≤ n− σ3(G) + 1 or p(G) ≥ σ3(G).

We continue this line of research, and prove the following theorem, which is a
generalization of Theorems C and E.

Theorem 1 Let G be a 3-connected graph of order n. Then

(i) diff(G) ≤ 2 or p(G) ≥
{

σ4(G)− 4 (if σ4(G) = n + 4)

σ4(G)− 5 (otherwise)
,

(ii) if σ4(G) ≤ n + 3, then diff(G) ≤ n− σ4(G) + 5 or p(G) ≥ σ4(G)− 3.

The upper bound of diff(G) of Theorem 1 (ii) is best possible in the following
sense. Let G1 := 3K1+5Km (m ≥ 2) and n := 5m+3. Then σ4(G1) = 4m+8 ≤ n+3,
p(G1) = 4m + 3 < σ4(G1) − 3 and c(G1) = 3m + 3, and hence diff(G1) = m =
n− σ4(G1) + 5.

The 3-connectedness in Theorem 1 is necessary. Let G2 := 2K1 + 4Km (m ≥ 4)
and n := 4m+2. Then G2 is a 2-connected graph with σ4(G2) = n+2, diff(G2) = m
and p(G2) = σ4(G2)−m.

Concerning the σk+1 condition for k-connected graphs to be diff(G) ≤ k−1, Ozeki
et al. [10] proposed the following conjecture. This conjecture is a generalization of
the Bondy’s famous conjecture in [2].
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Conjecture G (Ozeki et al. [10]) Let G be a k-connected graph of order n. If
σk+1(G) ≥ n + k(k − 1), then diff(G) ≤ k − 1.

On the other hand, Fraisse and Jung [6] proved the following theorem.

Theorem H (Fraisse et al. [6]) Let G be a (k + 1)-connected graph and C be a
longest cycle of G. Then one of the following holds:

(i) For any component H of G− C, there exist u, v ∈ V (H) with u �= v such that
|P | ≤ k − 1 for any uv-path P in H; or

(ii) p(G) ≥ σk+1(G)− k(k − 1) + 1.

Note that if G is connected with diff(G) ≤ k− 1, then for any longest cycle C of
G and any component H of G − C, there exist u, v ∈ V (H) with u �= v such that
|P | ≤ k − 1 for any uv-path P in H. Therefore, for k = 2, 3, Theorems F (i) and 1
(i) are stronger results than Theorem H, respectively.

By Theorems F, 1, H and Conjecture G, we propose the following conjecture
which has been verified for the case k = 1 (easily shown), k = 2 (Theorem F (i)) and
k = 3 (Theorem 1 (i)).

Conjecture 2 Let G be a k-connected graph. Then diff(G) ≤ k − 1 or p(G) ≥
σk+1(G)− k(k − 1) + 1.

The lower bound of p(G) of Conjecture 2 is best possible if it is true. Let G3 :=
pK1 + qKk (q ≥ p + 1 ≥ k + 1 ≥ 3). Then σk+1(G3) = (k + 1)(p + k − 1),
p(G3) = (k+1)p+k = (k+1)(p+k−1)−(k+1)(k−1)+k−1+1 = σk+1(G3)−k(k−1)+1
and c(G3) = (k + 1)p, and hence diff(G3) = k.

The upper bound of diff(G) of Conjecture 2 is also best possible if it is true. Let
G4 := pK1 + qKk−1 (q ≥ p + 1 ≥ k + 2). Then σk+1(G4) = (k + 1)(p + k − 2),
p(G4) = kp+k−1 = σk+1(G4)−k2 +2k−p+1 = σk+1(G4)−k(k−1)+1+(k−p) <
σk+1(G4)− k(k − 1) + 1 and c(G4) = kp, and hence diff(G4) = k − 1.

On the other hand, in [8], Liu, Lu and Tian considered other degree sum condition
for graphs to be diff(G) ≤ 1.

Theorem I (Liu et al. [8]) Let G be a 3-connected graph of order n. If σ4(G) ≥
(4n + 5)/3, then diff(G) ≤ 1.

The degree sum condition of Theorem I was also weakened for graphs without a
hamiltonian path by Kawarabayashi et al. in [7].

Theorem J (Kawarabayashi et al. [7]) Let G be a 2-connected graph of order
n. If σ4(G) ≥ (4n− 2)/3, then diff(G) ≤ 1 or G has a hamiltonian path.

Theorem F is a generalization of Theorems B and D. Theorem 1 is a generaliza-
tion of Theorems C and E. In this paper, we prove the following theorem which is a
generalization of Theorems I and J.

Theorem 3 Let G be a 3-connected graph of order n. Then
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(i) diff(G) ≤ 1 or p(G) ≥
{

3
4
σ4(G) (if (4n− 1)/3 ≤ σ4(G) ≤ 4n/3)

3
4
σ4(G)− 1 (otherwise)

(ii) if σ4(G) ≤ (4n−2)/3, then diff(G) < n− 3
4
σ4(G)+3/2 or p(G) > 3

4
σ4(G)−1/2.

In fact, we prove the following theorem, which implies Theorem 3. The 3-
connectedness is not necessary for graphs without a hamiltonian path.

Theorem 4 Let G be a 2-connected graph of order n. Then

(i) diff(G) ≤ 1 or p(G) ≥

⎧⎪⎪⎨
⎪⎪⎩

3
4
σ4(G) (if (4n− 1)/3 ≤ σ4(G) ≤ 4n/3)

3
4
σ4(G)− 1 (if G is 3-connected)

min{3
4
σ4(G)− 1, n} (otherwise)

(ii) if σ4(G) ≤ (4n−2)/3, then diff(G) < n− 3
4
σ4(G)+3/2 or p(G) > 3

4
σ4(G)−1/2.

Moreover, we characterize all graphs G with diff(G) ≥ 2 and p(G) = 3
4
σ4(G)− 1.

Theorem 5 Let G be a 2-connected graph of order n which is not hamiltonian. If
diff(G) ≥ 2 and p(G) = 3

4
σ4(G)− 1, then either

(i) lK2 + mK1 ⊆ G ⊆ lK2 + Km (l ≥ m + 2), or

(ii) sKt + 2K1 ⊆ G ⊆ sKt + K2 (s ≥ 4 and t ≥ 3).

The upper bound of diff(G) of Theorem 4 (i) is best possible in the following
sense. Let G5 := pK1 + qK1 (q ≥ p + 1 ≥ 4). Then σ4(G5) = 4p, p(G5) = 2p + 1 =
σ4(G5)/2 + 1 = 3σ4(G5)/4− σ4(G5)/4 + 1 = 3σ4(G5)/4− p + 1 < 3σ4(G5)/4− 1 and
c(G5) = 2p, and hence diff(G5) = 1.

In Section 4, we will show an application of Theorems 4 and 5.

For standard graph theoretic terminology not explained in this paper, we refer
the reader to [1]. For convenience, we abbreviate |V (G)| by |G|. We denote by
NG(x) the neighborhood of a vertex x in G, and let dG(x) := |NG(x)|. Let H be a
subgraph of G. For x ∈ V (G), let NH(x) := NG(x) ∩ V (H) and dH(x) := |NH(x)|.
For X ⊆ V (G), let NH(X) :=

⋃
x∈X NH(x). If there is no fear of confusion, we often

identify a subgraph of G with its vertex set. We denote by
−→
C a cycle C with a given

orientation, and by
←−
C a cycle C with a reverse orientation. Let C be a cycle with

a given orientation. For u, v ∈ V (C), we denote by u
−→
C v a path from u to v along−→

C . The reverse sequence of u
−→
C v is denoted by v

←−
C u. For u ∈ V (C), we denote

the h-th successor and the h-th predecessor of u on
−→
C by u+h and u−h, respectively.

We abbreviate u+1 and u−1 by u+ and u−, respectively. Note that u+0 = u−0 = u.
For X ⊆ V (C), we define X+h := {x+h : x ∈ X} and X−h := {x−h : x ∈ X},
respectively. We abbreviate X+1 and X−1 by X+ and X−, respectively. Note that
X+0 = X−0 = X.
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2 Properties of a graph G with diff(G) ≥ k

Before we prove Theorems 1, 4 and 5, we will prepare some claims concerning the
properties of a graph G with diff(G) ≥ k.

Let G be a 2-connected graph. Let Q be a longest path of G, and let H := G−Q
and H1 be a component of H. Let C be a cycle and P0 be a path with end x such
that V (C) ∪ V (P0) = V (Q), V (C) ∩ V (P0) = ∅ and NC(x) �= ∅. (Note that there
exist such a cycle C and a path P0, because the endvertex of Q has a neighbor in
V (Q).) Choose such a cycle C and a path P0 so that |C| is as large as possible. A
vertex y ∈ V (P0) is called endable for x if there exists a path P from x to y such
that V (P ) = V (P0). Let L := {y ∈ V (P0) : y is endable for x} and L′ := L ∪ {x}.
Let T := {(y, P ) : y ∈ L and P is a path from x to y such that V (P ) = V (P0)}. For
each (y, P ) ∈ T, we give P an orientation from x to y.

Let k ≥ 2 be an integer. Suppose that diff(G) ≥ k. Then |P0| ≥ diff(G) ≥ k.

By the maximality of |Q| and |C|, the following two claims hold.

Claim 2.1 (i) NH(L) = ∅. Moreover, if NC(L) �= ∅, then NH(L′) = ∅.

(ii) NG−C(u+) = NG−C(u−) = ∅ for u ∈ NC(L′).

(iii) If |H1| ≥ 2, then NC(u+)− ∩NC(H1)
+ ⊆ {u+} for u ∈ NC(L′).

Claim 2.2 Let u1 ∈ NC(L′) and u2 ∈ NC(G− C) with u1 �= u2. Let C1 := u+
1

−→
C u2

and C2 := u+
2

−→
C u1. Then the following hold.

(i) NCi
(u+

i )− ∩NCi
(u+

3−i) = ∅ for i = 1, 2.

(ii) If u1 ∈ NC(x) and u2 ∈ NC(L), then NCi
(u+

3−i)
+ ∩ NC(H) = ∅ for i = 1, 2, in

particular, if |H1| ≥ 2, then NCi
(u+

3−i)
+2 ∩NC(H1) = ∅ for i = 1, 2.

Since diff(G) ≥ k, the following claim holds.

Claim 2.3 Let j be an integer with 1 ≤ j ≤ k, and let u1 ∈ NC(x) and u2 ∈ NC(L)

with u1 �= u2. Let C1 := u+
1

−→
C u2 and C2 := u+

2

−→
C u1. Then the following hold.

(i) NCi
(u+

i )− ∩NCi
(u+

3−i)
+(j−1) = ∅ for i = 1, 2.

(ii) u
+(j−1)
i /∈ NC(u+

3−i)
− for i = 1, 2.

By the maximality of |Q|, we can easily obtain the following claim.

Claim 2.4 Let (y, P ) ∈ T and z ∈ V (H). Then dP (y) + dP (z) ≤ |P |; in particular,
if NC(y) �= ∅, then dP (y) + dP (z) ≤ |P | − 1.
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3 Proofs of Theorems 1, 4 and 5

The proofs of Theorems 1, 4 and 5 have a lot of common parts, so we prove these
theorems at the same time.

For 1 ≤ i ≤ 4, let Gi be a set of graphs whose element Gi satisfies the following
properties;

(i) G1 is 3-connected and diff(G1) ≥ 3.

(ii) G2 is 2-connected and diff(G2) ≥ 2.

(iii) G3 is 3-connected, diff(G3) ≥ n− σ4(G3) + 6 and σ4(G3) ≤ n + 3.

(iv) G4 is 2-connected, diff(G4) ≥ n− 3σ4(G4)/4 + 3/2 and σ4(G4) ≤ (4n− 2)/3.

Note that G3 ⊆ G1 and G4 ⊆ G2. Let G ∈ G1 ∪ G2. Suppose that

p(G) ≤

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

σ4(G)− 6 (if G ∈ G1 − G3)

3σ4(G)/4− 1 (if G ∈ G2 − G4)

σ4(G)− 4 (if G ∈ G3)

3σ4(G)/4− 1/2 (if G ∈ G4).

By Theorems C, E and I, we may assume that σ4(G) ≤ n + 2, moreover, by
Theorem J, σ4(G) ≤ min{n + 2, 4n/3 − 1} if G ∈ G4. Then by the assumption of
the lower bound of diff(G), diff(G) ≥ 3 for G ∈ G1 and diff(G) ≥ max{3, n/4} for
G ∈ G4.

Let Q, C, H, P0, x, L, L′ and T be the same as those in Section 2. Since
σ4(G) ≤ n + 2, V (H) �= ∅. Note that p(G) = |Q|, and |C| ≥ 4 and σ4(G) ≥ 8
since G is 2-connected. Let u0 ∈ NC(x), and let z∗ ∈ V (H) be a vertex such that
dH(z∗) = δ(H). For each z ∈ V (H), let Rz be a longest path starting from z of H,
and let z be an another endvertex of Rz. Then by the maximality of |Q| and |C|,
the following two facts hold.

Fact 3.1 If NC(L)− {u0} �= ∅, then |Q| ≥ 3|P0|+ 2.

Fact 3.2 For z ∈ V (H) such that NQ(z) �= ∅, |P0| ≥ |Rz| ≥ dH(z)+1 ≥ dH(z∗)+1.

Claim 3.3 If G ∈ G4, then NC(L)− {u0} = ∅.
Proof. Suppose that G ∈ G4 and NC(L) − {u0} �= ∅. Then by Fact 3.1, |Q| ≥
3|P0| + 2 ≥ 3diff(G) + 2 ≥ 3n/4 + 2. On the other hand, since σ4(G) ≤ n + 2,
|Q| ≤ 3σ4(G)/4− 1/2 ≤ 3n/4 + 1, a contradiction. �

Claim 3.4 For any (y, P ) ∈ T and z ∈ V (H), there exist no v1 ∈ NC(x)+ ∩NC(z)−

and v2 ∈ NC(y)+ ∩NC(z)− such that v1 �= v2.
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Proof. Suppose not. By Claim 2.1 (ii), v+
1 �= v2. Then v+

1

−→
C v−

2 y
←−
P xv−

1

←−
C v+

2 zv+
1 is a

cycle of order |Q| − 1, which contradicts diff(G) ≥ 2. �

Claim 3.5 If NC(L) − {u0} �= ∅, then δ(H) ≥ 1, moreover if G ∈ G2 − G4, then
δ(H) ≥ 2 or p(G) = 3σ4(G)/4− 1 and lK2 + mK1 ⊆ G ⊆ lK2 + Km (l ≥ m + 2).

Proof. Let (y, P ) ∈ T with NC(y)−{u0} �= ∅, and let u1 ∈ NC(y)−{u0}. We choose
u0 and u1 so that (i) if possible, u+2

0 ∈ NC(z∗) (by changing the labels of x and y if

necessary), (ii) |u1

−→
C u0| is as small as possible, subject to (i). Then by Claim 3.4,

NC(z∗) ∩ NC(y)+2 ⊆ {u+2
0 }. By Claims 2.1 (i), (ii) and 2.3 (i), {u+

0 , u+
1 , x, z∗} and

{u+
0 , u+

1 , y, z∗} are independent sets. Let C0 := u+
0

−→
C u1 and C1 := u+

1

−→
C u0. Then the

following hold.

(a-1) NC(u+
i )− ∩NC(z∗) = ∅ for i = 0, 1 (by Claims 2.1 (ii) and 2.2 (i)).

(a-2) NCi
(z∗) ∩NCi

(u+
1−i)

+ = ∅ for i = 0, 1 (by Claim 2.2 (ii)).

(a-3) NCi
(u+

i )− ∩ (NCi
(u+

1−i) ∪NCi
(u+

1−i)
+) = ∅ for i = 0, 1 (by Claim 2.3 (i)).

(a-4) NC(u+
0 )− ∩NC(y)+ ⊆ {u+

0 }, NC(u+
1 )− ∩NC(x)+ ⊆ {u+

1 } (by Claim 2.3 (ii)).

(a-5) NC(u+
0 )− ∩NC(x)+ ⊆ {u+

0 } if u0 ∈ NC(y) (by Claim 2.3 (ii)).

(a-6) NC(z∗) ∩ (NC(x)+ ∪NC(y)+) = ∅ (by Claim 2.1 (ii)).

(a-7) NC0(z
∗) ∩NC0(y)+2 = ∅ (by the choice of (i)).

(a-8) NC(u+
i )+ ∩ (NC(x)+2 ∪NC(y)+2) = ∅ for i = 0, 1 (by Claim 2.2 (i)).

Moreover, if G ∈ G1, then

(a-9) NC0(u
+
0 )− ∩NC0(y)+2 = ∅ (by Claim 2.3 (ii)).

Case 1 : G ∈ G1.
Suppose that δ(H) = 0. By (a-1)–(a-3) and (a-7)–(a-9), NC0(u

+
0 )−, NC0(z

∗),
NC0(u

+
1 )+ and NC0(y)+2 are pairwise disjoint. Since NC0(u

+
0 )−∪NC0(z

∗)∪NC0(u
+
1 )+∪

NC0(y)+2 ⊆ V (C0) ∪ {u+
1 , u+2

1 }, dC0(u
+
0 ) + dC0(u

+
1 ) + dC0(y) + dC0(z

∗) ≤ |C0|+ 2.
By the choice of (ii), NC1(y) ⊆ {u0}, and hence dC1(y) ≤ 1. By (a-1)–(a-3),

NC1(u
+
1 )−, NC1(z

∗) and NC1(u
+
0 )+ are pairwise disjoint. Since NC1(u

+
1 )− ∪NC1(z

∗)∪
NC1(u

+
0 )+ ⊆ V (C1) ∪ {u+

0 }, dC1(u
+
0 ) + dC1(u

+
1 ) + dC1(y) + dC1(z

∗) ≤ |C1|+ 2.
Since dH(z∗) = 0, it follows from Claims 2.1 (i), (ii) and 2.4 that dG−C(u+

0 ) +
dG−C(u+

1 ) + dG−C(y) + dG−C(z∗) = dP (y) + dP (z∗) ≤ |P | − 1.
By the above three inequalities, σ4(G) ≤ dG(u+

0 ) + dG(u+
1 ) + dG(y) + dG(z∗) ≤

|C|+ 4 + |P | − 1 = |Q|+ 3, a contradiction.
Case 2 : G ∈ G2.

By Claim 3.3, G ∈ G2 − G4. Suppose that δ(H) ≤ 1, and let i := δ(H). If
u0 ∈ NC(y), then let u∗ := x; otherwise, let u∗ := y.

Subclaim 3.5.1 (i) dG(u+
0 ) + dG(z∗) + dG(u∗) ≤ |Q|+ i.

(ii) dG(u+
0 ) + dG(u+

1 ) + dG(z∗) ≤ |Q|+ i.
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(iii) dG(u+
0 ) + dG(u+

1 ) + dG(u∗) ≤ |Q|+ 1. Moreover, if u0 /∈ NC(y), then dG(u+
0 ) +

dG(u+
1 ) + dG(u∗) ≤ |Q|.

(iv) dG(u+
1 ) + dG(u∗) + dG(z∗) ≤ |Q|+ i.

Proof. (i) By (a-1), (a-4)–(a-6), NC(u+
0 )−−{u+

0 }, NC(u∗)+ and NC(z∗) are pairwise
disjoint, and NC(u+

0 )− and NC(z∗) are disjoint. Since NC(u+
0 )−∪NC(u∗)+∪NC(z∗) ⊆

V (C), dC(u+
0 )+dC(z∗)+dC(u∗) ≤ |C|+1. By Claims 2.1 (i), (ii) and 2.4, dG−C(u+

0 )+
dG−C(z∗) + dG−C(u∗) ≤ |P | − 1 + i. Hence dG(u+

0 ) + dG(z∗) + dG(u∗) ≤ |Q|+ i.

(ii) By (a-1)–(a-3), NC0(u
+
0 )−, NC0(u

+
1 )+ and NC0(z

∗) are pairwise disjoint, and
NC1(u

+
0 )+, NC1(u

+
1 )− and NC1(z

∗) are pairwise disjoint. Since NCj
(u+

j )−∪NCj
(u+

1−j)
+

∪ NCj
(z∗) ⊆ V (Cj) ∪ {u+

1−j} for j = 0, 1, dC(u+
0 ) + dC(u+

1 ) + dC(z∗) ≤ |C| + 2. By
Claim 2.1 (i), NP (z∗) ⊆ V (P )−L′. Hence by Claim 2.1 (ii), dG−C(u+

0 )+dG−C(u+
1 )+

dG−C(z∗) ≤ |P | − 2 + i. Hence dG(u+
0 ) + dG(z∗) + dG(u+

1 ) ≤ |Q|+ i.

(iii) Suppose that u0 �∈ NC(y). Then by (a-3), (a-4) and (a-8), NC0(u
+
0 )−, NC0(u

+
1 )

and NC0(u
∗)+ are pairwise disjoint. Since NC0(u

+
0 )−∪NC0(u

+
1 )∪NC0(u

∗)+ ⊆ V (C0)∪
{u+

1 }, dC0(u
+
0 ) + dC0(u

+
1 ) + dC0(u

∗) ≤ |C0|+ 1. By (a-3), NC1(u
+
0 ) ∩ NC1(u

+
1 )− = ∅,

and hence dC1(u
+
0 ) + dC1(u

+
1 ) ≤ |C1|. Since NC1(u

∗) = ∅ by the choice of (ii),
and since u0 �∈ NC(y), dC1(u

+
0 ) + dC1(u

+
1 ) + dC1(u

∗) ≤ |C1|. On the other hand,
suppose that u0 ∈ NC(y). Then by (a-3)–(a-5) and (a-8), NCj

(u+
j )−, NCj

(u∗)+ and
NCj

(u+
1−j) are pairwise disjoint for j = 0, 1. Since NCj

(u+
j )−∪NCj

(u∗)+∪NCj
(u+

1−j) ⊆
V (Cj) ∪ {u+

1−j}, we obtain dCj
(u+

0 ) + dCj
(u+

1 ) + dCj
(u∗) ≤ |Cj| + 1 for j = 0, 1.

Therefore, dC(u+
0 )+dC(u+

1 )+dC(u∗) ≤ |C|+2, in particular, if u0 �∈ NC(y), dC(u+
0 )+

dC(u+
1 )+dC(u∗) ≤ |C|+1. By Claim 2.1 (ii), NG−C(u+

0 ) = NG−C(u+
1 ) = ∅. By Claim

2.1 (i), NG−C(u∗) ⊆ V (P )−{u∗}. Hence dG−C(u+
0 )+dG−C(u+

1 )+dG−C(u∗) ≤ |P |−1.
Thus, by the above three inequalities, we obtain the statement (iii).

(iv) Suppose that u0 ∈ NC(y). Then by (a-1), (a-4) and (a-6), NC(u+
1 )− − {u+

1 },
NC(z∗) and NC(x)+ are pairwise disjoint, and NC(u+

1 )− and NC(z∗) are disjoint.
Since NC(u+

1 )− ∪NC(z∗) ∪NC(x)+ ⊆ V (C), dC(u1) + dC(x) + dC(z∗) ≤ |C|+ 1. By
Claims 2.1 (i) and 2.4, dG−C(x) + dG−C(z∗) ≤ |P | − 1 + i. Hence by Claim 2.1 (ii),
dG−C(u+

1 )+dG−C(x)+dG−C(z∗) ≤ |P |−1+ i. Therefore, we obtain dG(u+
1 )+dG(x)+

dG(z∗) ≤ |Q|+ i.

Next suppose that u0 /∈ NC(y). By (a-2), (a-7) and (a-8), NC0(z
∗)−, NC0(u

+
1 ) and

NC0(y)+ are pairwise disjoint. Since u0 /∈ NC(z∗)− by (a-1), NC0(u
+
1 ) ∪ NC0(y)+ ∪

NC0(z
∗)− ⊆ V (C0)∪{u+

1 }. Therefore dC0(u
+
1 )+dC0(y)+dC0(z

∗) ≤ |C0|+1. By (a-1),
NC1(u

+
1 )− ∩ NC1(z

∗) = ∅. Since u0 �∈ NC(y), it follows from the choice of (ii) that
NC1(y) = ∅. Since NC1(u

+
1 )− ∪NC1(z

∗) ⊆ V (C1), dC1(u
+
1 ) + dC1(y) + dC1(z

∗) ≤ |C1|.
By Claims 2.1 (i), (ii) and 2.4, dG−C(u+

1 ) + dG−C(y) + dG−C(z∗) ≤ |P | − 1 + i.
Therefore, we obtain dG(u+

1 ) + dG(y) + dG(z∗) ≤ |Q|+ i. �

By Subclaim 3.5.1, 3σ4(G) ≤ 3(dG(u+
0 ) + dG(u+

1 ) + dG(y) + dG(z∗)) ≤ 4|Q| + 3i
if u0 �∈ NC(y); otherwise, 3σ4(G) ≤ 4|Q| + 3i + 1. If i = 0 or u0 �∈ NC(y), then we
get a contradiction. Hence i = 1 and u0 ∈ NC(y). Then the equality holds in the
above inequality, and hence the equalities hold in the proof of Subclaim 3.5.1. By
the proofs of Subclaim 3.5.1 (i)–(iv), we obtain dC(u+

0 ) + dC(z∗) + dC(x) = |C|+ 1,
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dC(u+
0 )+dC(u+

1 )+dC(z∗) = |C|+2, dC(u+
0 )+dC(u+

1 )+dC(x) = |C|+2 and dC(u+
1 )+

dC(x)+dC(z∗) = |C|+1. Hence 2(dC(u+
0 )+dC(u+

1 )+dC(x))+3dC(z∗) = 3|C|+4 and
2(dC(u+

0 )+dC(u+
1 )+dC(z∗))+3dC(x) = 3|C|+4. Since dC(u+

0 )+dC(u+
1 )+dC(z∗) =

|C|+ 2 and dC(u+
0 ) + dC(u+

1 ) + dC(x) = |C|+ 2, we obtain dC(z∗) = dC(x) = |C|/3.
In the proofs of Subclaim 3.5.1, we didn’t use the choice of (i) and (ii) in case u0 ∈
NC(y). Note that u1 ∈ NC(x). Then we can do the same argument even if we replace
x by y, and hence, for j = 0, 1 and v ∈ {x, y}, NCj

(u+
j )−, NCj

(v)+ and NCj
(u+

1−j)
are pairwise disjoint and NCj

(u+
j )− ∪NCj

(v)+ ∪NCj
(u+

1−j) = V (Cj)∪ {u+
1−j}. These

imply that NC(x) = NC(y). Let U := NC(x). Since diff(G) ≥ 2 and NC(x) = NC(y),
U ∩ (U+ ∪ U+2) = ∅. Hence |C| = 3|U | and U = {u+3k

0 : 0 ≤ k ≤ |U | − 1}. Since
dC(z∗) = dC(x), it follows from Claim 2.1 (ii) that NC(z∗) = U . By the proofs of
Subclaim 3.5.1 (ii) and (iii), NP (z∗) = V (P ) − {x, y} and NP (x) = V (P ) − {x}.
These imply that |P | = 2, and hence by the maximality of |Q| and δ(H) = 1,
G[V (G − C)] ∼= l′K2 (l′ ≥ 2). Hence we can do the same argument even if we
replace z∗ by z ∈ V (H). These imply that NC(z) = U for any z ∈ V (G − C). For

each u ∈ U , by considering a cycle C ′ := xyu
−→
C u−3x instead of C, we can also see

NC′({u−, u−2}) = U . Hence lK2 + mK1 ⊆ G ⊆ lK2 + Km, where l := l′ + |U | and
m := |U |. �

By Claim 3.5, we may assume that

δ(H) ≥ 2 if G ∈ G2 − G4 and NC(L) − {u0} �= ∅. (3.1)

Note that NC(L)−{u0} �= ∅ if |P | = 2. Therefore, since diff(G) ≥ 3 if G ∈ G1∪G4,
and by Fact 3.2 and (3.1), |P | ≥ 3. Note that |Q| ≥ 7.

Case 1: |NC(L) − {u0}| ≥ 2.
By Claim 3.3, G �∈ G4. Let u1, u2 ∈ NC(L) − {u0} with u1 �= u2 and (yh, Ph) ∈ T

such that uhyh ∈ E(G) for h = 1, 2. We may assume that u0, u1, u2 are arranged in

this order along
−→
C . Choose u0 and u1 so that |u0

−→
C u1| is as small as possible. Take

v ∈ (NC(u+
1 )∪NC(u+

2 )∪NC(z∗))∩V (u+
0

−→
C u1) so that |u0

−→
C v| is as small as possible.

Since u1 ∈ NC(u+
1 )∩ V (u+

0

−→
C u1), there exists such a vertex v. By Claims 2.1 (i), (ii)

and 2.2 (i), NG−C(u+
1 ) = NG−C(u+

2 ) = ∅ and {x, u+
1 , u+

2 , z∗} is an independent set.

Let D0 := u+
0

−→
C v−, D1 := u+

1

−→
C u2 and D2 := u+

2

−→
C u0 ∪ v

−→
C u1.

By the choice of u0, u1 and v, ND0(x) = ND0(u
+
1 ) = ND0(u

+
2 ) = ND0(z

∗) = ∅. By
the maximality of |Q| and |C|, and by Fact 3.2, |D0| ≥ dH(z∗) + 1. Let

|D0| = dH(z∗) + 1 + p. (3.2)

It is easy to see that the following hold.

(b-1) NDi
(u+

i )− ∩NDi
(u+

3−i) = ∅ for i = 1, 2 (by Claim 2.2 (i)).

(b-2) NDi
(u+

i )− ∩NDi
(z∗) = ∅ for i = 1, 2 (by Claim 2.2 (i)).

(b-3) NDi
(u+

i )− ∩NDi
(z∗)+ = ∅ for i = 1, 2 (by Claims 2.1 (iii) and 3.5).

(b-4) NDi
(u+

i )− ∩NDi
(x)+ = ∅ for i = 1, 2 (by Claim 2.3 (ii)).

(b-5) NDi
(u+

3−i) ∩NDi
(z∗)+ = ∅ for i = 1, 2 (by Claim 2.2 (i)).
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(b-6) NDi
(u+

3−i) ∩NDi
(x)+ = ∅ for i = 1, 2 (by Claim 2.2 (i)).

(b-7) NDi
(u+

3−i) ∩NDi
(x)+2 = ∅ for i = 1, 2 (by Claim 2.3 (ii)).

(b-8) NDi
(z∗)+ ∩NDi

(x)+2 = ∅ for i = 1, 2 (by Claim 2.1 (ii)).

Moreover, if G ∈ G1, then

(b-9) NDi
(u+

i )− ∩NDi
(x)+2 = ∅ for i = 1, 2 (by Claim 2.3 (ii)).

By (b-1), (b-3) and (b-5), NDi
(u+

i )−, NDi
(u+

3−i) and NDi
(z∗)+ are pairwise disjoint for

i = 1, 2. By (b-1), (b-4) and (b-6), NDi
(u+

i )−, NDi
(u+

3−i) and NDi
(x)+ are pairwise

disjoint for i = 1, 2. By (b-2), (b-4) and (b-8), NDi
(u+

i )−, NDi
(z∗) and NDi

(x)+

are pairwise disjoint for i = 1, 2. By (b-5), (b-7) and (b-8), NDi
(u+

3−i)
−, NDi

(z∗)
and NDi

(x)+ are pairwise disjoint for i = 1, 2. Moreover, if G ∈ G1, then by (b-1),
(b-3), (b-5), (b-7)–(b-9), NDi

(u+
i )−, NDi

(u+
3−i), NDi

(z∗)+ and NDi
(x)+2 are pairwise

disjoint for i = 1, 2.
First we calculate the degree sum of x, u+

1 , u+
2 and z∗ on D1. Then ND1(u

+
1 )− ∪

ND1(u
+
2 )∪ND1(z

∗)+ ⊆ V (D1)∪{u+
2 }, ND1(u

+
1 )−∪ND1(u

+
2 )∪ND1(x)+ ⊆ V (D1)∪{u+

2 }
and ND1(u

+
1 )− ∪ ND1(z

∗) ∪ ND1(x)+ ⊆ V (D+
1 ) ∪ {u+

2 }. By Claim 2.2 (i), u1 �∈
ND1(u

+
2 )−, and hence, ND1(u

+
2 )− ∪ND1(z

∗)∪ND1(x)+ ⊆ V (D+
1 )∪{u+

2 }. Therefore,⎧⎪⎪⎪⎨
⎪⎪⎪⎩

dD1(u
+
1 ) + dD1(u

+
2 ) + dD1(z

∗) ≤ |D1|+ 1

dD1(u
+
1 ) + dD1(u

+
2 ) + dD1(x) ≤ |D1|+ 1

dD1(u
+
1 ) + dD1(z

∗) + dD1(x) ≤ |D1|+ 1

dD1(u
+
2 ) + dD1(z

∗) + dD1(x) ≤ |D1|+ 1.

(3.3)

By the above four inequalities,

3(dD1(x) + dD1(u
+
1 ) + dD1(u

+
2 ) + dD1(z

∗)) ≤ 4|D1|+ 4. (3.4)

Moreover, since ND1(u
+
1 )− ∪ND1(u

+
2 ) ∪ND1(z

∗)+ ∪ND1(x)+2 ⊆ V (D1) ∪ {u+
2 , u+2

2 },
dD1(x) + dD1(u

+
1 ) + dD1(u

+
2 ) + dD1(z

∗) ≤ |D1|+ 2 if G ∈ G1. (3.5)

Next we calculate the degree sum of x, u+
1 , u+

2 and z∗ on D2. Then ND2(u
+
2 )− ∪

ND2(u
+
1 ) ∪ ND2(z

∗)+ ⊆ V (D2) ∪ {u+
0 , u+

1 , v−}, ND2(u
+
2 )− ∪ ND2(u

+
1 ) ∪ ND2(x)+ ⊆

V (D2) ∪ {u+
0 , u+

1 , v−} and ND2(u
+
2 )− ∪ND2(z

∗) ∪ ND2(x)+ ⊆ V (D2) ∪ {u+
0 , u+

1 , v−}.
By Claim 2.2 (i), u2 �∈ ND2(u

+
1 )−, and hence, ND2(u

+
1 )− ∪ ND2(z

∗) ∪ ND2(x)+ ⊆
V (D2) ∪ {u+

0 , u+
1 , v−}. Therefore,⎧⎪⎪⎪⎨

⎪⎪⎪⎩
dD2(u

+
2 ) + dD2(u

+
1 ) + dD2(z

∗) ≤ |D2|+ 3

dD2(u
+
2 ) + dD2(u

+
1 ) + dD2(x) ≤ |D2|+ 3

dD2(u
+
2 ) + dD2(z

∗) + dD2(x) ≤ |D2|+ 3

dD2(u
+
1 ) + dD2(z

∗) + dD2(x) ≤ |D2|+ 3.

By the above four inequalities,

3(dD2(x) + dD2(u
+
1 ) + dD2(u

+
2 ) + dD2(z

∗)) ≤ 4|D2|+ 12. (3.6)

Moreover, since ND2(u
+
2 )−∪ND2(u

+
1 )∪ND2(z

∗)+∪ND2(x)+2 ⊆ V (D2)∪{u+
0 , u+2

0 , u+
1 ,
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u+2
1 , v−},

dD2(x) + dD2(u
+
1 ) + dD2(u

+
2 ) + dD2(z

∗) ≤ |D2|+ 5 if G ∈ G1. (3.7)

By Claims 2.1 (i), (ii) and 2.4,

dG−C(x) + dG−C(u+
1 ) + dG−C(u+

2 ) + dP (z∗) = dP (x) + dP (z∗) ≤ |P | − 1. (3.8)

Let

dP (x) + dP (z∗) = |P | − 1− p′. (3.9)

Case 1.1 : G ∈ G1.
Then by (3.2), (3.5), (3.7) and (3.8),

p(G) = |Q| = |D0|+ |D1|+ |D2|+ |P |
≥ (dH(z∗) + 1 + p) + (dD1(x) + dD1(u

+
1 ) + dD1(u

+
2 ) + dD1(z

∗)− 2)

+ (dD2(x) + dD2(u
+
1 ) + dD2(u

+
2 ) + dD2(z

∗)− 5)

+ (dG−C(x) + dG−C(u+
1 ) + dG−C(u+

2 ) + dP (z∗) + 1)

= dG(x) + dG(u+
1 ) + dG(u+

2 ) + dG(z∗)− 5 + p

≥ σ4(G)− 5 + p.

This implies that G ∈ G3. Suppose that |D0| ≥ n−σ4(G)+6. Then n−σ4(G)+6 ≤
|D0| = dH(z∗) + 1 + p ≤ |H| + p, that is, |Q| ≤ σ4(G) − 6 + p, a contradiction.
Hence diff(G) ≥ n− σ4(G) + 6 > |D0|. This implies that v �∈ NC(u+

1 )∪NC(u+
2 ), and

hence by the definition of v, v ∈ NC(z∗). Then by (b-2), v �∈ NC(u+
2 )−. Therefore

v, v− /∈ ND2(u
+
2 )− ∪ ND2(u

+
1 ) ∪ ND2(z

∗)+ ∪ ND2(x)+2. Hence we can modify the
equality (3.7) as dD2(x) + dD2(u

+
1 ) + dD2(u

+
2 ) + dD2(z

∗) ≤ |D2| + 3. This leads to a
contradiction.

Case 1.2 : G ∈ G2 − G4.
Then by (3.2), (3.4), (3.6) and (3.9), and by Claim 2.1 (i) and (ii),

p(G) = |Q| = |D0|+ |D1|+ |D2|+ |P |
≥ (3dH(z∗)/4 + 1 + dH(z∗)/4 + p)

+
(
3(dD1(x) + dD1(u

+
1 ) + dD1(u

+
2 ) + dD1(z

∗))/4 − 1
)

+
(
3(dD2(x) + dD2(u

+
1 ) + dD2(u

+
2 ) + dD2(z

∗))/4 − 3
)

+
(
3(dP (x) + dP (z∗))/4 + 1 + p′ + (dP (x) + dP (z∗))/4

)
= 3(dG(x) + dG(u+

1 ) + dG(u+
2 ) + dG(z∗))/4 − 2

+ (dH(z∗) + dP (x) + dP (z∗))/4 + p + p′

≥ 3σ4(G)/4− 2 + (dH(z∗) + dP (x) + dP (z∗))/4 + p + p′.

Since dH(z∗)+dP (x)+dP (z∗) > 0, this implies that p = p′ = 0. Hence, since |P | ≥ 3,
dP (x) + dP (z∗) = |P | − 1 ≥ 2. By (3.1), dH(z∗) ≥ 2. Thus the equalities hold in
the above inequalities, in particular, the equalities hold in (3.3). This implies that
dD1(z

∗) = dD1(x) = (|D1| + 1)/3. Note that (ND1(z
∗)− ∪ ND1(z

∗)−2) ∩ ND1(x) = ∅
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and u+
1 , u+2

1 /∈ ND1(z
∗). Since ND1(z

∗) ∩ND1(z
∗)− = ∅, dD1(x) ≤ |D1| − 2dD1(z

∗) =
(|D1| − 2)/3, a contradiction.

Case 2: |NC(L) − {u0}| ≤ 1.
For convenience, rename u := u0. Since G is 2-connected, NC(G−C)−{u} �= ∅.

Choose w ∈ NC(G − C) − {u} so that w ∈ NC(L) − {u} if NC(L) − {u} �= ∅;
otherwise, |w−→C u| is as small as possible. By Claim 2.1 (ii) and the choice of w,

dG−C(u+) = dG−C(w+) = 0. Let C1 := u+−→C w and C2 := w+−→C u. By Claim 2.2
(i), NC1(u

+)− ∩ NC1(w
+) = ∅ and NC2(u

+) ∩ NC2(w
+)− = ∅, in particular, u+w+ /∈

E(G). Since NC1(u
+)− ∪ NC1(w

+) ⊆ V (C1) and NC2(u
+) ∪ NC2(w

+)− ⊆ V (C2),
dC(u+) + dC(w+) ≤ |C1|+ |C2| = |C|. Hence

dG(u+) + dG(w+) ≤ |C|. (3.10)

By the assumption of σ4(G), the following claim holds.

Claim 3.6 For v1, v2 ∈ V (G) − {u+, w+} with v1 �= v2 such that {u+, w+, v1, v2} is
an independent set, dG(v1)+dG(v2) ≥ |P |+3, moreover if dG(v1)+dG(v2) = |P |+3,
then G ∈ G4.

Proof. Suppose that there exist v1, v2 ∈ V (G)−{u+, w+} such that {u+, w+, v1, v2}
is an independent set and dG(v1) + dG(v2) = |P | + 2 + i for some i ≤ 1. Then by
(3.10), σ4(G) ≤ dG(v1) + dG(v2) + dG(u+) + dG(w+) ≤ |Q| + 2 + i. Hence G ∈ G2.
If G ∈ G2 − G4, then σ4(G) − (2 + i) ≤ |Q| ≤ 3σ4(G)/4 − 1, that is, |Q| ≤ 5, a
contradiction. Hence G ∈ G4. Then σ4(G) − (2 + i) ≤ |Q| ≤ 3σ4(G)/4 − 1/2. If
i ≤ 0, then |Q| ≤ 6, a contradiction, and we obtain the desired conclusion. �

Case 2.1: There exist (y, P ) ∈ T and v ∈ L− {y} such that v+ /∈ L.
Take (y, P ) ∈ T and v ∈ L − {y} so that v+ /∈ L. Then yv /∈ E(G). Hence

{u+, w+, y, v} is an independent set. By Claim 2.1 (i), dG−Q(y) + dG−Q(v) = 0. Let
i := |NC(y)− {u}|+ |NC(v)− {u}|. By the assumption of Case 2, i ≤ 2. Then

dG−P (y) + dG−P (v) ≤ 2 + i. (3.11)

Let P1 := x
−→
P v and P2 := v+−→P y.

If there exists b ∈ NP1(y) ∩NP1(v)+, then P ′ := x
−→
P b−v

←−
P by
←−
P v+ is a path such

that (v+, P ′) ∈ T, a contradiction. Hence NP1(y) ∩ NP1(v)+ = ∅. Since NP1(y) ∪
NP1(v)+ ⊆ V (P1),

dP1(y) + dP1(v) ≤ |P1|. (3.12)

If there exists c ∈ NP2(y)+ ∩ NP2(v), then P ′ := x
−→
P vc
−→
P yc−

←−
P v+ is a path such

that (v+, P ′) ∈ T, a contradiction. Since NP2(y)+ ∪NP2(v) ⊆ V (P2),

dP2(y) + dP2(v) ≤ |P2|. (3.13)

By (3.10)–(3.13), σ4(G) ≤ dG(u+)+dG(w+)+dG(y)+dG(v) ≤ |C|+ |P |+2+ i =
|Q|+ 2 + i. Hence G �∈ G1 − G3.



THE LENGTH OF A LONGEST PATH 103

Suppose that G ∈ G2. Then σ4(G) − 2 − i ≤ |Q| ≤ 3σ4(G)/4 − 1/2, that is,
|Q| ≤ 4 + 3i ≤ 10. Thus i �= 0. Then by Fact 3.1 and since |P | ≥ 3, |Q| ≥ 11, a
contradiction.

Hence G ∈ G3. Then i = 2, and this implies that the equality holds in (3.10),
and w ∈ NC(L). Since G is 3-connected, there exists a path R connecting a vertex
d ∈ V (C) − {u, w} and a vertex in V (P ). We may assume that d ∈ V (C1). The
equality in (3.10) implies that NC1(u

+)− ∪ NC1(w
+) = V (C1). By Claim 2.2 (i),

d+ /∈ NC1(w
+) and d /∈ NC1(u

+)−. Since d+ /∈ NC1(w
+), d+ ∈ NC1(u

+)−. Hence by
Claim 2.3 (i), d /∈ NC1(w

+). Therefore, d /∈ NC1(u
+)− ∪NC1(w

+), a contradiction.

Case 2.2: For any (y, P ) ∈ T and v ∈ L− {y}, v+ ∈ L holds.
By the assumption of Case 2 and Case 2.2, and by Claim 2.1 (i), the following

two claims hold.

Claim 3.7 For any (y, P ) ∈ T and v ∈ L, V (v
−→
P y) ⊆ L and NG−P (v

−→
P y) ⊆ {u, w}.

Claim 3.8 If NC(L) − {u} �= ∅, then NC(x) − {w} = {u}.

Claim 3.9 We may assume that NC(L)− {u} = ∅ if G ∈ G2.

Proof. Let G ∈ G2 and suppose that NC(L) − {u} �= ∅. Then w ∈ NC(L) − {u}.
Let (y, P ) ∈ T with yw ∈ E(G). By Claim 3.3, G ∈ G2 − G4.

Suppose that NP (x)− ∩ NP (y) = ∅. Then dP (x) + dP (y) ≤ |P | − 1. By Claims
2.1 (ii) and 2.2 (i), {x, y, u+, w+} is an independent set. By Claims 2.1 (i) and 3.8,
dG−P (x) + dG−P (y) ≤ 4. Hence dG(x) + dG(y) ≤ |P | + 3, which contradicts Claim
3.6.

Thus NP (x)− ∩ NP (y) �= ∅. Then x+ ∈ L. By Claim 3.7, V (x+−→P y) ⊆ L. By
the symmetry of x and y, we can also see that x is endable for y. Hence by Claim
2.1 (i) and the assumption of Case 2, NG−P (P ) = {u, w} and {x, u+, w+, z∗} is an
independent set. Since NG−C(x) ⊆ V (P ) − {x} and by Claim 3.8 and (3.10),

dG(x) + dG(u+) + dG(w+) ≤ |Q|+ 1. (3.14)

By Claims 2.2 (i), (ii) and 2.3 (i), NC1(u
+)−, NC1(w

+)+ and NC1(z
∗) are pairwise

disjoint, and NC2(w
+)−, NC2(u

+)+ and NC2(z
∗) are also pairwise disjoint. Since

NC1(u
+)− ∪ NC1(w

+)+ ∪ NC1(z
∗) ⊆ V (C1) ∪ {w+} and NC2(u

+)+ ∪ NC2(w
+)− ∪

NC2(z
∗) ⊆ V (C2)∪{u+}, we obtain dG(u+)+ dG(w+)+ dC(z∗) ≤ |C|+2. Therefore,

since NP (z∗) = ∅ and by Fact 3.2,

dG(u+) + dG(w+) + dG(z∗) ≤ |Q|+ 1. (3.15)

Take v ∈ (NC(w+) ∪NC(z∗)) ∩ V (u+−→C w) so that |u−→C v| is as small as possible.

Since w ∈ NC(w+) ∩ V (u+−→C w), there exists such a vertex v. Let E1 := u+−→C v−,

E2 := v
−→
C w and E3 := w+−→C u.

By the choice of v and by Claim 3.8, NE1(x) = NE1(w
+) = NE1(z

∗) = ∅. By Fact
3.2 and by the maximality of |Q|, |E1| ≥ dH(z∗) + 1.
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By Claim 2.2 (i) and (ii), NE2(w
+)+∩NE2(z

∗) = ∅ and NE3(w
+)−∩NE3(z

∗) = ∅.
Since NE2(w

+)+ ∪ NE2(z
∗) ⊆ V (E2) ∪ {w+}, NE3(w

+)− ∪ NE3(z
∗) ⊆ V (E3) and by

Claim 3.8, we obtain dE2∪E3(w
+) + dE2∪E3(x) + dE2∪E3(z

∗) ≤ |E2|+ |E3|+ 3.
By Claim 2.1 (i), (ii), dG−C(w+) + dG−C(x) + dP (z∗) = dP (x) ≤ |P | − 1.
By the above three inequalities,

dG(x) + dG(w+) + dG(z∗) ≤ |Q|+ 1. (3.16)

Also, by the symmetry of u+ and w+,

dG(x) + dG(u+) + dG(z∗) ≤ |Q|+ 1. (3.17)

By (3.14)–(3.17), 3σ4(G) ≤ 3(dG(x)+dG(u+)+dG(w+)+dG(z∗)) ≤ 4|Q|+4. Hence
the equalities hold in the above inequalities. The equalities in (3.14)–(3.17) imply
that dG(x) = (|Q|+1)/3. The equality in (3.14) implies that NG−C(x) = V (P )−{x}
and dG−P (x) = 2, and hence dG(x) = |P | + 1. Therefore, dG(x) = (|Q| + 1)/3 =

|P | + 1, that is, |Q| = 3|P | + 2. Let F1 := u+−→C w− and F2 := w+−→C u−. By the
maximality of |C|, the equality |Q| = 3|P |+ 2 implies that |F1| = |F2| = |P |. Hence

we can do the same argument even if we replace C and P by ux
−→
P yw

←−
C u and F1,

and we obtain NG−F1(F1) = {u, w}. Similarly, NG−F2(F2) = {u, w}.
Since G is connected, there exists a ∈ V (H) such that NQ(a) �= ∅. Let H1 be a

component of H such that a ∈ V (H1). Since NG−P (P ) = NG−F1(F1) = NG−F2(F2) =
{u, w}, by the symmetry of u and w, we may assume that u ∈ NQ(a). By Fact
3.2, the equality in (3.15) implies that |P | = |Ra| = dH(z∗) + 1. By the maximality
of |Ra|, NH(a) = V (Ra) − {a}. Let x1 ∈ V (P ), x2 ∈ V (F1), x3 ∈ V (F2) and
x4 := a. Then {x1, x2, x3, x4} is an independent set and 4|Q| + 4 = 3σ4(G) ≤
3
∑4

i=1 dG(xi) ≤ 12(|P | + 1) = 4|Q| + 4. Thus the equalities hold in the above
inequalities, and these imply that G[V (P )], G[V (F1)] and G[V (F2)] are complete
graphs of order |P | ≥ 3, and u, w ∈ NG(z) for any z ∈ V (P ) ∪ V (F1)∪ V (F2)∪ {a}.
Since u ∈ NC(a), w ∈ NC(a) and |P | = |Ra|, we can do the same argument even
if we replace P by Ra, and hence this implies that H1 is a complete graph of order
|P |, and NG−H1(H1) = {u, w}. Since a is an arbitrary vertex in V (H) such that
NQ(a) �= ∅, sKt + 2K1 ⊆ G ⊆ sKt + K2 (s ≥ 4 and t ≥ 3). This implies the desired
conclusion. �

Claim 3.10 For any (y, P ) ∈ T, u /∈ NC(y).

Proof. Suppose that there exists (y, P ) ∈ T such that u ∈ NC(y). Suppose that

NP (x)− ∩ NP (y) �= ∅. Then x+ ∈ L. By Claim 3.7, V (x+−→P y) ⊆ L. If G ∈ G1 and
NC(L) − {u} �= ∅, then let w′ := w; otherwise, let w′ := u. Then by Claims 3.7 and

3.9, NG−P (x+−→P y) = {u, w′}, and hence NC(x)∪{u, w′} is a cut set of G. If G ∈ G1,
then NC(x) − {u, w} �= ∅ since G is 3-connected, which contradicts Claim 3.8. If
G ∈ G2, then NC(x) − {u} �= ∅ since G is 2-connected, which contradicts Claim 3.9.
Therefore NP (x)− ∩NP (y) = ∅, in particular, xy /∈ E(G). Since NP (x)− ∪NP (y) ⊆
V (P ) − {y}, dP (x) + dP (y) ≤ |P | − 1. By Claims 2.1 (i) and 3.8, and by the
maximality of |Q| and the assumption of Case 2, dG−P (x) + dG−P (y) ≤ 4. Thus
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dG(x) + dG(y) ≤ |P | + 3. Hence by Claim 3.6, G ∈ G4 and dC(y) = dG−P (y) = 2,
which contradicts Claim 3.3. �

We choose (y, P ) ∈ T and b ∈ NP (y) so that |x−→P b| is as small as possible. Note

that V (b+−→P y) ⊆ L. Suppose that b = x or NP (b+−→P y) − V (b
−→
P y) = ∅. Then

NG(b+−→P y) − V (b
−→
P y) ⊆ {w} by the assumption of Case 2 and Claims 2.1 (i) and

3.10. Moreover if G ∈ G2, then NG(b+−→P y) − V (b
−→
P y) = ∅ by Claim 3.9. These

contradicts the assumption of the connectivity of G. Hence there exist c ∈ V (b+−→P y)

and d ∈ V (x
−→
P b−) such that cd ∈ E(G). If c = b+, then P ′ := x

−→
P by
←−
P c is a

path such that V (P ) = V (P ′), d ∈ NP ′(c) and |x−→P b| > |x−→P ′d|, contradicting the

choice of (y, P ) and b. Thus c �= b+. Then c− ∈ V (b+−→P y), and hence c− ∈ L.

Let P1 := x
−→
P b−, P2 := b

−→
P c− and P3 := c

−→
P y. Then by the choice of b, we have

NP1(y) = ∅, and hence dP1(y) + dP1(c
−) ≤ |P1|.

If there exists e ∈ NP2(y)∩NP2(c
−)+, then P ′ := x

−→
P e−c−

←−
P ey
←−
P c is a path such

that V (P ) = V (P ′), d ∈ NP ′(c) and |x−→P b| > |x−→P ′d|, contradicting the choice of
(y, P ) and b. Thus we have NP2(y) ∩ NP2(c

−)+ = ∅, in particular, yc− /∈ E(G).
Hence {u+, w+, y, c−} is an independent set. Since NP2(y) ∪ NP2(c

−)+ ⊆ V (P2),
dP2(y) + dP2(c

−) ≤ |P2|.
If there exists e ∈ NP3(y)+∩NP3(c

−), then we can find a path P ′ := x
−→
P c−e

−→
P ye−←−

P c. This contradicts the choice of (y, P ) and b, again. Thus we have NP3(y)+ ∩
NP3(c

−) = ∅. Since NP3(y)+ ∪NP3(c
−) ⊆ V (P3), dP3(y) + dP3(c

−) ≤ |P3|.
By Claims 3.7 and 3.10, dG−P (y) + dG−P (c−) ≤ 2.
By the above four inequalities, we obtain dG(y) + dG(c−) ≤ |P | + 2, which con-

tradicts Claim 3.6. �

4 Application

In this section, we show an application of Theorems 4 and 5. In [4], Egawa and Ota
gave a degree sum condition for a graph to be partitioned into paths with prescribed
lengths.

Theorem K (Egawa and Ota [4]) Let k ≥ 1, n1, . . . , nk ≥ 2 be integers, and let
G be a 2-connected graph of order at least

∑k
i=1 ni. If σ3(G) ≥ 3

∑k
i=1�ni

2
�, then G

contains vertex-disjoint paths of order n1, n2, . . . , nk, or else lK2 + (k− 1)K1 ⊆ G ⊆
lK2 + Kk−1, (n1 = n2 = · · · = nk = 3, l ≥ k + 1).

As an application of Theorems 4 and 5, we obtain the following corollary.

Corollary 6 Let k ≥ 1, n1, . . . , nk ≥ 2 be integers, and let G be a 2-connected
graph of order at least

∑k
i=1 ni. If σ4(G) ≥ 4

∑k
i=1�ni

2
�, then G contains vertex-

disjoint paths of order n1, n2, . . . , nk, or else lK2 + (k − 1)K1 ⊆ G ⊆ lK2 + Kk−1,
(n1 = n2 = · · · = nk = 3, l ≥ k + 1).

To prove Corollary 6, we will use the following theorem and lemma.
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Theorem L (Chiba and Tsugaki [3]) Let k ≥ 1, n1, . . . , nk ≥ 2 be integers, and
let G be a 2-connected graph of order

∑k
i=1 ni. If σ4(G) ≥ 4

∑k
i=1�ni

2
�, then G

contains vertex-disjoint paths of order n1, n2, . . . , nk.

Lemma 4.1 (Egawa and Ota [4]) Let k ≥ 1, n1, . . . , nk ≥ 2 be integers, and let
G be a graph of order at least

∑k
i=1 ni. If G contains a path P satisfying dP (x) ≥∑k

i=1�ni

2
� for any x ∈ V (G − P ), then G contains vertex-disjoint paths of order

n1, n2, . . . , nk.

Proof of Corollary 6. Suppose that G satisfies the assumption of Corollary 6.
By Theorem L, we may assume that |G| ≥ ∑k

i=1 ni + 1. Suppose that G does not

contain vertex-disjoint paths of order n1, n2, . . . , nk. Then p(G) ≤∑k
i=1 ni − 1. For

convenience, let d :=
∑k

i=1�ni

2
�.

First suppose that diff(G) ≤ 1. Let C be a longest cycle of G. Set X := V (G−C)
and D := {x ∈ V (G) : dG(x) < d}. Then X is an independent set since diff(G) ≤ 1.
Note that |C| ≤∑k

i=1 ni−2, and hence |X| ≥ 3. Moreover, by Lemma 4.1, |X∩D| ≥
2. Let u, w ∈ X ∩ D with u �= w and z ∈ X − {u, w}, and let v ∈ NC(u). Since
diff(G) ≤ 1, it follows from the maximality of |C| that {u, w, z, v+} is an independent
set. We choose C and v so that (i) |V (C)∩D| is as large as possible, and (ii) v+ ∈ D
if possible, subject to (i). Suppose that (NC(u)+ ∩ NC(v+)−) − {v+} �= ∅, and let

x ∈ (NC(u)+ ∩NC(v+)−)− {v+}. If x /∈ D, then C ′ := ux−←−C v+x+−→C vu is a longest
cycle such that |V (C ′)∩D| > |V (C) ∩D|, which contradicts the choice of (i). Thus
x ∈ D. Then by the choice of (ii), v+ ∈ D. Note that {u, w, v+, x} is an independent
set. Then σ4(G) ≤ dG(u) + dG(w) + dG(v+) + dG(x) < 4d, a contradiction. Thus
NC(u)+ ∩ NC(v+)− = {v+}. Since diff(G) ≤ 1, (NC(u)+ ∪ NC(v+)−) ∩ NC(z) = ∅.
Hence

∑k
i=1 ni − 2 ≥ |C| ≥ dG(u) + dG(z) + dG(v+) − 1 ≥ σ4(G) − dG(w) − 1 >

3d− 1 ≥∑k
i=1 ni − 1, a contradiction.

Next suppose that diff(G) ≥ 2. By Theorem 4, p(G) ≥ 3σ4(G)/4 − 1 ≥
3
∑k

i=1�ni

2
� − 1 ≥ ∑k

i=1 ni − 1. Then the equalities hold in the above inequali-
ties, and this implies that ni = 3 for 1 ≤ i ≤ k. By Theorem 5, we may assume that
lK2 + mK1 ⊆ G ⊆ lK2 + Km and l ≥ m + 2 (otherwise, we can easily see that G
contains vertex-disjoint paths of order n1, . . . , nk). Since p(G) = 3m + 2 = 3k − 1,
m = k − 1. �
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