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Abstract

Let H be a subgraph of a graph G, and let V ⊆ X. We say that an
H-design (V, C) of order u and index μ is embedded into a G-design
(X,B) of order v and index λ, μ ≤ λ, if there is an injective mapping
f : C → B such that B is a subgraph of f(B) for every B ∈ C. The
mapping f is called the embedding of (V, C) into (X,B). For every pair
of positive integers v, λ, we determine the minimum value of w such that
there exists a triple system TS(v, λ) which embeds a handcuffed path
design H(v − w, 3, 1).

1 Introduction and definitions

Let G be a finite simple graph. A G-design of order v and index λ is a pair (V, C)
where V is the vertex set of Kv (the complete graph on v vertices) and C is a collection
of isomorphic copies of the graph G, called blocks, which partition the edges of λKv

(the complete multigraph on v vertices).
A triple system TS(v, λ) is a K3-design of order v and index λ. Table 1 shows

the spectrum for the existence of a TS(v, λ) [7].

λ (mod 6) v ≥ 3
0 ∀

1,5 ≡ 1, 3 (mod 6)
2,4 ≡ 0, 1 (mod 3)
3 ≡ 1 (mod 2)

Table 1: TS(v, λ)

A path design P (u, s, λ) is a Ps-design of index λ, where Ps is the simple path
with s−1 edges, [a1, a2, . . . , as] = a1, a2, a2, a3, . . . , as−1, as. A handcuffed path design
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H(u, s, λ) is a P (u, s, λ) balanced, i.e. such that each vertex belongs to exactly the
same number of blocks. Hung and Mendelsohn [5] proved that a H(u, 3, 1) exists if
and only if u ≡ 1 (mod 4), u ≥ 5.

Let H be a subgraph of a graph G, and let V ⊆ X. We say that an H-design
(V, C) of order v −w and index μ is embedded into a G-design (X,B) of order v and
index λ, μ ≤ λ, if there is an injective mapping f : C → B such that B is a subgraph
of f(B) for every B ∈ C. The mapping f is called the embedding of (V, C) into
(X,B). When w attains the minimum possible value we say that f is a maximum
embedding.

When λ = μ = 1, the embedding of an H-design into a G-design has been
studied for many pairs of graphs H and G with H a subgraph of G; see, for example,
[2, 3, 4, 6, 8, 9, 11, 13, 14]. Recently Milici [10] proved the existence of a minimum
embedding of a non-balanced path design P (v, 3, 1) into a TS(v + w, λ) for every
v ≡ 0, 1 (mod 4) and every λ ≥ 2. In this paper we wish to consider the reverse
problem for balanced path design, i.e. the maximum embedding of an H(v −w, 3, 1)
into a TS(v, λ). In particular, we will prove the following

Main Theorem: For all v ≥ 5, λ ≥ 2 for which a TS(v, λ) exists (see Table
1), the minimum value of w for which there exists a TS(v, λ) which embeds a H(v−
w, 3, 1) is w ≡ v − 1 (mod 4) and w ∈ {0, 1, 2, 3}, with two exceptions: if λ = 2 and
v = 12 then w = 7, and there is no TS(7, 2) which embeds H(w, 3, 1).

It is easy to see that the sufficiency for λ = 2, 3, 4, 5, 6 implies the sufficiency
for every λ. For example, the maximum embedding of an H(v − 2, 3, 1) into a
TS(v, 1 + 6k), with v ≡ 3, 7 (mod 12) and k ≥ 1, is obtained by pasting the blocks
of a TS(v, 5) which embeds an H(v − 2, 3, 1) to the blocks of an TS(v, 2) and, for
k ≥ 2, to the blocks of a TS(v, 6(k − 1)).

2 Preliminaries

We recall some useful definitions. For terms not defined in this paper or results not
explicitly cited the reader is referred to [1]. A 3-GDD is a triple (V,G,B), where V is
a finite set, G = {g1, g2, . . . , gn} is a partition of V into subsets, the elements of G are
called groups, and B is a collection of isomorphic copies of K3, called blocks, which
partition the edges of Kg1,g2,...,gn, on the vertex set V . If for i = 1, 2, . . . , t, there are
ki groups of size ni, we say that the 3-GDD is of type nk1

1 nk2
2 . . . nkt

t . Let B be the
block set of a design or a GDD. A parallel class or resolution class is a collection of
blocks which partitions the vertex set of the design or the GDD. A GDD is resolvable
if B can be partitioned into parallel classes.

Lemma 2.1. [1] There exist 3-GDDs of type 6t, 416t, 816t, 10112t, 16112t for t ≥ 3
and a resolvable 3-GDD of type 43 and of type 6t, t ≥ 4.

Lemma 2.2. [10] There exists a decomposition (V, C) of λK2,2,2, λ ≥ 2, into triples
which embeds a balanced decomposition (V,D) of K2,2,2 into paths with two edges.
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Lemma 2.3. There exists a decomposition (V, C) of λK2,2,2, λ ≥ 2, into one 2-
factor and triples which embeds a balanced decomposition (V,D) of K2,2,2 into paths
with two edges.

Proof Let V = {a, b} ∪ {1, 2} ∪ {x, y}. Put:
D = {[1, a, x], [2, b, y], [x, 1, b], [y, 2, a], [2, x, b], [1, y, a]},
M = {{α, β, γ} : [α, β, γ] ∈ D},
F = {{1, y}, {y, b}, {b, 1}, {2, x}, {x, a}, {a, 2}} and
N = {{a, 1, x}, {a, 2, y}, {b, 1, y}, {b, 2, x}}.
Let T be the set of triples containing a copy of M and λ − 2 copies of N . Then it
is easy to see that F is a 2-factor and (V, T ) embeds (V,D). �

Lemma 2.4. Let v ≡ 0 (mod 3) and let G be the graph (Zv, P = P1 ∪ P2), where
P1 = {(i, i + 1) : i ∈ Zv} and P2 = {(i, i + 2) : i ∈ Zv}. Then there exists a
decomposition of G into a set of triples T and one 2-factor F .

Proof Let T = {(i, i + 1, i + 2) : i ∈ Zv, i ≡ 0 (mod 3)}. Let F = {{i − 1, i}, {i −
1, i + 1}, {i− 2, i} : i ∈ Zv, i ≡ 0 (mod 3)}. It easy to check that T and F form the
required decomposition. �

Theorem 2.1. [6] For every TS(v, 2) (V,B), v ≡ 1 (mod 6), there exists a TS(v +
1, 6) which embeds (V,B).

3 λ = 2

Lemma 3.1. If there is a TS(v, 2) which embeds an H(v − w, 3, 1), then

w ≤ 2v + 1 −
√

8v + 1

6
or w ≥ 2v + 1 +

√
8v + 1

6
.

Proof Suppose we embed an H(v−w, 3, 1) into a TS(v, 2). By counting the edges
from the v − w vertices to the remaining w vertices, we must have

1

2
2(v − w)w ≤ v(v − 1)

3
− (v − w)(v − w − 1)

4

which is equivalent to

9w2 − 3(2v + 1)w + v(v − 1) ≥ 0

and so

w ≤ 2v + 1 −
√

8v + 1

6
∨ w ≥ 2v + 1 +

√
8v + 1

6
.

�

Corollary 3.1. There is no TS(7, 2) which embeds an H(v, 3, 1).

Proof From the previous theorem it follows that there is no H(5, 3, 1) embedded
into a TS(7, 2) and the result follows, since an H(v, 3, 1) exists only for v ≡ 1
(mod 4), v ≥ 5. �
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Theorem 3.1. For v = 12 the minimum value of w such that there exists a TS(v, 2)
which embeds an H(v − w, 3, 1) is w = 7.

Proof From the previous theorem, it follows that there is no H(9, 3, 1) embedded
into a TS(12, 2). Case 20 in [12] shows a TS(12, 2) which embeds an H(5, 3, 1). �

Theorem 3.2. [10] For v ≡ 1, 9 (mod 12), there exists a TS(v, 2) which embeds
an H(v, 3, 1).

Theorem 3.3. [10] For v ≡ 6 (mod 12), there exists a TS(v, 2) which embeds an
H(v − 1, 3, 1).

Theorem 3.4. For v ≡ 3 (mod 12), v ≥ 15, there exists a TS(v, 2) (V,B) which
embeds an H(v − 2, 3, 1).

Proof For v = 15, 27 see cases 1,3 in [12]. For v ≥ 39, let v = 3 + 12t, t ≥ 3,
X = {∞,∞1,∞2}, V = X ∪ (Z6t × Z2). On Z6t place a 3-GDD of type 6t, t ≥ 3
(see Lemma 2.1), having groups Gi, i = 1, 2, . . . t. For each block {x, y, z}, place
on {x, y, z} × Z2 a decomposition of 2K2,2,2 into triples which embeds a balanced
decomposition of K2,2,2 into paths with two edges (see Lemma 2.2). Construct a
TS(15, 2) on (G1 × Z2) ∪ X which embeds an H(13, 3, 1) on (G1 × Z2) ∪ {∞} (see
case 1 in [12]). For i = 2, 3, . . . , t, on (Gi × Z2) ∪ X place a K3-decomposition of
2(K15 \ K3) having {∞,∞1,∞2} as the hole which embeds an H(13, 3, 1) on the
vertex set (Gi × Z2) ∪ {∞} (see case 2 in [12]). �

Theorem 3.5. For v ≡ 4 (mod 12), v ≥ 16, there exists a TS(v, 2) (V,B) which
embeds an H(v − 3, 3, 1).

Proof For v = 16, 28, 40 see cases 4,5,6 in [12]. For v ≥ 52, let v = 4 + 12t, t ≥ 4,
X = {∞,∞1,∞2,∞3}, V = X ∪ (Z6t × Z2). On Z6t place a resolvable 3-GDD
of type 6t, t ≥ 4 (see Lemma 2.1), having groups Gi, i = 1, 2, . . . t and resolution
classes Ci, i = 1, 2, . . . , 3(t − 1). For each i = 1, 2, . . . t, construct a TS(13, 2) on
(Gi ×Z2)∪{∞} which embeds an H(13, 3, 1) on the same vertex set (Theorem 3.2).
For each block {x, y, z} ∈ Ci, i = 1, 2, 3, construct on {x, y, z}×Z2 a decomposition of
2K2,2,2 into one 2-factor and a set of triples which embeds a balanced decomposition
of K2,2,2 into paths with two edges (see Lemma 2.3) to obtain a 2-factor Fi and a set of
triples Ti. For each block {x, y, z} ∈ Ci, i = 4, . . . 3(t−1), construct on {x, y, z}×Z2 a
decomposition of 2K2,2,2 into a set of triples which embeds a balanced decomposition
of K2,2,2 into paths with two edges (see Lemma 2.2) to obtain a set of triples Ti. Add

the set of triples
⋃3(t−1)

i=1 Ti, the triples of a TS(4, 2) on {∞,∞1,∞2,∞3} and the
sets of triples {{∞i, x, y} : {x, y} ∈ Fi}, i = 1, 2, 3. It is easy to check that the result
is a TS(v, 2) which embeds an H(v− 3, 3, 1) on vertex set {∞}∪{

⋃t
i=1(Gi ×Z2)}.�

Theorem 3.6. For v ≡ 10 (mod 12), there exists a TS(v, 2) (V,B) which embeds
an H(v − 1, 3, 1).

Proof For v = 10, 22, 34 see cases 8,9,10 in [12]. For v ≥ 46, let v = 10 + 12t,
t ≥ 3, X = {∞,∞1}, V = X ∪ (Z4+6t × Z2). On Z4+6t place a 3-GDD of type
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416t, t ≥ 3 (see Lemma 2.1), having groups Gi, i = 0, 1, 2, . . . t, |G0| = 4. For
each block {x, y, z}, place on {x, y, z} × Z2 a decomposition of 2K2,2,2 into triples
which embeds a balanced decomposition of K2,2,2 into paths with two edges (see
Lemma 2.2). Construct a TS(10, 2) on (G0 × Z2) ∪ X which embeds an H(9, 3, 1)
on (G0 × Z2) ∪ {∞} (see case 8 in [12]). For i = 2, 3, . . . , t, on (Gi × Z2) ∪ X place
a K3-decomposition of 2(K14 \ K2) having {∞,∞1} as the hole which embeds an
H(13, 3, 1) on the vertex set (Gi × Z2) ∪ {∞} (see case 7 in [12]). �

Theorem 3.7. For v ≡ 7 (mod 12), v ≥ 19, there exists a TS(v, 2) (V,B) which
embeds an H(v − 2, 3, 1).

Proof For v = 19, 31, 43 see cases 11,12,13 in [12]. For v ≥ 55, let v = 7 + 12t, t ≥
4, X = {∞,∞1,∞2}, V = X ∪ (Z2+6t × Z2). On Z2+6t place a 3-GDD of type
816t−1, t ≥ 4 (see Lemma 2.1), having groups Gi, i = 1, 2, . . . t, |G1| = 8. For
each block {x, y, z}, place on {x, y, z} × Z2 a decomposition of 2K2,2,2 into triples
which embeds a balanced decomposition of K2,2,2 into paths with two edges (see
Lemma 2.2). Construct a TS(19, 2) on (G1 × Z2) ∪ X which embeds an H(17, 3, 1)
on (G1 × Z2) ∪ {∞} (see case 11 in [12]). For i = 2, 3, . . . , t, on (Gi × Z2) ∪X place
a K3-decomposition of 2(K15 \ K3) having {∞,∞1,∞2} as the hole which embeds
an H(13, 3, 1) on the vertex set (Gi × Z2) ∪ {∞} (see case 2 in [12]). �

Theorem 3.8. For v ≡ 0 (mod 12), v ≥ 24 there exists a TS(v, 2) (V,B) which
embeds an H(v − 3, 3, 1) (U,D).

Proof For v = 24, 36, 48, 60, 72, 84 see cases 14,15,16,22,23,24 in [12]. For v ≥ 96,
let v = 24u or v = 24u + 12, u ≥ 4, X = {∞,∞1,∞2,∞3}, V = X ∪ (Z12u−2 × Z2)
or V = X ∪ (Z12u+4 × Z2), respectively. On Z12u−2 or Z12u+4 place a 3-GDD of type
10112u−1 or 16112u−1, u ≥ 4 (see Lemma 2.1), having groups Gi, i = 0, 1, 2, . . . u −
1, |G0| = 10 or |G0| = 16. For each block {x, y, z}, place on {x, y, z} × Z2 a
decomposition of 2K2,2,2 into triples which embeds a balanced decomposition of K2,2,2

into paths with two edges (see Lemma 2.2). On (G0 × Z2) ∪ X place a TS(24, 2)
which embeds an H(21, 3, 1) or a TS(36, 2) which embeds an H(33, 3, 1). For each
i = 1, 2, . . . , u− 1, place on (Gi × Z2) ∪ X a K3-decomposition of 2(K28 \ K4), with
a hole of size 4, X, which embeds an H(25, 3, 1) on (Gi × Z2) ∪ {∞} (see case 21 in
[12]). The result is a TS(v, 2) (V,B) which embeds an H(v − 3, 3, 1). �

4 λ = 3

Theorem 4.1. There exists a TS(v, 3) which embeds an H(v, 3, 1) for v ≡ 1, 5, 9
(mod 12) and an H(v − 2, 3, 1) for v ≡ 3, 7 (mod 12), v ≥ 7.

Proof For v ≡ 1, 9 (mod 12) paste a TS(v, 1) to an TS(v, 2) which embeds an
H(v, 3, 1) (see Theorem 3.2). For v ≡ 5 (mod 12) the proof is in [10]. For v = 7,
see case 17 in [12]. For v ≡ 3, 7 (mod 12), v ≥ 15, paste an TS(v, 1) to an TS(v, 2)
which embeds an H(v − 2, 3, 1) (see Theorems 3.4, 3.7). �

Theorem 4.2. For v ≡ 11 (mod 12) there exists a TS(v, 3) which embeds an
H(v − 2, 3, 1).
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Proof Let v = 11 + 12t, t ≥ 0. Take a TS(13 + 12t, 1) with a block {∞1,∞2,∞3}.
Delete the block {∞1,∞2,∞3}, replace ∞i, i = 1, 2, 3, with ∞ and paste the blocks
so obtained to the blocks of a TS(10 + 12t, 2) which embeds an H(9, 3, 1) (Theorem
3.6). �

5 λ = 4

Theorem 5.1. There exists a TS(v, 4) which embeds an H(v, 3, 1) for v ≡ 1, 9
(mod 12), an H(v − 1, 3, 1) for v ≡ 6, 10 (mod 12), an H(v − 2, 3, 1) for v ≡ 3, 7
(mod 12), an H(v − 3, 3, 1) for v ≡ 0, 4 (mod 12).

Proof For v = 7 paste a TS(7, 1) to a TS(7, 3) which embeds an H(5, 3, 1). For
v = 12 see case 18 in [12]. For v = 7, 12 the result follows by doubling the solution
for λ = 2. �

6 λ = 5

Theorem 6.1. There exists a TS(v, 5) which embeds an H(v, 3, 1) for v ≡ 1, 9
(mod 12) and an H(v − 2, 3, 1) for v ≡ 3, 7 (mod 12).

Proof For v ≡ 1, 9 (mod 12), the proof follows by pasting an TS(v, 1) to an
TS(v, 4) which embeds an H(v, 3, 1) (Theorem 5.1). For v ≡ 3, 7 (mod 12), we
get the proof by pasting an TS(v, 1) to an TS(v, 4) which embeds an H(v − 2, 3, 1)
(Theorem 5.1). �

7 λ = 6

Theorem 7.1. There exists a TS(v, 6) which embeds an H(v−w, 3, 1) where w = 0
for v ≡ 1, 5, 9 (mod 12), w = 1 for v ≡ 6, 10 (mod 12), w = 2 for v ≡ 3, 7, 11
(mod 12), w = 3 for v ≡ 0, 4 (mod 12).

Proof For v ≡ 1, 3, 5, 7, 9, 11 (mod 12), the result follows by doubling the solution
for λ = 3. For v ≡ 0, 4, 6, 10 (mod 12), v = 12, the result follows by tripling the
solution for λ = 2. For v = 12 paste a TS(v, 2) to a TS(v, 4) which embeds an
H(v − 3, 3, 1). �

Theorem 7.2. There exists a TS(v, 6) which embeds an H(v − 1, 3, 1) for v ≡ 2
(mod 12) and an H(v − 3, 3, 1) for v ≡ 8 (mod 12).

Proof For v = 8, see case 19 in [12]. For v = 8+12t, t > 0, embed an H(5+12t, 3, 1)
into a TS(7+12t, 2) (Theorem 3.7). Applying Theorem 2.1 we obtain the result. For
v = 2 + 12t embed an H(1 + 12t, 3, 1) into a TS(1 + 12t, 2) (Theorem 3.2). Applying
Theorem 2.1 we obtain the result. �
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