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Abstract

A near perfect matching in a graph G is a matching saturating all but one
vertex in G. If G is a connected graph and any n independent edges in G
are contained in a near perfect matching of G where n < ([V(G)| —2)/2,
G is defect n-extendable. Let G be a bipartite graph with [V(G)| > 5 and
let (U, W) be the bipartition of G such that [W| = |U| + 1. It is proved
that G is defect 1-extendable if and only if G has a path decomposition,
that is, G=w+ P+ Po+...+ P._; + P, where w € W and P, satisfies
(1) or (2) as follows:

(1) P; is an even path which begins with a vertex in W NV (w + P, +
P+ ...+ P,_;) and has no other common vertex with w+ P, + P, +
. + P'_l;

(2) P, is an odd path which has no common vertex with w+ P, + P +
...+ P, except the two end vertices.

It is also shown that a defect 1-extendable bipartite graph G is minimal
if and only if G contains no cycle.

1 Introduction and terminology

All graphs considered in this paper are undirected, finite and simple.
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A perfect matching is a matching covering all vertices in a graph. A near
perfect matching is a matching covering all but one vertex in a graph. Let G be
a connected graph and n < (|V(G)| — 2)/2 be a positive integer. If any n inde-
pendent edges in G are contained in a perfect matching, then G is n-extendable.
Particularly, if G contains a perfect matching, then G is 0-extendable. If any n
independent edges in GG are contained in a near perfect matching, then G is defect
n-extendable. If for any edge e in a defect n-extendable graph G, G — e is not de-
fect n-extendable, then G is minimal defect n-extendable. A path that contains
even edges is an even path, otherwise, it is an odd path.

We use G = (X,Y) to denote a bipartite graph G with bipartition (X,Y). Let G;
and G be two graphs; then G| 4+ G2 denotes a graph with vertex set V(G1) UV (G2)
and edge set E(G1)UE(G3). Let G be a graph and S C V(G); then I'¢(S) denotes all
the vertices in G that join to at least one vertex in S. Inserting vertices zg, x1, ..., Ts
to an edge zy means replacing the edge vy with the path zxoz, ... z5y.

For the other terminology and notation not defined in this paper, the reader is
referred to [1].

Plummer [7] introduced the concept of an n-extendable graph in 1980. Since
then, extensive research has been done on this topic. But n-extendable graphs are
all of even order. To naturally extend the property of m-extendiblity to graphs of
odd order, Lou and Wen [5] introduced the concept of defect n-extendable graphs.
They showed that the connectivity of defect n-extendable bipartite graphs can be any
integer. While Plummer [7] proved that the connectivity of a n-extendable graphs
is not less than n -+ 1, which implies that the results on defect n-extendable graphs
may not be trivially deduced from those of n-extendable graphs.

In fact, a few results on defect n-extendable graphs have been established until
now. In [2], Grant, Holton and Little characterized defect 1-extendable graphs which
were called 1-covered graphs in their paper. To combine the concept of n-extendable
graphs and k-critical graphs, Liu and Yu [4] introduced (k,n,d)-graphs such that
(0,n,1)-graphs are the same as defect n-extendable graphs. They gave a Tutte style
characterization and some properties of (k, n, d)-graphs.

In this paper, a characterization of defect 1-extendable bipartite graphs using path
decomposition (defined in Section 3) is presented. Then by this characterization, we
get a characterization and some properties of minimal defect 1-extendable bipartite
graphs.

2 Preliminary results

In this section, two known results which will be used in the proof of our main
theorems are given.

Lemma 1 (Lou and Wen [5]) Let n > 1 and G = (U, W) be a defect n-extendable
bipartite graph with |W| = |U|+ 1. Then for allw € W, each component in G — w
is k-extendable where k = min(k(G) — 1,n — 1).
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Lemma 2 (Hall [3]) Let G = (X,Y) be a bipartite graph. Then G has a matching
of X into Y if and only if |Tg(S)| > |S] for all S C X.

3 Main results

First, we define path decomposition as follows.

Let G = (U, W) be a bipartite graph with |[W|=|U|+ 1. f G=w+ P+ P, +
...+ P, where w € W and path P; satisfies one of the following conditions:

(1) P; is an odd path joining two vertices in G;_; and having no other vertices in
common with G;_; where G,y =w+ P+ P, + ...+ P_;.

(2) P is an even path beginning with a vertex in WNV/(G;-) and having no other
vertex in common with G;,_; where G,_i =w+ P+ P+ ...+ P;_;.

thenw+ P+ P+ ...+ P,_1 + P, is a path decomposition of G.

Theorem 3 Let G = (U, W) be a bipartite graph with |V(G)| > 5 and |W| = |U|+1.
Then G is defect 1-extendable if and only if G has a path decomposition.

Proof: Let G be as defined in the Theorem.

Assume G =w+ P, +Py+...+ P,_1 + P, is a path decomposition of G. We will
show that G is defect 1-extendable.

Let Gi=w+Pi+P+...+4P_1+ P, 1<1i<r. Clearly, G; is a connected
bipartite graph. Since |V(G)| > 5, it suffices to prove that for any 1 < i < r, each
edge in G is contained in a near perfect matching of G;. We prove this by induction
on 1.

(1) Clearly, G, is an even path as P, is an even path. So it is not difficult to see
that each edge in G is contained in a near perfect matching of G.

(2) Suppose each edge in Gy, is contained in a near perfect matching of G.

(3) We shall prove that each edge in Gy is contained in a near perfect matching
of Gj41. Since Gy, contains a near perfect matching, we may assume (U, W) is the
bipartition in Gy such that |[Wj| = |Ug| + 1. We discuss two cases.

Case 1: Py is an odd path. Assume Py = Ugvy . . . Ugst1-

Select any near perfect matching M in Gy. Then M U {vg;_1v9;: 1 < i < s} is a
near perfect matching in G41. Further more, each edge in G, is contained in a near
perfect matching of G by induction hypothesis, so each edge in E(Gj) U {va;—1vy;
1 <4 < s} is contained in a near perfect matching of Gy1.

Clearly, vg € Wy or vysy1 € Wy, Without loss of generality, assume vg € Wi

We now prove that there is a perfect matching in Gy, — vy. Note that |V (Gy)]| is
odd and |V(Gg)| > 3 by k > 1.
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If |V(Gy)| = 3, Gy = Ko as |Wy| = |Ug| + 1 and G}, is connected. So Gy, — v
has a perfect matching.

If |V(Gg)| > 5, by induction hypothesis, Gy, is defect 1-extendable. So Lemma 1
implies that G — vy has a perfect matching.

So there is a perfect matching M’ in G —v, and a vertex u € V(G —wp) such that
uvsr1 € M'. Then F = M'\{uvsss1} is a near perfect matching in Gy, — vy — vas41
and F U {vyva41 : 0 < i < s} is a near perfect matching in Gyy1. Therefore, each
edge in {va;v9;41 : 0 < i < s} is contained in a near perfect matching of G-

Case 2: Py.; is an even path. Assume Pyy; = xo%; ...%y where zy € Wy,

Similar to the proof in Case 1, we obtain that each edge in E(Gy) U {z2i—122 :
1 < i < t} is contained in a near perfect matching of Gy4; and there is a perfect
matching M’ in Gy, — zp. Clearly, M' U {zyx9i41 : 0 < i < ¢ — 1} is a near perfect
matching in Gjyq, which implies that each edge in {wowairy : 0 < i <t — 1} is
contained in a near perfect matching of Gy;.

By the proof in Case 1 and Case 2, every edge in G4 is contained in a near
perfect matching of G4, and this completes the proof of sufficiency.

We now prove the necessity. Assume G is defect 1-extendable. We shall prove
that G has a path decomposition.

Select any vertex w in W. By Lemma 1, G — w has a perfect matching M.

Select an edge e in G such that e is incident with w. Since G is defect 1-extendable,
there is a near perfect matching F, in G containing e. Let P, = vyv; ... vs be the
longest F, — M alternating path beginning with w.

Suppose vs € U. Then vs_1vs € E(G)\M and there is a vertex u such that
uvs € M. So Py 4+ uvs is an F, — M alternating path beginning with w and |E(P;, +
wvs)| > |E(P;)]|, contradicting the choice of P;.

So vy € W. Since vg = w € W, P is an even path. If G = w + Py, we are done.

If G # w+ Py, there is an edge f such that f € E(G), f ¢ E(w+ Py) and at least
one end vertex z in f is on w+ P;. We now prove that there is a path containing f.

Since G is defect 1-extendable, there is a near perfect matching Fy in GG containing
f. We discusses two cases.

Case 1: z € U.

Let P, be the Fy — M alternating path starting at x and ending upon first return
to w+P,. Note that P, exists. Otherwise, assume P = xpx; ...z, where xy = x is the
longest Fy — M alternating path starting at x. Suppose x; € U. Then z, 0, € M
and there is a vertex u € W such that z,u € Fy. Clearly v ¢ V(P). So P+ xsu is
an Fy — M alternating path starting at « and |E(P + z;u)| > |E(P)|, contradicting
the choice of P. Suppose xs € W. Similar to the proof in the case of z, € U, we can
also find a contradiction.

So P, exists. Observe that f € E(P) and P, has no vertex in common with
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w + Py except its end vertices. Further, P is an odd path as it begins and ends with
an edge in Fy. So P, is the require path.

Case 2: v € W.

Suppose there exists an Fy — M alternating path P which begins with f and can
return to a vertex of w + P;. Let P be the path when P first returns to w + P,
then similar to the proof in Case 1, we obtain that P, is the required path.

We next suppose that there is no Fy — M alternating path beginning with f
and returning to a vertex of w + P;. Let Q = yo ... -1y be the longest Fy — M
alternating path starting at « where yo = . Then (V(Q)\{z}) N V(w + P;) = 0.

Suppose y; € U. Then y,—1y; € Fy and there is a vertex u such that y,u € M.
Clearly, u ¢ V(P). So @+ yu is an Fy — M alternating path starting at  such that
|E(Q + yiu)| > |E(Q)], contradicting the choice of Q.

So y € W. Since z € W, @ is an even path. Further, observe that f € E(Q)
and V(Q)NV(w+ P1) = {z}. So Q is the required path.

We may continue to find new paths until all edges of G lie in some path. O

Corollary 4 Let G be a bipartite graph with |V (G)| > 5, M a near perfect matching
of G and w the M-unsaturated vertex. Then G is defect 1-extendable if and only if
G has a path decomposition w+ Py + Py + ...+ P,_1 + P. such that for all1 <i <7,
P; is an M -alternating path.

Proof: The proof is similar to that of Theorem 3. O

Theorem 3 actually gives a simple method for constructing all defect 1-extendable
bipartite graphs. We now present some properties of path decomposition.

Theorem 5 Let G = (U, W) be a defect 1-extendable bipartite graph with |W| =
|U| + 1. Then the following statements hold:

(1) A path decomposition of G can be started with any vertex in W.

(2) Let w+ Py + Py + ...+ P, be a path decomposition of G and G; = w + P, +
P+ ...+ P, 1<i<r. If|V(G)| > 5, then G; is defect 1-extendable.

(3) There are |E(G)| — |V(G)| + 1 odd paths in any path decomposition of G.

(4) If H is a subgraph of G such that G — V(H) contains a perfect matching, there
is a decomposition G = H+ Py + Py+...4+ P, where P;, 1 < i <, is as defined
in path decomposition.

(5) Any graph obtained from G by inserting an even number of new vertices in an
edge of G is also a defect 1-extendable bipartite graph.

(6) There exists a path decomposition G = w + P, + P» + ... + P, such that
[V(P1)| = 5.
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Proof:
(1) This follows immediately from the proof of Theorem 3.

(2) Assume Gz = (Uqu) where Uz = V(GZ) NU and Wz = V(GZ) nw. By the
definition of path decomposition, |W;| = |U;|+1and w+ PL+ Po+ ...+ P, is a
path decomposition of G;. So Theorem 3 implies that if |V(G;)| > 5, G; is defect
l-extendable.

(3) Assume there are r; odd paths Py, Py, ..., P, and 7, even paths Qy, Qs, ...,
@y, in a path decomposition of G. Assume |V(P;)| = v; and [V(Q;)| = uj. Then
[V(G)| = 1+334, (vi—2)+ 272, (u; — 1) and |E(G)| = XiL (vi—1)+ 272, (u;—1). So
E(G)] = V(G| = (Sia(vr— 1)+ 572, (15— 1) — (L4 T2y (v — 2)+ S8 (1 — 1)) =
ry — 1 and hence ry = |E(G)| — |[V(G)| + 1.

(4) The proof of (4) is similar to that of the necessity in Theorem 3.

(5) Suppose G’ is a graph obtained by inserting vertices xg, 1, ..., a1 into edge
zy € E(G) in that order. Clearly G’ is a bipartite graph. Since G is defect 1-
extendable, by Theorem 3, G has a path decomposition w + P, + P, + ... + P,.
Assume zy is contained in path P; where 1 < i < r and P/ is the path obtained from
P; by replacing edge xy in P; with path zzoz;...x_1y. Clearly, w + P + ...+
P+ P!+ Pyi1+ ...+ P, is a path decomposition of G'. So by Theorem 3, G' is a
defect 1-extendable bipartite graph.

(6) Since G is a defect 1-extendable bipartite graph, Theorem 3 implies that G has a
path decomposition w+ P, + Py + ...+ P,.. Suppose |V(P;)| >5. Then we are done.

Suppose |V(Py)| < 5. Note that P, is an even path by definition of path de-
composition. So |[V(P;)| is odd and hence [V(P;)| = 3. Assume P, = wvyve. By
definition of path decomposition, w € W, vy € W and v, € U.

Assume P, is an even path. Then either w or vy is an end vertex of P,. Let
Pl = P, + P,. Then P| is an even path and both end vertices of P| are in W.
Assume w' is an end vertex in P|. Then w'+ P/ + P; + Py + ... + P, is a path
decomposition of G. Further, |V(P])| = |E(P)|+ |E(P)|+1>2+2+1=05. So
w' 4+ P{+ P;+ Py + ...+ P, is the required path decomposition of G.

Assume P, is an odd path. Then either w and v; or v; and vy are the two end
vertices of Py. Without loss of generality, assume v; and vy are the end vertices of P,.
Let P/ = wv; + P, and Pj = vyv,. Then P/ is an even path and both end vertices of
Pl arein W. So w+P/'+ Py + P+ P,+. ..+ P, is a path decomposition of G. Since v;
and vy are the two end vertices of P, P» contains at least three edges. So Py’ contains
at least four edges and hence |V(P)"| > 5. Thus w+ P+ Py + Ps+ Py + ...+ P,
is the required path decomposition of G. O

Since Theorem 3 implies that a bipartite graph obtained by adding an edge to a
defect 1-extendable bipartite graph remains defect 1-extendable, it’s natural to study
minimal defect 1-extendable bipartite graphs. A defect 1-extendable bipartite graph
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G is minimal if G—e is not defect 1-extendable for every edge e of G.

Theorem 6 Let G be a defect 1-extendable bipartite graph. G is minimal if and only
if G contains no cycle.

Proof: Since G is defect 1l-extendable, Theorem 3 implies that there is a path
decomposition w+P+ P+ ... +P, of G.

Suppose G contains no cycle. Then G is a tree and hence for any edge e€E(G),
G—e is disconnected, that is, G—e is not defect 1-extendable. So G is minimal.

Conversely, assume G is minimal. Suppose to the contrary G contains a cycle.
Then it is easy to see that there exists a path P, 1 < k < r, such that Py is an
odd path. Assume P, = vgv; ... v, and G = (U, W) such that |W| = |U| + 1. Then
vg € U or vs € U. Without loss of generality, assume v; € U. Let edge e = vs_jv;
and P = P, —e. Then P} is an even path beginning with vy € W. Further, since
Py, contains at least three edges as G is minimal, P} contains at least two edges. So
w+ P +...4+ Py + P, + Pyt1 ...+ P, is a path decomposition of G — e and hence
G — e is defect 1-extendable, contradicting the assumption that G is minimal. So G
contains no cycle. O

By Theorems 3 and 6, a minimal defect 1-extendable bipartite graph can be
constructed by repeatedly adding even paths.

Since determining whether a graph G is a defect 1l-extendable bipartite graph
needs O(|E(G)|) time when the maximum matching of G is known [6]. Further, iden-
tifying whether G contains a cycle also needs O(|E(G)|) time. So it takes O(|E(G)])
time to determine whether G is a minimal defect 1-extendable bipartite graph when
the maximum matching of G is known.

Corollary 7 Let G be a minimal defect 1-extendable bipartite graph, w+ P, + Py +
...+ P, be a path decomposition of G and G;=w+ P+ P+ ...+ P, 1 <i<r.
Then for any 1 < i <, if [V(G;)| > 5, G; is minimal defect 1-extendable.

Proof: If |V(G;)| > 5, Theorm5(2) implies that G; is defect 1-extendable. Since G
is a minimal defect 1-extendable bipartite graph, Theorem 6 implies that G contains
no cycle and hence G; contains no cycle. Thus by Theorem 6 again, G; is minimal
defect 1-extendable. O

Corollary 8 If G is a minimal defect 1-extendable bipartite graph, then 6(G) = 1.

Proof: This follows immediately from Theorem 6. O
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