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Abstract

The largest minimum weights among all double circulant Hermitian self-
dual codes are known for lengths n < 40. A classification of double
circulant Hermitian self-dual codes with the largest minimum weights is
known for lengths up to 26. We extend the classification of such double
circulant Hermitian self-dual codes to lengths up to 40.

1 Introduction

For a Hermitian self-dual [n,n/2,d] code over Fy, the following upper bound on the
minimum weight is known [7]:
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A Hermitian self-dual [n,n/2,d] code with minimum weight d = 2|n/6] + 2 is called
extremal. For instance, extremal Hermitian self-dual codes are known to exist for
even lengths n < 10, 14 < n < 22, and n = 28,30, while there is no extremal code
for lengths n = 12,24,26 (cf. [2], [6], [7], [9], [10]). The weight enumerator of an
extremal Hermitian self-dual code of length n is uniquely determined (see Theorem
13 in [7]). For lengths 28 and 30, see Wys in [3] and Table I in [7], respectively.
A Hermitian self-dual code with the largest minimum weight among all Hermitian
self-dual codes of length n is called optimal. Of course, an extremal Hermitian self-
dual code is optimal. All Hermitian self-dual codes have been classified for lengths
n < 16 [2], [7] and all extremal Hermitian self-dual codes are known for lengths 18
and 20 [4].
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Binary double circulant self-dual codes provide many self-dual codes with large
minimum weights (cf. [10]). The first author [3] determined the largest minimum
weight dpc(n) among all double circulant Hermitian self-dual codes over Fy for
lengths n S 40. For example, dD(;(22) = dD(;(24) = dpc(26) =8 and dD0(36) =12
(see Table VI in [3] (see also Table 7) for dpc(n) (n < 40)). In particular, a dou-
ble circulant Hermitian self-dual [36, 18,12] code improved the lower bound on the
largest minimum weight among all known [36, 18] codes. Recently the third author
[8] gave a classification of double circulant Hermitian self-dual codes with minimum
weight 8 for lengths n = 22,24, 26.

In this note, we extend the classification of double circulant Hermitian self-dual
codes with minimum weight dpc(n) to lengths up to n = 40. We also give a remark
on notions of equivalence for double circulant Hermitian self-dual codes.

2 Preliminaries

In this section, we give some basic definitions and properties. Let Fy, = {0, 1,w,®}
be the Galois field with four elements, where @ = w? = w+ 1. An [n, k] code C over
F, is a k-dimensional subspace of Fy. The value n is called the length of C'. The
weight wt(z) of a vector & € F} is the number of non-zero components of x. The
minimum non-zero weight of all codewords in C is called the minimum weight of C'
and an [n, k] code with minimum weight d is called an [n,k,d] code. The weight
enumerator W of C' is given by W = Y"1 | A;y* where A; is the number of codewords
of weight ¢ in C.

For two vectors = (1,...,2n),y = (Y1,--.,Yn) € F}, the following inner

product
n
r-Yy= Z z; Y
i=1

is known as the Hermitian inner product. The Hermitian dual code C+ of C is
defined as

Ct={ze€F}|lz-c=0foral ceC}.
A code C is called Hermitian self-dual if C = C*. Tt is known that an [n, k] code C
is Hermitian self-dual if and only if C' is even and n = 2k [7].

Two codes C and C' are equivalent if there is some monomial matrix M over F,
such that C' = CM = {cM|c € C} [7]. A monomial matrix which maps C to itself
is called an automorphism of C and the set of all automorphisms of C' forms the
automorphism group Aut(C) of C.

Let D, and D, be codes with generator matrices of the form

( Im R ), (1)

and

L C R
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which are m x 2m and (m + 1) x 2(m + 1) matrices, respectively, where I, is the
identity matrix of order m, R and R' are m X m circulant matrices and a,b,c¢ € Fy.
The codes D, and Dy are called pure double circulant and bordered double circulant,
respectively. The two families are called double circulant codes.

3 Results

In this section, we give a classification of double circulant Hermitian self-dual codes
with minimum weight dpc(n) for lengths n = 28,30, .. .,40.

3.1 Length 28

Using approaches similar to those given in [3] and [8], we have found all distinct
extremal pure double circulant Hermitian self-dual [28,14,10] codes which must be
checked further for equivalence to complete the classification. This was done by con-
sidering all 14 x 14 circulant matrices R in the generator matrices (1), and produced
18 distinct codes. By MAGMA [1], we have verified that the codes are equivalent to
the pure double circulant code Pyg with the first row of R equal to

(w,w,1,1,®,0,w,®,w,1,0,1,0,0).

The automorphism group of this code is of order 42. In this work, the calculation
of automorphism groups and determination of equivalence of codes were done using
MAGMA.

Similarly, by considering all possible 13 x 13 circulant matrices R and borders
(a,b,c) in the generator matrices (2), we have verified that there is no extremal
bordered double circulant Hermitian self-dual [28, 14, 10] code. In this case, Lemma
8 in [8] can be used to reduce the number of possibilities substantially. Hence we
have the following:

Proposition 1. There is a unique extremal pure double circulant Hermitian self-dual
[28,14,10] code, up to equivalence. There is no extremal bordered double circulant
Hermitian self-dual [28,14,10] code.

3.2 Length 30

By considering possible 15 x 15 circulant matrices in generator matrices (1) which
must be checked further for equivalence to complete the classification, we have veri-
fied that all extremal pure double circulant Hermitian self-dual [30, 15, 12] codes are
equivalent to the pure double circulant code P3o with the first row of R equal to

(1,1,1,w,0,w,w,w,0,w,1,1,1,0,0).

The automorphism group of the code is of order 36540. Similarly, we have verified
that all extremal bordered double circulant Hermitian self-dual [30, 15, 12] codes are
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equivalent to the bordered double circulant code Bsy with the first row of R’ equal
to
(w7w’ 1’(2)’ 1’ 0’0‘)7 07w’w7 17 17 07 0)7

and borders (a,b,¢) = (1,1,1). In addition, we have verified that Py and Bsg are
equivalent. Hence we have the following:

Proposition 2. There is a unique extremal pure double circulant Hermitian self-
dual [30,15,12] code, up to equivalence. There is a unique extremal bordered double
circulant Hermitian self-dual [30,15,12] code, up to equivalence. The two codes are
equivalent.

3.3 Length 32

By Theorem 13 in [7], the possible weight enumerators of Hermitian self-dual
[n,n/2,2|n/6]] codes are determined up to an integral parameter o. For exam-
ple, the possible weight enumerators of Hermitian self-dual [32, 16, 10] codes are as
follows:

Wiza = 1+ (1968 + a)y'® + (53928 — 7a)y*? + (1056240 + 15a)y™*
+ (12050514 + 15a)y® + (84996960 — 150a)y*® + - - - |

(see Way(z,y) in [5] for the full weight enumerator). Of course, a code with weight
enumerator Wss _1g6s is extremal.

We have found all distinct pure double circulant Hermitian self-dual [32, 16, 10]
codes which must be checked further for equivalence. We complete the classification
of the codes Psy; by listing the first rows r of R in (1) of the codes in Table 1
where the third column gives the integers o in the weight enumerators W3, , and the
last column gives the orders of the automorphism groups Aut(Psz;). In addition, we
have verified that there is no bordered double circulant Hermitian self-dual [32, 16, 10]
code. Hence we have the following:

Proposition 3. There are 19 inequivalent pure double circulant Hermitian self-
dual [32,16,10] codes. There is no bordered double circulant Hermitian self-dual
[32,16, 10] code.

3.4 Length 34

The possible weight enumerators of Hermitian self-dual [34,17,10] codes are as fol-
lows:

Wase = 1+ (2244 + a)y'® + (28152 — 4a)y'* + (767448 — 6a)y**
+ (11131362 + 60c)y*® 4 (99245388 — 105a)y™® + - - -,

(see Way(z,y) in [5] for the full weight enumerator). Of course, a code with weight
enumerator Wiy 9044 is extremal.
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Table 1: Pure double circulant Hermitian self-dual [32, 16, 10] codes

Codes Rows r o | Aut |
Ppi | (@5, 1,0,1,1,0,0,1,1,0,1,1,1,0,0) | —768 | 48
Py | (w,1,0,0,w,w,w,w,l,1,@,1,w,1,1,0) | =768 | 48
Pyos | (1,1L,w,31,1,5,1,8,8,w,w,1,1,1,0) | 624 | 48
Py, | (1,w,1,0,w,w,,0,&,0,w,1,1,0,1,0) | =576 | 96
Pys | (w,1,0,1,60,w,w,1,0,w,0,1,0,1,0,0) | =336 | 96
Pys | (1,1L,w,w,0,1,w,1,0,w,w,1,1,0,0,0) | =192 | 96
Por | (Lw,1,1,1,w,0,w,0,w,w1,1,0,0,0) | —192 | 48
Pos | (L1,1,0,0,® 1,0,0,0,1,0,1,1,0,0) | 102 | 48
Pio | (@,1,0,8,®,1,w,w,w,w,1,1,1,1,0,0) | —192 | 48
P | (0,1,,@,1,0,w,w,1,8 1,w,1,1,0,0) | =192 | 48
Poy | (0,5,5,1,w,0,w,1,,,1,1,w,1,0,0) | —192 | 48
Py | (wl,0,0,0,1,0,w,0,w,w,1,1,1,1,0) | —192 | 48
Pyis | (w,w,0,w,1,0,1,1,1,w,w,0,1,1,0,0) | —144 | 48
Ppus | (@,1,0,0,w,0,0,0,1,1,0,1,1,1,0,0) | —144 | 48
Pigs | (0,w,1,0,0,1,w,1,8,1,0,w,1,1,0,0) | —144 | 48
Py | (Lw,@1,1,1,1,w,w,0,w,0,1,0,0,0) | —48 | 48
Py | (Lo,w,® 1,@,1,1,w,o 1,w,0,1,0,0) | —48 | 48
Pyis | (1,w,0,1,w,0,0,0,0,0,w,w,1,1,0,0) | —48 48
Py | (w,w,l,w,0,0,0,w,w,w,l,w,1,w,1,0) | 0 48

In Tables 2 and 3, we complete the classification of pure and bordered double
circulant Hermitian self-dual [34, 17, 10] codes Pss; and Bsa; by listing the first rows
r of R and R’ in generator matrices (1) and (2), respectively, where the third column
gives the integers a in the weight enumerators W34, and the last column gives the
orders of the automorphism groups. Note that all bordered double circulant codes
have borders (a, b, c) = (w, 1, 1).

By comparing the automorphism groups, there is no pair of equivalent codes
among Psy; (1 =1,2,...,58) and B (j =1,2,...,17). Hence we have the follow-
ing:

Proposition 4. There are 58 inequivalent pure double circulant Hermitian self-dual
[34,17,10] codes. There are 17 inequivalent bordered double circulant Hermitian self-
dual [34,17,10] codes. There are 75 inequivalent double circulant Hermitian self-dual
[34,17,10] codes.
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Table 2: Pure double circulant Hermitian self-dual [34,17,10] codes
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Table 3: Bordered double circulant Hermitian self-dual [34, 17, 10] codes

Codes Rows r « |Aut |
Bsry | (@@ 0,w,1,w,1,,1,0,1,0,1,0,0) | —2136 | 96
Bso | (Lww Lw1,ww10001000) | —1800 | 96
Bas | (L@,w@1,0,0,@,w,w,1,@,1,1,0,0) | —1800 | 48
Bsia | (1,@,0,1,w,0,@,&,@,0,0,1,0,0,0,0) | —1704 | 48
Bsis | (w,@,w,,1,1,0,0,1,w,1,0,1,0,0,0) | —1608 | 48
B | (1,0,0,w,w,0,w,@,1,0,w,w,1,0,0,0) | —1512 48
Bsir | (@@, 0,ww1,0w1,10,0,00) | —1464 | 48
Bas | (@1, 0,0, w0,,1,1,0,0,0,0) | —1416 | 48
Bso | (Lww 1,w,1,0,1,1,1,1,0,1,1,0,0) | —1368 | 48
Bsaxo | (@,@,w,@,w,0,w,w,w,0,@,1,0,0,0,0) | —1320 | 48
Bsiy | (1,1,w,0,1,@,w,@,w,1,0,0,1,0,0,0) | —1320 | 48
Bsiis | (Lw,®,@,0,1,w,0,@,&,,0,1,0,0,0) | —1320 | 48
Bsiis | (1,®,0,1,w,@,1,@,1,@,1,1,1,0,0,0) | —1272 | 48
Bsana | (1,@,0,@,1,1,1,w,w,1,1,0,1,0,0,0) | —1176 | 48
Bsirs | (w,1,@,0,®,w,@,w,0,0,@,1,1,0,0,0) | —1128 | 48
Bsire | (1,1,@,@,w,1,0,1,@,@,0,1,0,0,0,0) | —1080 | 48
Bssir | (@1,1,0,1,1,1,1,1,w,3,1,0,1,0,0) | —840 | 96

3.5 Length 36

The possible weight enumerators of Hermitian self-dual [36, 18,12] codes are as fol-
lows:

Wigo =1 + (19548 + a)y*? + (536544 — 12a)y** 4 (9136314 + 660 )y'°
(102310560 — 220a)y*® + (741700476 + 495a/)y*°
(3467116224 — 792a)y** + (10288224072 + 924 )y**
(18805089600 — 792 )y*® + (20146300020 + 4950)y**
(11672461152 — 22000)y* + (3176328573 + 66r)y™*

+ (305900064 — 12a)y** + (4353588 + a)y*®.

+
+
+
+

Of course, a code with weight enumerator Wsg 19545 is extremal.

We complete the classification of pure double circulant Hermitian self-dual
[36,18,12] codes by giving the first rows of R in (1) of the two inequivalent codes
Py 1 and Pygo:

(w70707(‘:)7 ]‘7 17w7 ]‘7 ]‘70']7 17(‘0707 07 1707 07 0)7
(w’ 1’w7w’ 1’0‘)7 17w’w7 17w’0’ 0’ 1’0’ 1’0’ 0)’

respectively. We have verified that any bordered double circulant Hermitian self-dual
[36,18,12] code is equivalent to the bordered double circulant code Bsg with the first
row of R’ equal to

(17 17w’ 1’w7w’w7 17 17w’w7w’ 1’0‘)7 17 170)7
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and borders (a,b,c) = (0,1,1). In addition, we have verified that Psso and Bsg are
equivalent. Hence we have the following:

Proposition 5. There are two inequivalent pure double circulant Hermitian self-
dual [36,18,12] codes. There is a unique bordered double circulant Hermitian self-
dual [36,18,12] code, up to equivalence. There are two inequivalent double circulant
Hermitian self-dual [36,18,12] codes.

The codes Ps6; and P2 have weight enumerators with Wie 1206 and Wi 9216,
and they have automorphism groups of orders 108 and 14688, respectively.

3.6 Length 38

The possible weight enumerators of Hermitian self-dual [38,19,12] codes are as fol-
lows:

Wiase =1 + (9348 + a)y™® + (346104 — 9a)y™* + (6949098 + 30 )y'®
(94631856 — 22a)y™® + (851995188 — 1650)y™
5077669896 + 693cr)y** + (19871074152 — 1452a)y™*
50072165280 + 1980a)y*® + (78688642956 — 1881a/)y*®
73258213512 + 1265a)y*° + (37222230573 — 594 )y

+
+
+
+
+ (8956265904 + 186cr)y** + (767905596 — 35a:)y*¢ + (9807480 + 3av)y™®.

I~ N N

Of course, a code with weight enumerator Wsg _g34 is extremal.

We complete the classification of pure double circulant Hermitian self-dual
[38,19,12] codes by giving the first rows of R in (1) of the four inequivalent codes
P38,1, P38,27 P38,3 and P38,41

(1,0,0,1,1,1,w,1,w,1,1,1,0,0,1,0,0,0,0),
(lw,w,w,o,w,w,w,w,w,1,0,0,0,1,1,0,0,0),
(lww,wo,w, ol wwwwl,0,0100),
(1,0,1,w,,1,1,w,w,w,1,1,&,w,1,0,1,0,0),

respectively. The codes Psg1, Psg2, Pss3 and Pigs have weight enumerators Wsg o
with a = 399,2052,2052,9633 and automorphism groups of orders 114,114,114,
75924, respectively.

We complete the classification of bordered double circulant Hermitian self-dual
[38,19,12] codes Bsg; by listing the first rows r of R’ in Table 4, where the third
column gives the integers « in the weight enumerators Wss, and the last column
gives the orders of the automorphism groups. Note that all bordered double circulant
codes have borders (a,b,¢) = (w,1,1).

In addition, we have verified that Psg4 and Bsg 13 are equivalent. By comparing
the automorphism groups, there is no other pair of equivalent codes among Pss;
(i=1,2,3,4) and Bss; (j = 1,2,...,13). Hence we have the following:
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Table 4: Bordered double circulant Hermitian self-dual [38, 19, 12] codes

Codes Rows r a | |Aut]
B38,1 (w7w7w717w7w7w7w7w70707w71717070707 0) 489 54
338,2 (17w7w7w7w7w7w7w7w717w7071707070707 0) 714 108
338,3 (7,(;'7(2),(/.),1,(/.),(/.),0:',1,“},0,1,1,0«',1,07070) 1101 108
B38,4 (:IJ,O,l,w,l,w,1,1,070707w7w7w7170,070) 1254 54
B38,5 (_7w7w7w7w717w7w7w7171707w7071707170) 1794 108
B38,6 (w,w7w,w,w71717w7w,0,0,w,w,0,1,0707 0) 2037 108
338,7 (17w707w717w7w7w7w7w71707("77“"71717070) 2037 108
338,8 (w7w70717w7w70707w7w7w7w7w7170717070) 2145 108
338,9 (17w70707w707w7w7w7w7w7w7w7 17 1707070) 2343 54
B38,10 (1717w7w7w7w7w7w707w707w717w7171707 0) 2433 54
B38,11 (w,w,w,w,w,w,l,w,w71,1,w,1,171,07170) 2613 108
B38,12 (w717w7w7w7w7w7w7w7w7 70717071707070) 3801 108
B38,13 (w7LL:),(IHL:},LU,1,(:175),0,(17,0,0,(.0,1,0,0,0) 9633 75924

Proposition 6. There are four inequivalent pure double circulant Hermitian self-
dual [38,19,12] codes. There are 13 inequivalent bordered double circulant Hermitian
self-dual [38,19, 12] codes. There are 16 inequivalent double circulant Hermitian self-
dual [38,19,12] codes.

3.7 Length 40

The possible weight enumerators of Hermitian self-dual [40,20, 12] codes are as fol-
lows:

Wioe =1 + (1560 + a)y'? + (223200 — 6a)y™* + (4917510 + 3a)y'®
+ (79659840 + 68a)y*® + (875026152 — 231ar)y*
+ (6471372960 + 198cr)y** + (32287341060 + 627a/)y**
+ (107307849600 — 2376)y*® + (232470362280 + 4059 )y*®
+ (317475663648 — 4378)y*® + (259204959585 + 3201 )y
+ (116446075200 — 15960)y>* + (24948981720 + 523a)y*°
+ (1917133920 — 102a)y*® + (22059540 + 9a)y™.

Of course, a code with weight enumerator Wag 1560 is extremal.

We complete the classification of pure and bordered double circulant Hermitian
self-dual [40,20,12] codes Py; and By, by listing the first rows » of R and R’ in
Tables 5 and 6, respectively, where the third column gives the integers « in the weight
enumerators Wyo o and the last column gives the orders of the automorphism groups.
Note that all bordered double circulant codes have borders (a,b,c) = (0,1,1). By
comparing the automorphism groups, there is no pair of equivalent codes among Py ;
(i=1,2,...,26) and By (j =1,2,...,13). Hence we have the following:

Proposition 7. There are 26 inequivalent pure double circulant Hermitian self-dual
[40,20,12] codes. There are 13 inequivalent bordered double circulant Hermitian self-
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dual [40,20,12] codes. There are 39 inequivalent double circulant Hermitian self-dual
[40,20,12] codes.

Table 5: Pure double circulant Hermitian self-dual [40,20,12] codes

Codes Rows r a | |Aut|
P | (L@ 1L,a,0,@,0,3,1,8,9,1,0,0,0,0,0,0,0) | 7260 | 120
Pus | (@& w,wo0,1,wwdl,1,1w1,0000) |57 | 60
Pus | (w1, 1Lawl 161,01 1,w1,0000) |27 | 60
Pua | (w,@@,0,0,@ 1,@,0,w,1,d,1,w,1,0,0,0,0) | 3690 | 60
Pus | (0,w,0,1,1,0,w,1,w,w,1,w,w,0,1,0,1,0,0,0) | 5550 | 60
P40,6 (w7w7w7w7w7w7w7w7w707w7w7w7w7071717 ’ 70) 2850 60
P40,7 (w717‘-:]7"‘]7@70717@70707@7“71717 7w717 Yy ) 4650 60
Pus | (wawll,6owolwdl,d1lw1,000) |3210| 60
Puy | (@, 1,0,w,1,1,0,@,w,w 1,d,01,0,0,1,0,0) |3870 | 60
Pyo | (w,0,1,w,w,1,w,w,w,1,w,0,1,1,w,0,0,1,0,0) | 3180 60
Po1 | (Lww1,1,6 1wl wllwwl 1,0,1,0,0) |3600 | 60
Pz | (@0,w1,w1,1,6,8 0 w0,1,@,w,1,0,1,0,0) | 3510 | 60
Pois | (1w, 1,1,@,1,1,@,w,1,0,1,1,w,0,0,0,1,0,0) | 4770 | 60
P | (@1,0,1,0,1,6,@,@ 1,1, ,0,w,0,1,0,0) | 4470 | 60
Pis5 | (w,0,0,0,0,0,0,0,0,0,w,1,w,1,1,w,0,1,0,0) | 5370 60
Piss | (@100, 1,0,1,@,@@1,1,6,0,1,0,0) | 3150 | 60
Piar | (@w,®,@,w,w1,0,@ 1w1,1,0001,1,00) | 4410 | 60
Py 15 | (0,0, 0,w,],w,w,d,w,w,d&,w,w,w,1,0,1,1,0,0) | 4050 60
Poio | (0,@1,31,1,w,@,w,1,d 1,w0,w1,1,1,0,0) | 3390 | 60
Piso | (@,@,1,w,0,1, 1, w,w, 1,3, w1, ww1,1,0,0) | 3660 | 60
Poan | (w,&,w 1, w5 L wwd 11,0 1w1,00) | 3990 | 60
Pyoe | (1,w,w,0,w,l,w,w,1,w,&,1,w,w,w,1,w,1,0,0) | 5070 60
Puas | (w,@w,®,1,w 11w wl wwl101010) | 380 | 60
Py s | (w,1,1,w,w,0,1,1,w,w,w,d,w,@,w,1,1,0,1,0) | 4020 60
Py 25 | (Lw,w,&0,w,@,1,1,w,w,1,0,w,1,1,w,1,0,1,0) | 4320 60
Py 26 | (1, 0,0,w,@,],w,w,w,w,w,&d,d,o,w,1,1,1,1,0) | 3630 60

3.8 Summary

In Table 7, we summarize the results from this note and [8] which classify all double
circulant Hermitian self-dual codes of lengths n and minimum weights dpc(n) for
n = 22,24,...,40. In the table, Nypcc, Nepce and Npge denote the numbers
of inequivalent pure double circulant Hermitian self-dual codes, bordered double
circulant Hermitian self-dual codes, and double circulant Hermitian self-dual codes
with minimum weight dpc(n), respectively.

4 Remark on Notions of Equivalence

We employ a notion of equivalence given in [7]. Often this equivalence is called
a monomial equivalence. Here we say that two codes C; and C, are conjugation-
equivalent if C1 = CoM or Cy = 7(CyM) for some monomial matrix M where 7 is the
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Table 6: Bordered double circulant Hermitian self-dual [40, 20, 12] codes

Codes Rows r Qa [Aut]
By, | @®1,w,1,#,0,1,w,1,1,1,1,1,0,0,0,0,0,0) | 2601 | 57
By | (1,®,w,w,@,0,w,0,&,d,0,w,1,0,0,0,0,0,0) | 3570 | 57
Bag | (1,1,0,0,w,w,@,w,&,@,1,w,0,0,1,0,0,0,0) | 4254 | 57
Byo (17w7w7®7w717®,w,w,0,w,0,0,17170,0707 0) | 4197 | 57
Byys | (1,1,w,1,1,w,w,0,w,w,1,1,w,1,1,0,0,0,0) | 5223 | 114
Byg | (L,w,®,®,1,1,1,8,w,0,d,1,w,w,1,0,0,0,0) | 4197 | 57
By | (1,#,w,0,0,w,0,0,w,1,w,1,1,1,0,1,0,0,0) | 4539 | 57
Byog (1,1,w,0,1,0,1,0,@,1,®,1,0,w,1,1,0,0,0) | 6192 | 114
B40,9 (w7w7w7w717w7w7w7"37w7w777 7w7171,0, ,0 2715 57
Byo | (1,Lw,w,Lw1,1wl,¢,wwwl1000) |4254 | 57
By | (wyw,w,1,1,w,w,w,¢,1,0,0,d,w,w,0,1,0,0) | 3912 | 57
B2 | (0,w,0,w,0,w,1,w,1,1,0,w,w,0,1,1,1,0,0) | 3912 | 57
Bz | (1,®,1,0,8,1,@,w,w,w,w,d,1,w,o,w,1,1,0) | 4083 | 171

conjugation of IFy sending « € [y to 22 and 7(C) =
C}. Some authors use the last notion of equivalence (cf. [4]).
monomial equivalent (resp. conjugation-equivalent) codes C1, Cy by C

Table 7: Summary

Length n | dpc(n) | Nppce  Nypce  Npcc
22 8 3 0 3
24 8 3 2 4
26 8 11 8 19
28 10 1 0 1
30 12 1 1 1
32 10 19 0 19
34 10 58 17 75
36 12 2 1 2
38 12 4 13 16
40 12 26 13 39

{(r(z1), ... 7T](acn))|(acl, .
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We denote two

= Cy (resp.

C1 =, (). In this section, we show that there is no difference between these two
notions of equivalence for double circulant Hermitian self-dual codes.

Lemma 8. Let C be a double circulant Hermitian self-dual code. Then C' and 7(C')
are (monomial) equivalent.

Proof. Suppose that C' is pure, that is, its generator matrix is of the form (1).
Since C' is Hermitian self-dual, the codes with generator matrices ( I , R ) and
(7(R)T, I ) are equivalent, where A” denotes the transpose of A and 7(A4) = (b;;)

with bij = T(aij) for A=

(a;;). Since R is a circulant matrix, the codes with generator

matrices ( [ , R ) and ( I, RT ) are equivalent. Hence the codes with generator
matrices ( I, R ) and (I, 7(R) ) are equivalent, that is, C' =y, 7(C).
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Now consider the case that C is bordered. Any bordered double circulant Her-
mitian self-dual code is equivalent to a bordered double circulant code with borders
(1,0,0),(0,1,1), or (1,1,1) (see Remark 9 in [8]). Thus we may assume that the
borders of C are one of (1,0,0),(0,1,1),(1,1,1). Hence the borders are invariant
under the conjugation 7. This means that the argument for a pure double circulant
code C can be applied to the bordered case. a

Proposition 9. Let Cy,Cs be double circulant Hermitian self-dual codes. Then C}
and Cy are conjugation-equivalent if and only if Cy and Cy are (monomial) equivalent.

Proof. 1t is sufficient to show that if C; =, Cy then C; =) C,. Suppose that

Cy =, Cy. Thus Cy =y Cy or Cy =y 7(C1). For the later case, by Lemma 8,
Ol gM T(Ol). Hence Ol gM Cg. O

References

[1] W. Bosma and J. Cannon, Handbook of Magma Functions, Department of
Mathematics, University of Sydney, Available online at
http://magma.maths.usyd.edu.au/magma/

[2] J.H. Conway, V. Pless and N.J.A. Sloane, Self-dual codes over GF(3) and GF(4)
of length not exceeding 16, IEEE Trans. Inform. Theory 25 (1979), 312-322.

[3] T.A. Gulliver, Optimal double circulant self-dual codes over F,, IEEE Trans.
Inform. Theory 46 (2000), 271-274.

[4] W.C. Huffman, Characterization of quaternary extremal codes of lengths 18 and
20, IEEE Trans. Inform. Theory 43 (1997), 1613-1616.

[6] J.-L. Kim, New self-dual codes over GF(4) with the highest known minimum
weights, IEEE Trans. Inform. Theory 47 (2001), 1575-1580.

[6] C.W.H. Lam and V. Pless, There is no (24,12, 10) self-dual quaternary code,
IEEE Trans. Inform. Theory 36 (1990), 1153-1156.

[7] F.J. MacWilliams, A.M. Odlyzko, N.J.A. Sloane and H.N. Ward, Self-dual codes
over GF(4), J. Combin. Theory Ser. A 25 (1978), 2838-318.

[8] H. Miyabayashi, A classification of double circulant Hermitian self-dual codes
over Fy of lengths up to 26, Bull. Yamagata Univ. (Natural Sci.), 16 (2007),
81-91.

[9] P.R.J. Ostergard, There exists no Hermitian self-dual quaternary [26,13,10],
code, IEEE Trans. Inform. Theory 50 (2004), 3316-3317.

[10] E.M. Rains and N.J.A. Sloane, Self-dual codes, in Handbook of Coding Theory,
V.S. Pless and W.C. Huffman, eds., Elsevier, Amsterdam, (1998), 177-294.

(Received 11 Sep 2006; revised 9 Jan 2007)




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


