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ABSTRACT
Maximal planar graphs embed in the euclidean plane as plane triangulations. Two such plane
triangulations are equivalent if there is a homeomorphism of the plane which maps the vertices, edges and
faces of one onto the corresponding elements of the other. A diagonal operation on a plane triangulation
deletes an appropriate edge and inserts a related edge. We prove constructively that, given any two plane
embeddings of maximal planar graphs of order n, which need not be isomorphic. there is a sequence of
diagonal operations which transforms the fIrst into one equivalent to the second. This result was fIrst
conjectured by Foulds and Robinson (1979), who made substantial progress towards its demonstration.
Lehel (1980) claimed a proof, but unfortunately his argument is erroneous. Ning (1987) fIrst completed
the proof with a result which fIlls the gap in the original work of Foulds and Robinson. The present
paper gives a new self-contained proof, from a more geometrical viewpoint.

1. Introduction
Infonnally, a planar graph is an abstract graph which can be realized (drawn) in
the euclidean plane without any pair of edges crossing.
such drawing is a plane
embedding of the graph. (A more fonnal treatment of the tenninology is given in [1].)
Plane embeddings of planar graphs are of considerable importance for applications, such
as in printed circuits and in plans for the layout of facilities. (See [4] and [6], for
example.)
A planar graph is maximal if it has a plane embedding in which every face is
triangular, that is, bounded by a simple closed curve comprising three vertices and three
edges. By inserting an appropriate number of additional edges in any plane embedding
of a planar graph we can "refine" the embedding to a plane triangulation, that is, an
embedding of a maximal planar graph. (We use these two telTIlS synonymously in the
present paper.) Two plane triangulations are equivalent if there is a homeomorphism of
the plane onto itself which maps the first triangulation onto the second. In this paper we
describe a simple operation, called a diagonal operation, which can be perfonned on any
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FIGURE 1. A plane embedding of K41 in which every edge is braced.
THEOREM 1.
is a plane triangulation of order n ;;?; 5, each edge is either unbraced
or the edge which braces it is unbraced.
Proof. Let abeE and {c,d}:= e(ab). If ab is unbraced, it satisfies the theorem. Now
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FIGURE 2. Two possible subdrawings in which ab is braced by cd.
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A single edge can brace more than one edge of a plane triangulation T. For example,
Figure 3(i) shows an order 6 triangulation in which 7 edges are braced, three of them
braced by the single edge abo It is also possible for a triangulation to have no braced
edges, as shown by Figure 3(ii).
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FIGURE 3. Two plane triangulations of order 6, one with 7 braced edges and one
with no braced
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FIGURE 4. A diagonal operation and its inverse.
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FIGURE 6. Two equivalent plane triangulations.
In order to prove Theorem 2 we need to develop some machinery. This is done
in the next two sections, and the proof of Theorem 2 is then given in Section 7.
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8(VUk_2), 8(vUk_3),"" 8(VU2), resulting in a triangulation T'. This is identical with T

outside and on C, and has a C-interior face bounded by uvuku, so is of type la, as
required.

a

v
FIGURE 7. The C-interior fan at v.

LEMMA 2. Let C be a cycle in a plane triangulation T with at least one C-interior
face of type la. There is a sequence of diagonal operations which transforms only
and faces and yields a triangulation T' in which a C-interior face of type
C-interior
1a is inCident with a prescribed edge of C.
Proof. Let U,V,W be consecutive vertices of C such that the edge vw is incident with a
C-interior face F of type la, with boundary aF:=vwxv. Then the C-interior fan at v has
a C-interior vertex x in its rim, and the proof of Lemma 1 shows that a sequence of
diagonal operations on C-interior edges of this fan will produce a triangulation T* in
which the C-interior face incident with uv is of type la. (Note that x is not necessarily
one of its vertices.) Moreover T and T* are identical outside and on C. In transforming
T into T*, we have arranged for the property of being incident with a C-interior face of
type la to "migrate" from the edge vw of C to the adjacent edge uv of C. Iterating, we
can arrive at a triangulation T' in which any chosen edge of C has this property.

a

Lemmas 1 and 2 will be useful successively to modify two given plane
triangulations by diagonal operations so that they correspond outside and on cycles of
increasing order, with fewer and fewer interior vertices. In the next section we develop
similar machinery for the case of cycles with no interior vertices.
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uvum_lu. The edge vUm_l is unbraced in T*. because by hypothesis there is no

C-exterior edge UW, and a C-interior edge uw would have to cross vUm_l' The diagonal
operation 8(VUm_l) yields a triangulation T' containing a C-interior face with boundary
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As second step, choose
Its (clockwise) boundary is

to be the Cl-interior face of A incident with allal2a21a22a23a21,

where a21=all. a22=a12 and a23 is

necessarily a C1-interior vertex because n > 3 (Figure 9), Let F2' be the corresponding
face of B, with (clockwise) boundary

b21b22b23b2b where b2r::::bll, b22=bl2 and

b23 is a CI'-interior vertex. It is clear there is a homeomorphism 82 : F2~F2' such that

F

1

FIGURE 9. Faces FI and F2 oftriangulationA.
Moreover, 8 2 can be chosen to agree with 8 1 on the

is the 4-cycle aR2=C2. and the C 2-exterior faces of A are

and F 2 . Similarly the

region R2':= F 1'uF2' has boundary C2':: aR 2' in B, and the C 2'-exterior faces of B are
FI' and F2'. There is a homeomorphism 8 2 :R2-tR 2', coinciding with 8 1 on Fl and

with 8 2 on F 2, which maps the C2-exterior elements of A onto the C2'-exterior elements
of B, and the elements of C2 onto the elements of C2'.
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ASSmmrlg m<2n-4, we now show how to take the next step. (For notational
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