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The fine structure a threefold triple system (Cl, 

of Toronto 

Ontario 

lA4 

where is 

the number of i-times repeated blocks. C3) 
to be the fine structure of threefold triple system with v 5 

determined, and shown to be sufficient for all 2= 17. 

A triple sY8tem of order v and index or A), is a v-set V of elements, together 

with a collection E of 3-element subsets of V called triples or every 2-subset 

of V appears in A of the blocks. A A) is to have blocks 

is the vector (Cl l C2, 

in the triple system. 

TP'l,IP.n,l.plJ. blocks. The structure of a T S ( v, A) 

where Ci is the number of blocks viJ'~U>"vU exactly i times 

In [4], necessary conditions for (Cl,C2,C3) be the fine structure of a TS(v,3) 

with v == 1,3 (mod 6) are determined, and shown to be sufficient for all v :2: 19. We 
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Cl + 1 2t. 

and 

treat nc(::essar·v C()l1(utl.ons. 

Thus there are at 

'-'1J'GUl"jU blocks; this yields 3t 35 s. 
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tnat 1I \ i, t: 

'·AT":":'rl11,Ar.'~A of Milici and 

eliminate the nineteen spC)ra,dlC values. We follow the 

It follows that G has all 

nellghbol~rs of each vertex of 

To eliminate the nineteen S1)()ra1dlC 

on 

For 3s+ 1 

as and J(6-F identified 

F. A further candidate is the unique 

For all 'Al>J.JUJUCL"C" 

+ for 

+ 1- 2t 

5 (mod 

and that the 

two (Lemma 

F 

these are forced for the J(6 F. For 

nT',';""'I,, algorithm 

Identifying and \ on a tf1an.~le 

Three candidates lead to 8) E Adm( v). A.11 candidates lead to 3, 4 or 5 doubly 

repeated blocks. 

:F'or 33 + the search for candidates was restricted 

If the neighbourhood of a vertex has two or more vertices of 

an easy observation. 

two within the 

subgraph induced on the neighbourhood, any partition includes at least 

two doubly repeated Hence we need only treat candidates having every 

neighbourhood inducing subgraph with at most one degree two vertex in order to 

eliminate (1,9). It is a tedious computation to verify that no such partition exists. 

The computational search undertaken, using the of [4], establishes: 
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all v 

aet;ennUlea for 

+ + + 4) 

and if 

4) 

+1, 
on the In either ease, omit 

two eopies of the block 
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that Fa contains 

{ 01, to 1) is the type of 

so that contains {01 , 02 } as a doubly 

In either case, omit two of the {OI,Od from Fa. The 

factors are then used to triples follows. For each occurrence of {Xl, Y2} in 

factor {Xl,Y2,k3 }. 

covered three times for the nine pairs 

ex(:ep1tHJlg {O!, ,B}; these nine are covered once each. To 

take triples {O!, Oil OJ} and {,B, Oil OJ} for i i= j. 
To determine the fine structure of the system, note that when v == 1,3 

6), 3( So + + 82 + 10 pairs do not appear in triply repeated blocks; for 

v == 5 (mod 6), 3so + (3s 1 + 1) + (382 + + 1) + 10 do not appear in 

triply blocks. The count of blocks is routine. 0 

When v 1,3 (mod 6), Lemma 2.1 never a fine structure (t, s) with 

8 t:::; 2, and when v == 5 (mod 6), it never yields 6. Hence we require 

sut)deslgn of order 5. further constructions that need not ..-.",'""1""",, 

Lemma 2.2 Let n 2:: 1. For i = 1, 3, let be the type of a :i-factorization 

of3K2n+2 . Let 0:::; bl :::; al :::; 2n+2 and (b1,ad rt X {(O,l), (0, (1,1), (1, 

(1,3)}. Let 0 b2 :::; a2 :::; 2n - 1 and (b2, tf. X. Let (t',8') E Fine(6n 1). 

Then 

(tl + t z + t3 + t' + bl (4n + 1) + b2(2n + 

is in Fine(12n + 5). 

Proof: We form T S(12n + 5,3) on x {I, 2, 3}) U {(x, First place a 

TS(6n-1,3) affine structure (t',8') on X {1,2,3})U {n,,B}. For i = 1,2,3, 

form a 3-factorization of 3K2n+2 on (Z4n+l \ Zzn-d x {i}. The factorization has 

type (ti,8i). Index factors as Fa, ... , F2n- 2. For {Xi, yd E if Z E {(X,,B}, 

form the triple Yi, z}, and if z E , form instead {x i, Yi, 

The to appear in triples are all of the form {Xi, Yj} for i =I j and 

Consider the graph on x {I, formed these remaining 

rtlt;lOIled into a (2n - subgraph H on \ Z2n-l) x 
subgraph G on Z4n+l X 2}. 3H has a 3-factorization 

of + 2)) when 0 :::; b2 :::; a2 :::; 2n - 1, rt X [2]. Call 
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E 

and v 

+t' + + + 3) E + 

+2,3) on x 3}) U 

1f on that fixes 0, 1 and 2, and maps 2i f-t 2i -
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UHllHlllg, Lnply 

3}) U 

Y3,zd, 
except 

At this 

point, the on triplicated hexagons. Each 

has a 3-factorization of type (0,0) and one of type choose I-l of them to be of 

type the remainder of type (0,0). This two 3-factors that are used to 

with a and 0 

for small we use an em.Deaa:mJr result. Mendelsohn and Rosa [6] 

establish the existence of a system with"\ 1 of order v having a 

hole order tv, provided v, tv 5 (mod 6) and v 2:: 2w + 1. Repeating each 

block of this system three and the hole with a T S ( w, 3) 

establishes that 

Lemma 2.5 ~ Fine(v) for all v,w 5 (mod 6), v 2w + 1. 0 

3 

Lemma 3.1 = {(0,3)}. 

Proof: The trivial design TS(5, 3) has fine structure (0,3). 0 

(t, "') 

s) E Adm(ll) \ 

(2,9), (5,9), 

7)}, (t,s) 

9), (0, lO), 

Fine(ll) except possibly for 

lO), (2,10), (3,10), (4, IO)}. 

Proof: Milici and [7] establish that (4,7) is impossible for v = 11. Now 

we apply the 2v + 1 the complete solution for Fine(5) and the 

cornpi.ete solution for types of 3-factorizations of [2]. For (t, s) E Adm(11), 

this handles all with 8 - t 3, except (4,7), (3,8), (5,8), 

(1,10), (2,10), (3,10), (4,10), (6,10), (7,10), 

(2,11), (3,11), (4,11), (5,11), 

(4,13), (5,13), (0,14), 

complete solution for fine structures of TS(ll, 

to obtain further values, we must avoid a subsystem of order 5. 
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3) 

(7 

It is to n.o'rTr'T'TY1 

different subset 

1) 

than 

b,c,d,e} 

on these five elemE~nts, and one trade on {x, y, 
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1588 

1 11 

2 

3 

o 

3685 

25aS 1468 019S 

178T 69aT 48aT 156T 

3675 0795 5795 0265 

3465 5895 0355 0395 

345S 

058S 

035S 

137T 

137S 

02a5 

4675 349S 

2455 2465 0675 4595 



13 

16 

17 

810 

5683 

9 11: 349T 

018D 235D 

045T 

4785 089S 157S 016S 



124S 289S 19a5 5698 1898 35aS 129S 

10 12 124T 01aT 137T 345T 25aT 056D 158D 48aD 038D 579D 

049D 169D 67aD 278D 467S 469S 68aS 189S 289S 3685 026S 156S 

023S 0788 047S 0298 057S 4688 589S 

11 13 478T 579T 1S9T 07aT 015D 249D 267D 137D 39aD 036D 238D 

25aD 345D 46aD 124S 018S 089S 025S 028S 

029S 049S 145S 14aS 034S 

12 14: 236T 457T 278T 469T 358D 156D 034D 124D 068D 02aD 189D 48aD 

259D 137D 67aD 16aS 25aS 017S 0245 0675 35aS 0798 379S 

05aS 348S 568S 129S 0138 089S 14a8 

036D 468D 057D 345D 59aD 149D 18aD 247D 

69aS 049S 246S 

1378 179S 168S 1358 378S 

14 16 367T 257T 56aD 026D 146D 017D 24aD 129D 058D 18aD 689D 

459D 478D 03aD 5688 15a8 0298 0468 1268 3898 248S 

23aS 349S 79aS 359S 78aS 034S 09aS 045S 179S 47aS 

15 17: 12aT 056D 03aD 57aD 49aD 179D 029D 234D 138D 689D 

359D 458D 047D 146D 69aS 235S 68aS 026S 2565 048S 1678 

246S 0798 378S 0158 257S 08aS 289S 013S 145S 349S 47aS 

16 017D 129D 048D 24aD 146D 06aD 

689D 567D 18aS 149S 079S 568S 

058S 467S 135S 16aS OlaS 024S 1578 789S 

0 

These values for v 11 complicate the so we eliminate them 

for orders the outset: 

Lemma 3.3 (3,8), (2,9), 9), (7, 9), (0,10), (1,10), 10), (3,10) 

(4, IOn c Fine( v) for v == 5 (mod 6), v 17. 

Proof: By Lemma we need only treat v E 23, We 

once (S) and twice (D) in the solutions. suitable set of 

can be found for v E {17, 23, 29} using hill-climbing 

on [8]. To do this, we observe that the pairs covered by the blocks once 

and twice must form the leave L of a partial triple system of order v and index 

one. That is, I<v - L must have a partition into triangles; when such a partition 

exists, Stinson's hill-climbing method appears to be very effective in finding one. 
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4 7: 1565 347D 024S 0155 

125D 036S 0265 016S 024S 136S 234D 

078S 1785 

5 1355 125D 026D 0165 0345 136D 124S 018S 

0175 047S 0785 1485 1475 

057D 127D 068S 

0148 0138 0255 

057D 127D 

o 10 

1 10 

259S 

it -'-'''"'U1LlU. 2.1 critical. 

cornplete determination of in [4], and 

This handles all values in 
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except those with and the HJUUVVnt" 

(4,10), (5,10), (0,11), (1,11), 

(0,10), (1,10), 

(0,12), 

(1,13), 

(3,11), (4,11), 

(0,14), (1,14), (4,14), 

( 4,17), 

(0,16), (1,16), 

( 4,16), (0,17), (1,17), (1 

(2,19) and (0,20). 

There exists a group divisible gdd with blocks of size three one 

group one group of and three groups of two. An 

IS 

copy of the 

39f (t + 4, s + 7) 

the triply rep.ea1cea 

rer)eatect block on 

system, we obtain (t, s + 11) E 

(3,16), (5,16) and 

Next we use + 3 construction. On 

starter block {O, 1,2}. The graph on differences 

triple 

from the 

and 5 H"vUV.L'J'.L. forming 

five I-factors. Each is triplicated to form a 3-factor with triplicated edges. 

Difference 1 remains once and difference remains twice. This 6-regular multigraph 

can be partitioned into two simple 3-factors, or into two 3-factors containing two 

double edges in total. Hence for (t, s) E Fine(7), we have (t, s+ 13) and (t+2, s+ 13) 

in Fine(17). This eliminates (0,13), (2,13), (2,19) and (0,20). 

For the remaining cases, we again produce the singly and doubly repeated 

triples; the triply repeated triples can be found hill-climbing. 

4 8: 137D 037S 078D 178S 048S 148D 035S 025S 015S 135S 125S 235S 

034S 234D 016S 012S 026S 046S 126S 1465 246S 

5 10: 067D 027S 167S 127D 068S 038S 018S 168S 138S 368S 126S 236D 

015S 014S 135S 134S 145S 025S 023S 034S 045S 249D 245S 259S 349S 
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1 

16b5 35b5 

34b5 46b5 45b5 56b5 0135 0265 0255 0245 0365 0455 1265 1255 1235 

1455 2565 3465 3565 

2 14: 057D 0375 157S 137D 068S 0485 018S 1685 1485 468S 29aS 249S 

2395 39aS 349S 49a5 24aS 12aS 3abS 13aS 4ab5 labS 16bS 15bS 36bS 

35bS 46bS 45bS 0165 014S 125S 1245 0265 025S 023S 034S 236S 256S 

3455 356S 456S 

1 15: 789D 379S 489S 178S 057S 037S 017S 1575 357S 068S 048S 018S 

168S 4685 29aS 249S 239S 39aS 49aS 24aS 12aS 3abS 13aS 4abS labS 

16bS 15bS 36bS 35bS 46bS 45bS 014S 0265 025S 0235 034S 056S 1265 

123S 134S 145S 245S 256S 3465 356S 

o 16: 067S 027S 017S 167S 127S 2675 0685 038S 018S 168S 138S 368S 

0365 1265 2365 259S 2495 2395 3595 349S 459S 0355 045S 024S 014S 

025S 135S 1345 234S 145S 125S OadS OacS OabS ObdS ObcS OcdS ladS 

lacS labS lbdS lbcS 1cdS 2adS 2acS 2abS 2bdS 2bcS 2cdS 

1 16: 067S 027S 017S 167S 127S 267S 068S 038S 018S 168S 138S 368S 

016S 236D 0355 034S 045S 024S 025S 135S 134S 145S 124S 125S 2395 

249S 259S 349S 359S 459S OadS OacS OabS ObdS ObcS OcdS ladS lacS 

labS lbdS lbcS lcdS 2adS 2acS 2abS 2bdS 2cdS 

2 16: 067S 027S 017S 167S 127S 267S 0685 0385 018S 168S 138S 368S 

036S 126S 236S 259S 249S 239S 359S 349S 459S 035S 045S 024D 015S 

145S 134D 125S 235S OadS OacS OabS ObdS Obc5 Ocd5 ladS lacS labS 

lbdS lbcS lcdS 2adS 2acS 2abS 2bdS 2bcS 2cdS 

4 16: 067D 017S 127D 267S 068S 038S 018S 168S 138S 368S 136S 126S 

236S 135S 145D 014S 035S 0345 024S 025D 239S 234S 249S 259S 349S 

359S 459S OadS OacS OabS ObdS ObcS Ocd8 lad8 lacS lab5 lbdS lbcS 

lcd8 2adS 2acS 2abS 2bdS 2bc5 2cdS 

1 17: 068S 048S 018S 168S 148S 468S 9acD 69cS 4acS 39aS 269S 249S 

239S 349S 469S 24aS 23aS 12aS 13aS 14aS 6bcS 4bcS ObcS 16cS 17cS 

01eS 07eS 47cS 057S 047S 157S 137S 3575 347S 36bS 35b5 34bS 56bS 

04bS 05bS 145S 2458 456S 013S 1268 1255 026S 0258 0235 0365 3568 

5 17: 068D 048S 1688 148D 9acD 6ge8 4ac8 49aS 2698 249S 2398 369S 

349S 24aS 23aS 12aS 13aD 6bcD ObeS 17eS 14eS 01cS 07eS 47eS 157S 

137S 016S 015S 126S 125S 0258 024S 0238 256S 047S 037S 03bS 05bS 

3578 457S 34bS 3468 35bS 356S 46bS 4568 45bS 



1 18 468D 168S 178S 018S 489S 79c8 3798 

07e8 06eS abeS 6beS 057S 17b8 1578 357S 

23aS 3abS 15bS 46bS 

45bS 56bS 045S 034S 014S 1345 245S 012S 026S 0368 035S 1258 123S 

1368 2568 356S 

2 18: 468D 168S 178S 148S 089D 0785 7898 7geS 9aeS 0geS 07eS 

06eS 7beS abeS 6beS 6aeS 057S 17b8 157S 37b5 3578 29aS 2495 239S 

349S 49a8 24aS 3abS 36aS 14aS labS 15bS 34b8 46bS 45bS 

56bS 0458 034S 0248 145S 016S 0138 0128 126S 1238 0258 0368 

2568 3568 

It remains to handle the 

to find 

the 

omit the 0 

Lemma Fine(23) Adm(23). 

Lemma 3.1 of the +1 to the 

This handles all 

In (0,10), (1 
Lemma 2.1 Lemma 

3.3 conlpH~tes o 

Lemma 3.6 

Proof: Apply Lemma nh'~DrUln'ff that the fine structures of TS(ll, 

a "'LlLJU";""l<.H of order nrl"I',c:phr the of 3-factorizations of 

Lemma we obtain all (t, s) for (4,7), 

(5,9), (7,9), (0,10), (1,10), (2,10), (3,10) and (4,10). The and (5,8) and 

handled Lemma 2.1. Lemma 3.3 cornnLet(:;s proof. 0 

Lemma 3.7 Fine(35) Adm(35). 

Proof: Since Fine(17) Adm(17), and the solution for ·3-factorizations of 3K18 is 

the + 1 construction (Lemma of [4]) suffices. 

Lemma 3.8 Fine(41) = Adm(41). 

Proof: We apply Lemma 2.2 with n 3. We have Adm(17). For 

3-factorizations of 3J(s, we use the partial determination in 
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4 tne KecurSlons 

the recursions from section the solution for small 

orders in section 3 as base to establish for the characterization. 

For v E {17, 29,35,411, we have established Fine(v) Adm(v) in section 

3. So assume that v ~ 47 and v 5 (mod 6). Since Fine(23) = Adm(23) and 

v ~ 47, by Lemma 2.5 we have that if (t, s) Adm(v) and ~ 84, (t, s) E Fine(v). 

We assume henceforth that > 84. 

Now set ~. Since v ~ 47, z ~ 17. Hence Fine(z) Adm(z). Apply 

Lemma 2.1 to form a system of order v = 3z - 4 the determination of 

Fine( z) and the solution for of 3-factorizations of ]{z-2,z-2 (which is complete 

SInce 2 ~ 10 [3]). For (t,s) E Adm(v), this (t,s) E Fine(v) unless 

s t::; 2 and 1,3 (mod 6), or t 6 and 5 (mod 6). To complete the 

determination, if 11 (mod 12), write y V;l. Now y 5 (mod 6) and y ~ 23; 

hence Fine(y) = Adm(y). Moreover, the solution for types of 3-factorizations of 

KY+l is complete [2]. Then the 2v + 1 construction (Lemma 3.1 of [4]) establishes 

Fine( v) Adm( v). The more complicated case is v 5 (mod 12). The 2v + 7 

construction of [4] applies only when v 17 (mod and hence we use Lemma 

2.2 of this paper instead. Write y = 
is then easy to verify that Fine( v) 

Again, since v ~ 53, we have y 2:: 23. It 

Adm( v). We remark that since s - t ::; 6 is 

all that remained, Lemma 2.4 would also suffice in place of Lemma 2.2 here. 

This completes the proof of sufficiency. 
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