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L' ar r ay for p,)-{:oi1onrlg of Kn based on {I, 2 , (Kn)} 

M: array for of based on {P2{K n)+1,' " 2'P2(Kn)} 

f new color. 

These inequalities will help us in 

some 

A Steiner 

v-set and t is a collection of 3---€lement 

2---element subset of S occurs in 

if v 

3 (mod 

4.3. 

the number But we need 

a where S is a 

triple) of S such that every 

of t. It is well-known that an 

is a 

a resolvable 

This is to the 

can be partitioned into 

(briefly RSTS(v)) 

fact that K6k+ 3 can be into 3k+ 1 collections of 2k+ 1 mutually 

disjoint triangles. Thus we 

9t + 

Let (S,t) an RSTS(6k+3). we consider k 2t. Then there 

are 6t+ 1 parallel classes. The idea of the is as follows: start with two 

parallel classes; from each if we take one away from each triangle, then 

we obtain a forest of the type we need, so is the other class. if we can 

suitably combine the edges we took away, we obtain one more path forest of the 

we want. If the above process can be done, then S 3, + 2. By 
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Proposition . (4t-l) - 1 1 9t + Hence 

we have the nrn,nlOl'Yl left is how to combine the U,,",A'v\iUC'F, 

Let two 1, .. " 4t+ 1} and 

Construct G 

... 4t+l, 

} 

start 

We 

it been shown 

obtain the 

9t+6. 
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Proof. 9t+2 P2(K12t+ 3) ~ P2(K12t+ 2) 9t+2. 9t+6 P2(K12t+ 9) 

P2(K12t+ 8) P2(K12t+ 7) ~ 9t+6. Q.E.D. 

We can use the construction of a (12t+6) x (12t+6) array to show the 

following 

Proposition Let L 

and M be two arrays which correspond to --C()101nn~~s of which are based on 

the colors {I, 2, ... , P2(K6t+ 3)} and {P2(K6t+ 3)+1, 

2P2(K6t+3) } 

Now if t is odd, then P2(K12t+ 6) 9t+4 and P2(K12t+ 6) ~ 

2'P2(K6t+ 3) + 1 2.(3t+l+3~+I) + 1 9t + 4 (proposition 4.1.). Hence we 

have P2(K12t+ 6) 9t+4. 

If t is even, then 3t+ I is odd. This implies that if the construction in 

Proposition 4.2 is used, we have one matchm~ in the nAnArn'nAn, of K6t+ 3 which 

has 2t+ I Of course, as in the proof of 4.2 we can combine two 

matching and M2 from two parallel classes together to obtain a path forest of 

the we need. Let this path forest be denoted by al-br--cl' ,-",,---, l~'-' 

where {apbl }, {a2,b2}, "', {a2t+l'b2t+l} are in the 

matching MI and {bl,c]}, {b2,c2}, "', {b2t+l,C2t+l} are in the matching M2. 

Now in Land M of Figure 4.3, we take the edges of Ml and out respectively, i.e. 

the following cells of the array in Figure 4.3 are empty: 

(ai ,\), (bi'ai ), (bi'6t+3+ci), (ci ,bi+6t+3), (bi+6t+3,ci ), (ci+6t+3, bi)' (ai+6t+3, 

bj +6t+3) and (bi+6t+3,ci+6t+3). i = 1, 2, "', 2t+1. By letting all of the these 

8· cells be filled with a common number f, then we have an array which is 
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corresporldirl~ to 

of 

the 

we 

Since the induced 

need. Thus 

a 

M 
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Now 

+ 
conclude 

9t. 



1 1 2 3 8 5 4 6 9 

8 4 4 5 5 6 6 7 9 3 1 

6 8 9 3 1 

6 9 1 1 8 7 5 

1 8 4 5 5 6 6 7 9 

6 7 7 8 9 
M 

8 7 4 6 9 1 1 

9 2 1 8 4 5 6 

2 1 6 7 7 8 8 
----

3 7 4 6 9 1 1 

5 6 6 7 2 4 

7 8 9 9 1 7 

4.5. 

we for each 0,2, 6, 7, 8, 9, 11 We 

will need another TtJ,'nn1,nllO when n 4, 

Before we go any we need some more definitions. Let is a v--set. 

A latin of order v based on S is array with entries such that in 

each row and each column every element S occurs 

let latin square L is to be ~nrr~illl!@. provided 

that eij = for every 1 ~ i, j ~ v, A latin square L [eij] is ~=~~ i for 

each i E S. It is well-known that an idempotent commutative 

v exists if and if v is odd. In case v 2k, let H 
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square of order 



in II 

latin square such that for 

on h. Since all the holes 

commutative latin 

we 

4.7. 

A 

B, 

4.6. 
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1 1 4 5 10 9 4 b c 15 16 12 13 3 18 17 11 11 14 14 10 2 8 6 7 
b b 2 5 6 4 3 3 c 17 15 15 13 13 11 18 16 10 17 14 7 1 8 9 

b c 3 3 6 7 5 2 2 12 12 16 13 17 17 11 18 15 15 10 14 1 9 4 8 
b c 4 8 6 3 14 18 14 18 11 12 16 10 13 5 9 2 3 

b b 5 5 9 16 14 10 11 16 10 12 18 17 18 13 3 3 4 6 
6 6 9 1 10 14 17 11 15 18 16 12 13 16 7 7 8 

7 1 6 8 2 15 18 17 11 18 12 10 14 16 
6 b b 8 8 2 9 12 7 17 16 15 11 18 18 12 14 
4 6 a b c 8 8 1 14 3 15 13 16 13 18 16 11 12 10 17 2 
3 8 b c a a 1 9 5 10 16 15 10 18 15 17 17 11 13 

b 3 9 7 8 c 18 17 6 4 10 17 13 16 1 5 
c c 7 1 9 a b 7 4 4 5 14 14 10 15 5 11 15 

17 16 10 6 2 8 18 1 1 4 11 15 13 10 
16 15 18 14 14 9 1 8 11 b 16 11 17 13 
12 12 16 14 10 17 8 9 1 9 18 2 13 15 17 

15 13 11 2 12 14 5 17 3 10 16 10 9 
3 13 17 16 15 7 3 10 6 7 14 14 18 18 

18 13 17 11 10 18 8 14 15 16 4 1 12 16 12 
171111 12 18 17 13 15 10 7 2 6 
11 18 15 13 13 16 10 17 14 4 8 8 1 2 7 
11 16 16 18 17 3 13 14 14 10 7 b c c 9 8 1 
14 10 15 17 17 11 16 18 18 12 16 8 8 7 b c a a 1 2 9 4 
14 17 10 10 18 11 15 12 15 12 6 9 7 8 c a b 4 4 5 1 
10 16 18 11 11 15 12 17 7 1 1 9 a b 6 6 5 4 

2 7 1 5 12 18 12 17 13 15 11 16 11 10 9 2 1 4 6 a a b 
8 1 9 3 7 10 18 10 17 16 5 15 11 13 16 14 2 1 8 2 4 6 a b c 
6 8 4 14 12 17 11 111 15 10 18 16 8 3 9 5 5 b c 
7 9 6 16 14 2 13 5 15 10 13 17 9 18 12 6 1 4 1 4 b c c 

4.7. 

If t is let L = [£..J be an Id€:mI)ot,ent commutative latin square of order 
1J 

t. Now using and defined in construct a (12t+4)x(12t+1) array 

as in 4.8 where 

(x-I).9+A1(i,j) if AI(i,j)~{a,b,c}, 

~ t. It is a routine matter to check that 
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if A (i,j) = 
x 

.g and ex = M + (x-I)·9, 1 ~ x 

9t+3 whenever t is odd. 



Al 

A2 

'1 '2 '3 

If t is even, let L 

2x2 holes. Then 

and Blare now defined 

t44. Since the 

U 

T 
1 

1.8. 

[£..J be commutative 
1 J 

B1 

B. 
lj 1 

A. 
J 

B
J 't, 

square of order t = with 

4.7. we conclude that 

of 9t+1 = 9t-+-8 is 

we omit it here and put the arrays which {'()rrOQn()rlfl to 

K2~) = 19, 
:) 

17 and = 26 in the 
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A 

'1 

thE' fact 

we are not 

believe this is 

it 

T 

1] 

'2 )3 

commutative 

to obtain 

B1 

ij 
B2 

B3 

-

ilk 

~~h D 

square of order 4 with holes doesn't 

and now, But, we 

of tedious work in constructions and not 

'-J'-'UH"'H"H~ the above results we have the 

and 

except possibly if 3v+ 1 E 
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also obtain the on 

direct constructions. Since the techIll!QU<es 

this direction. As when 

obtained 

result is 

11 

to the eXlstelrlCe 

with 12t vertices 

On n","ht·,r..~" of 

361-366. 

we will not go any further in 

9t which can be 

latin square of order t. 
~-1act,onza.tlOn of balanced r>Arn .... 'A ... 

shown 

Solution of Kirkman's 

RUI-''-'I.'''LUU on Mathematics 

Discrete Math. 

K. Ushio and . .... «''-''-A ... ,,,,,,.,010 of cornplete multipartite 

Graphs and Combinatorics 385-387. 
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1 1 4 4 3 7 6 6 a 8 9 
1 2 2 5 3 6 a 7 7 9 8 4 
1 2 3 3 4 6 7 9 8 8 5 
4 2 3 1 1 a 7 8 9 6 6 5 
4 5 3 5 9 8 6 7 9 2 
3 4 5 8 8 a 6 9 7 2 
7 6 6 a a 8 2 2 4 4 5 9 
6 7 7 9 8 2 1 3 5 4 
6 7 9 8 8 2 1 5 4 3 

7 8 6 6 4 2 2 3 
a 9 8 6 7 9 4 3 5 1 
8 8 a 6 9 7 5 5 4 2 3 
9 4 5 5 2 2 9 4 3 1 1 

P2(K13) 10 

114437669 
1 
1 2 
423 
453 1 

3 6 9 7 10 8 
3 4 6 7 10 8 9 
1 1 9 7 8 10 6 6 

9 10 8 7 10 
8 8 9 6 10 7 3 1 5 

766998 2 2 4 5 
6 9 7 7 10 8 2 
6 7 10 8 8 9 2 1 
9 7 8 10 6 6 1 

1 135 
554 

2 2 
9 10 8 6 7 10 3 5 2 3 
8 8 9 6 10 7 5 5 4 3 

11 18 5 5 13 13 18 16 19 12 15 17 
11 14 16 16 12 12 17 17 19 13 15 18 
10 14 17 19 11 11 15 19 15 13 16 18 
10 15 17 11 18 14 14 13 13 18 16 19 
13 15 18 11 14 16 16 12 12 17 17 19 
13 16 18 12 14 17 19 11 11 15 19 15 
18 16 19 12 15 17 11 18 14 14 13 13 
17 17 19 13 15 18 11 14 16 16 12 12 
15 19 15 13 16 18 12 14 17 19 11 11 
14 13 13 18 16 19 12 15 17 11 18 14 
16 12 12 17 17 19 13 15 18 11 14 16 
19 11 11 15 19 15 13 16 18 12 14 17 

11 11 10 10 
18 14 14 
5 16 17 17 
5 16 19 11 

13 12 11 18 
12 11 14 

18 17 15 14 
16 17 19 13 
19 19 15 13 

13 13 18 
15 15 16 16 
17 18 18 19 

6 6 9 
7 7 

6 7 8 
9 7 8 
9 10 8 6 
8 8 9 6 
2 1 1 4 
1 4 2 2 
1 2 5 3 
4 3 5 
4 5 3 1 
3 3 4 1 

13 13 18 17 15 14 16 19 5 
15 16 16 17 19 13 12 11 4 
18 18 19 19 15 13 12 11 14 
11 12 12 13 13 18 17 15 14 
14 14 15 15 16 16 17 19 2 
16 17 17 18 18 19 19 15 2 
16 19 11 11 12 12 13 10 
12 11 18 14 14 15 15 16 4 
1211141617171818 3 
17 15 14 16 19 11 11 3 
17 19 13 12 11 18 14 14 1 
19 15 13 12 11 14 16 17 1 
9 8 2 1 1 4 4 3 10 

10 8 1 4 2 2 5 3 9 
8 9 1 5 3 3 4 12 
6 6 4 3 5 1 1 12 

10 4 5 3 1 2 5 7 
10 3 3 4 1 5 2 7 
4 3 7 7 9 9 10 5 
5 3 7 6 6 8 10 9 
3 4 7 6 10 10 9 8 

1 $) 6 10 7 7 8 
2 5$)8 10 7 8 6 
5 2 10 10 9 7 8 6 

5 4 14 14 2 2 10 4 3 3 1 2 10 9 12 12 7 7 5 9 8 8 6 6 
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8 
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f 
f 
2 

e 
a beg g h h 
a lJ e h h 
2 5 11 18 14 14 1 

i1 2 
b b 5 5 

7 8 
g h 11 11 
g h 18 14 

f 14 h 
h g 14 16 

3 13 12 
12 

1 

5 
9 

9 5 
3 3 
2 2 

3 .5 !3 11 14 16 16 12 12 
681 

6 
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8 
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6 9 12 15 17 11 18 14 
7 9 3 15 18 11 J l~ 

9 131618]2 
i 

e 
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() 2 171710 11 ] S a e 
9 l 1S llj IS 1 j 

8 .', 1:4 13 1 ~ 1 R 
B 4 b 16 12 12 

6 8 2 4 10 1111 IS 
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