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We start with a group divisible (V, G, B) with the halving property. In this 

case, there is a partition of the groups G and the blocks B and a permutation 0: of V 

mapping the groups and blocks in one part to those in the other part. We denote such 

a partition by G = G' u G~ and B B' U B~ where 0: : B' -+ and 0: : G1 ~ G~. 

Assume that there exists an S(2,4,u), (U, Bu ), which has the halving property with 

the isomorphism 0:1.4 and a transversal TD( k,4) (on 4k points, Z4 x with 

groups of sizek and blocks of size 4) (cf [1]). Given a group divisible design (V, B) 

with the halving property and isomorphism 0:, we construct a design S(2,4,n), n = 

u + vk on the set U U V x K which will have the halving property as follows: 

(1) for each b E B' take the blocks of a TD( k,4) constructed on the set b x K 

where the groups are the sets {a} each a E h; 

(2) for each g E G' take the blocks of a constructed on the set 

U u x having the (U, Bu), where m u + Igi k. 

The above collection of blocks, denoted by D', will form half of the blocks of the 

S(2,4,n) We define the permutation 0:' by o:'(x, i) (a(x),i) for x E V, i E K 

and define 0:'(5) 0:1.4(8), U, where 0: and au are the isomorphisms as 

noted above. Then the other half of the blocks will be simply the of D' under 

a ' . the two halves are isomorphic. It is a tedious but easy matter to check 

that every pair is covered once. 

The key ingredients in the above construction are, first, S(2,4,m) which 

contain of order u. Such exist for any admissible u, m as long 

as m ;::: 3u + 1 [6]. The second key ingredients are transversal TD(k,4) which 

are equivalent to of orthogonal latin squares of order k. These exist for all k, 

k =f 2 or 6. The last ingredient is a group divisible with the halving property 

and our next lemma establishes the existence of two such designs. 

Lemma 1 There exists a group divisible design with the halving property on 16 points 

having group size 4 and block size 4) and one on 24 points with group size 3 and block 

size 4. 
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Proof: the above construction the two group divisible from 

the previous lemma. o 

The table summarizes all the various values of u, k and n. 

u k n 

0 3t + 1 48t + 16 0 

1 4t 96t 1 t 0 

1 4t + 1 96t + 25 t 0 

1 3t 48t + 1 2, t ~ 0 

16 4t 96t + 16 3 

16 4t + 3 96t + 88 2 

40 4t 96t + 40 t~7 

25 3t 48t + 25 t~5 

From the above table we see that we are missing only nine admissible orders. 

1 There exists a 3(2,4, n) with the halving 'l'lTIH'lP'Y't11 for all n == 1 

or 16 mod 24 with the possible exception of n = 73, 169, 184 and n = 96t + 40 for 

t=1,2, ... ,6. 

Lemma 2 There exists a design 3(2,4, n) with the halving property for n = 73, 169, 

520. 
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