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we WIll aDDrevlate --1-1010 li-oeslgn" to slmply "li-deslgn u 

::;0, tor example, ~teiner 

system is a A>'-'-U.-.,",U:.U and a block with block size 4 is a .1\.A-QC:!SlI2"n. 

Now let B) be A-fold subset X of P is called a 2-colouring of 

(P, B) if and only if for each 9 E B, V(g)nX:f 0 and V(g) n(p\X):f 0, where V(g) 

is the vertex set of the graph g. (The subset X is also called a blocking set. However, 

in what follows we will stick with calling X a 2-colouring rather than a blocking 

It is easy to see that the A-fold ~-aeslilns admitting 

have orders 3 or 4 of A). See [6] for Things are considerably 

different for A-fold K4-designs. In a series of two papers [4, 5] D. G. Hoffman, C. 

C. Lindner, and K. T. Phelps gave a cOIJl1plete solution (modulo a handful of pos

sible of which can be 2-

coloured. In the combined work in [4, 5] ualrarltec:'!s the existence of a 

A-fold of order n which can be 2-coloured for every admissible (n, A) ex-

cept possibly for (n E AI), (n = A 1 or 5 6) ~ and 

(n E {19, 34, 37, 58}, A 2 or 4 6)). In a forthcoming paper, necessary and 

sufficient conditions are found for the existence of a 2-colourable ~J-'...l"'''''''H of Kn for 

all connected, graphs with at most 5 

The purpose of this paper is to give a complete solution of the existence problem 

of A-fold - e designs which admit a 2-colouring, where 

-e [ 
Clearly the spectrum for A-fold K4 e designs is contained in the set of all (i) n 0 

or 1 (mod 5) ~ 6 for A 1, (Ii) n == 0 or 1 (mod 5) for A 1,2,3, or 4 (mod 5) 2, 

and (iii) n ~ 4 for A == 0 (mod 5). We show that these necessary conditions are not 

only sufficient for the existence of a A-fold K4 e design but for the existence of a 

A-fold K4 e design which can be 2-coloured as well. Here goes! 
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In what follows will 

b 

e 

any or a, 

To trivial to does e of order 

tolloWIng are eXcLllIIJleS of which can be 

2-coloured. 

!L=ll. 
2,3, 

1 10 

2 11 

1 

2 

3 6 9 9 11 

6 4 7 10 

2, 3, 4, 5, 6} 
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2 3 1 4 5 8 13 14 2 15 12 13 

1 4 5 6 5 9 10 15 3 13 7 11 

5 6 2 3 6 11 8 14 3 12 8 9 

1 14 13 15 6 7 9 15 3 10 14 15 

1 11 10 12 6 12 10 13 4 15 8 11 

1 8 7 9 2 10 7 8 4 14 7 12 

5 7 11 12 2 9 11 14 4 13 9 10 

2-colouring 3,4,7, 10, 14} 

n = 15 (with hole {ll, 12, 13, 14, 15} decomposition of K 1S\Ks into 

of K4 - e, with Ks b~sed on {ll, 12, 13, 14, 15}). 

1 2 10 1 4 12 1 7 5 8 

3 9 1 11 6 9 12 13 2 6 3 10 

6 11 5 7 5 10 14 15 3 4 5 10 

4 8 6 11 3 7 14 15 8 9 5 10 

2 5 12 13 2 8 14 15 2 7 4 9 

3 8 12 13 1 6 14 15 

7 10 12 13 14 9 14 15 

2-colouring {2, 3, 4, 5, 6, 7} 

n = 20. 

2 12 1 11 2 13 4 14 15 9 20 10 20 18 7 17 

3 13 6 16 2 16 8 18 16 7 14 4 2 3 5 15 

4 14 10 20 4 18 9 19 17 9 12 2 2 6 10 20 

5 15 4 14 5 19 10 20 18 10 13 3 4 8 1 11 

6 16 1 11 6 17 4 14 13 12 5 15 5 9 1 11 

7 17 1 Ii 7 19 2 12 16 12 10 20 6 7 5 15 

8 18 5 15 8 20 3 13 18 14 1 11 7 9 3 13 

9 19 6 16 12 3 14 4 19 15 1 11 8 10 7 17 

10 20 1 11 12 6 18 8 17 16 5 15 

1 11 3 13 14 8 19 9 19 17 3 13 

2-colouring {I, 2, 3, 4, fJ, 6, 7, 8, 9, IO} 
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Let where 

00 

wi th L:-COlC'Ufllllll 

With the above examples in hand we proceed to the main constructions for K4 - e 

designs. 
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The 10k Construction. Let (X, 0) be and H {hI, h2 ) •• • , hm } a 

partition of The subsets hi E H are called holes. If for each hole hi E H, (hi! 0) 

IS a of 0), then 0) is called quasigroup with holes H. Let 

0) be a commutative of 2k with holes H all of size 2. Set 

P = X x 3,4, and define a collection of B as follows: (1) For each 

hole h E h*) be the -e order 10 in .r..iX,ample 2.1 

with 2-colouring h x 

(2) if x and y 

and place the of h * in B, and 

to different holes of H, place the 5 graphs 

((x, (y,I),(xoy,2), oy,4)), 

((x, (y, 2), (x 0 y, 3), 0 y, 5)), 

((x, 3), (y,3), (x 0 y, 0 y, 1)), 

((x, 4), (y, 4), (x 0 y, 5), (x 0 y, 2)), and 

( ( x, 5), (x 0 y, 1), (x 0 y, 3)) in B. 

Then (P, B) is a e design of order 10k and X x {I, 2} is a 2-colouring. 

The 10k + 1 Construction. In the 10k Construction set P u 

{1,2,3,4,5}) and (1) by: For each hole hi E H, let 

2,3,4, 5} ), hi) 

o 

x 

be the K4 - e design of order 11 in Example 2.1 with 2-colouring hi x {I, 2, 3}, and 

place the of hi in B. 

Then (P, B) is a - e design of order 10k+ 1 and X x {I, 2, 3} is a 2-colouring. 0 

The 10k + 5 Construction. In the 10k Construction set 

and replace (1) by: (i) for the hole hI, let 
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U (hI X {1,2,3,4, 

be the of order 15 in ~xample 2.1 with the !:-OOlCmr:lllf! hI x {1, 2, 3} 

and the of hi in B, and (ii) for each of the holes h'},) h3 ) ..• I hk, let 

U (hi x {1, 2, 3, 4, 5}), hi) be the e of order 15 

with hole = {001, 003,004, oos} in Example 2.1 with 2-colouring hi x {I, 2, 3} and 

place the graphs of hi in B. 

Then (P, B) -e design of order lOk+5 and X x 2, is a 2-colouring. 0 

The 10k+6 Construction. Let (X, 0) be an idempotent (x2 = x) and commutative 

QU,aSlllfcmn of order 2k + 1, set P = {oo} U (X x {I, 2, 3,4, 5}), and define a collection 

of graphs B as follows: 

(l) For each let ({ 00 } U x 2,3,4, a*) be the K4 - e design of 

order 6 in ~x,ample2.1 with ::::-cOlcmrllllJ;!; {a} X {1,2, and the 6 graphs of a* 

m and 

(2) the same the 10k Construction. 

Then (P, K 4 -e design of order 10k+6 and X x 2, 3} is a 2-colouring. 0 

We can now combine the eXl'i.mpl~!s in £JXicunplt: 2.1 and the above four construc-

tions to determine the spectrum of which can be 2-coloured. 

Theorem 2.2. The !'f'Dp.:ctr1J.m. -e which can be 2-coloured is precisely 

the set of all n 0 or 1 (mod 5) ~ 6. 

Proof: It is well-known that the spectrum for commutative 

ua:SlJ;!;rOtlpS of order 2k with holes all of size 2 is ,....~_._~_'_£,' the set of all 2k ~ 6. Hence 

for eX''1mple 

if n = 10k, lOk+l, or lOk+5 ~ the 10k, 10k+1, and lOk+5 Constructions produce 

a e which can be 2-coloured. If n = 10k+6 ~ the 10k+6 Construction 

produces a K4 e design which can be 2-coloured. The cases n = 6,10,11,15,20,21 

and 25 are taken care of in Example 2.1. 0 

217 



3. A == 1,2,3 or 4 (mod 5). 

As noted in Section 1, it is obvious that the spectrum for A-fold K4 - e designs for 

A == 1,2,3 or 4 (mod 5) 2:: 2 is contained in the set of all n == 0 or 1 (mod 5). Hence 

to settle the existence problem for A-fold K4 - e designs when A == 1,2,3, or 4 (mod 

5) 2:: 2 we need to take care of the case n = 5 only, since we can just take A copies 

of a K4 - e design of order n 2:: 6 (admitting a 2-colouring) in every other case. The 

following two examples dispose of A-fold K4 e designs of order 5 (which can be 

2-coloured) for all A 1,2,3, or 4 (mod 5) 2:: 2. 

Example 3.1. 

1 2 3 4 5 1 2 3 

3 5 2 4 5 2 3 4 

1 2 4 5 5 3 4 1 

3 5 1 4 5 4 1 2 

1 3 2 4 
2-colouring {I, 2} 

2 4 1 3 

2-colouring {I, 2} 

Theorem 3.2. The spectrum of A-fold K4 - e designs with A == 1,2, 3} or 4 (mod 5) 

2:: 2 which can be 2-coloured is precisely the set of all n == 0 or 1 (mod 5). 0 

4. A == 0 (mod 5). 

The spectrum for A-fold K4 - e designs for A == 0 (mod 5) is precisely the set of all 

n 2:: 4. The following Folk Construction packs the spectrum. 

Folk Construction. Let (P, 0) be an idempotent anti-symmetric (a 0 b =I- boa, a =I

b E P) quasigroup of order n 2:: 4. Let B = {(a, b, a 0 b, b 0 a)1 all a =I- b E Pl· Then 

(P, B) is a 5-fold K4 - e design. Taking k copies of (P, B) produces a 5k-fold K4 e 

design of order n. 
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it not amJar!ent 

to 

of the exc:ept;lOn of 

U.U.il'/ff<.,'""UIJ of 

2,3, 
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2,3, 

U \HIUU v) 

5), which 

In 

5. 

5 

2-colour an 

1 (mod 

2 5) 



Il=12. 
03 1 3 4 5 6 7 8 10 11 12 

1 3 2 7 9 8 10 12 11 4 5 5 

12 2 1 3 8 7 6 11 10 9 5 4 

3 11 10 3 2 1 9 5 4 12 8 7 6 

4 10 12 11 4 6 5 1 3 2 7 9 8 

5 6 11 10 9 5 4 12 2 1 3 8 7 

6 5 4 12 8 7 6 11 10 2 1 9 

7 4 6 5 10 12 11 7 9 8 1 3 2 

8 9 5 4 6 11 10 3 8 7 12 2 1 

9 8 7 6 5 4 12 1 9 11 10 3 

10 7 9 8 1 3 2 6 5 10 12 11 

11 3 8 7 12 2 1 5 4 6 11 10 

12 2 1 9 11 10 3 8 7 6 5 4 12 

2-colouring {I, 2, 3,4, 5, 6} 

n=12 (with hole = {I, 2}). 
°4 1 2 3 4 5 6 7 8 9 10 11 12 

1 1 2 10 7 4 12 9 6 3 11 8 5 

2 2 1 6 10 3 7 11 4 8 12 5 9 

3 7 10 3 2 11 4 8 12 5 9 1 6 

4 12 7 11 4 8 2 5 9 1 6 10 3 

5 6 4 8 12 5 9 1 2 10 3 7 11 

6 11 12 5 9 1 6 10 3 7 2 4 8 

7 5 9 1 6 10 3 7 11 4 8 12 2 

8 10 6 2 3 7 11 4 8 12 5 9 1 

9 4 3 7 11 2 8 12 5 9 1 6 10 

10 9 11 4 8 12 5 2 1 6 10 3 7 

11 3 8 12 5 9 1 6 10 7 11 4 

12 8 5 9 1 6 10 3 7 11 4 2 12 

2-colouring {2, 4, 8, 9, 10, 12} 
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10k + 7 Construction. Let 

+ 1, 

if y 

Then 

IS a Z-(:Ol.OUlLln./!,. 

o 

B. 

10k + 

collection of 

e 

u 

.5-fold e 

~xarnple 4.1 with 2-colouring 

m 

u x 

o 

The 

with 

and 

commutative of order 2k 

of 

fOf each the J. <.:O'-.LHMHHJl5 ... , 

be the 5-fold e 

4.1 with Z-CO!C'Uflmg 

the same 

u X 2,3,4, 

of order 12 with hole 

2, and place the 65 

in the 10k + 7 Construction. 
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X 3,4, 

be the 5-fold K4 - e 

2, an d 

let 

defined by 04 in Example 

in hi in and 



Then a 5-fold K4. - e of order 10k + and X {l,2,3} is a 

2-colouring. 0 

4.2. The following are for the n 3 (mod 5) construc-

tions. 
n = 8." n=8 (with hole {I, 2, 3} ). 

°1 7 8 1 3 4 5 6 7 8 

1 4 5 2 5 6 7 8 4 

2 7 1 5 3 8 6 4 1 6 7 8 4 5 

3 8 5 3 6 2 7 1 3 7 8 4 5 6 

4 2 8 6 4 1 7 5 3 4 6 8 5 4 2 3 7 

5 3 4 2 7 5 1 8 6 5 7 4 6 8 5 1 2 3 

6 4 7 5 3 8 6 1 2 6 8 5 7 3 4 6 1 2 

7 5 3 8 6 4 7 1 7 4 6 8 2 3 5 7 1 

8 6 1 4 2 7 5 3 8 8 5 7 4 1 2 3 6 8 

2-colouring 2, 4, 5} 2-colouring {I, 2, 4, 5} 

°3 1 2 3 4 5 6 7 8 9 10 11 12 13 

1 1 5 6 7 11 12 13 2 3 4 8 9 10 

2 11 2 4 3 8 10 9 1 13 12 5 7 6 

3 12 13 3 2 4 9 8 7 1 11 10 6 5 

4 13 12 11 4 3 2 10 6 5 1 9 8 7 

5 8 1 13 12 5 7 6 11 4 3 2 10 9 

6 9 7 1 11 10 6 5 13 12 2 4 3 8 

7 10 6 5 1 9 8 7 12 11 13 3 2 4 

8 5 11 7 6 2 13 12 8 10 9 1 4 3 

9 6 10 12 5 7 3 11 4 9 8 13 1 2 

10 7 9 8 13 6 5 4 3 2 10 12 11 1 

11 2 8 10 9 1 4 3 5 7 6 11 13 12 

12 3 4 9 8 13 1 2 10 6 5 7 12 11 

13 4 3 2 10 12 11 1 9 8 7 6 5 13 

2-colouring {2, 3, 4, 5, 6, 7} 
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The 10k + 

p= 

and 4.2 with 2-

U 

Then a 5-fold of U X {I, 2}) 

IS a D 

The 10k + 3 Construction. the 10k + 

P U 2,3,4,5}) 

and use the qU(},Slgl["OU1PS of order 13 defined 03 and 04 in ./:iixa~mple 4.2 with 2-

colourings hI {1,2,3} and hi X {1,2,3}(i 

Then (P, is a 5-fold 

2-colouring. 

-- e design of order 10k + 3 and X X {I, 2, 3} is a 

D 
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Example 4.3. The following examples are necessary for the tollowmg n ~ 4 (mod 

5) constructions. 

n=9 (and n=9 with hole = {1, 2, 3, 4}). 

°1 1 2 3 4 5 6 7 8 9 

1 1 3 4 2 6 7 8 9 5 

2 4 2 1 3 7 8 9 5 6 

3 2 4 3 1 8 9 5 6 7 

4 3 2 4 9 5 6 7 8 

5 7 9 6 8 5 1 2 4 3 

6 8 5 7 9 3 6 1 2 4 

7 9 6 8 5 4 3 7 1 2 

8 5 7 9 6 2 4 3 8 1 

9 6 8 5 7 1 2 4 3 9 

2-colouring {3, 5, 6, 9} 

n=14 (and n=14 with hole {l, 2, 3, 4}). 

°2 1 2 3 4 5 6 7 8 9 10 11 12 13 14 

1 1 4 2 3 9 10 12 7 11 13 5 8 14 

2 3 2 4 7 5 14 13 6 12 10 11 8 

3 4 3 2 14 13 6 10 12 11 8 9 7 

4 2 3 1 4 6 9 10 11 13 5 7 14 12 

5 10 12 9 11 5 2 8 3 14 13 6 4 

6 8 7 11 5 12 6 13 14 4 9 2 3 

7 14 13 10 12 3 4 7 9 8 2 5 6 

8 13 5 7 9 2 11 3 8 4 6 14 10 

9 6 10 5 8 13 14 12 9 7 3 4 11 

10 9 6 14 7 8 1 11 3 2 10 12 13 5 4 

11 12 8 13 14 10 3 4 6 5 :2 11 7 9 

12 11 14 8 6 4 . 7 9 5 10 3 12 2 13 

13 7 9 6 10 11 12 5 2 14 8 

14 

2-colouring {2, 5, 9, la, 12, 13, 14} 
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The lOk+9 Construction. In the 10k+ 7 Construction set P 

(X X {l,2, 3, 4, 5}) and the quasigroup of order 9 defined by 01 in Example 4.3 

with :l-(:ol()urm~(s 

Then (P, 

IS 

The lOk+4 

{I, 3, 

with :l-c:ol(mrm~ 

order 

order 

5. 

U({a} 3}) and U({b} {1,2,3}). 

24. 

22, 

e of order 10k + 9 and 

In the lOk+2 Construction 

quaSl:gro,up of 

and 

of 

24. 

and 

p 

can 

U 

U x 

{1,2, 

D 

2,3}) 

D 

2-coloured every 

be~;mmrlg of this 

odd order 

6, the above 

2-coloured of every 

case 4 is trivial, 

D 

In this section we eliminate the three possible ex(:ep1~lOIlS in the statement of Lemma 

4.4. 

Let T {(I, 1, 1,4), (1,2,3,1), (1, 3, 4, 2), (1, 4, 2, 3), (2,1,4, (2,2,2,3), 

(2,3,1, (2,4,3,1), (3,1,2,3), (3, 2, 4,2), (3, 3, 3,1), (3, 4,1,4), (4,1, 1), (4,2,1,4), 

(4,3,2,3), (4,4,4, 2)}. Let (X, 0) be an idempotent anti-symmetric quasigroup of 

order 6, set P X x {I, 2, 3, 4}, and define a collection of graphs as follows: 
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(1) For each a E 

and place the 6 

(2) for all 1-= y 

x, t)) in B. Then 

n 22. Let (Q, 

Let 0) be 

{1, 2, 3, and 

let ({a} X {1,2,3,4},a*) be a 5-fold K4 - e 

belonging to a* in B, and 

of order 4 

and (i,j, t)ETplacethegraph((x,i),(y,j),(x y, (yo 

B) is a 5-fold e design and X X {1, 2} is a 2-colouring. 

and (Q, 02) be the following two QUi:l,Slll!:rolLPS. 

3 4 5 6 

4 3 6 5 

5 6 3 4 

3 5 1 

4 5 3 6 2 1 

4 6 1 5 3 

6 3 5 4 6 

{l,3, {l,3, (hole 

idempotent ,_<nrrr""p1rr,r QU,I.Slg:rOllp of order 6, set P X x 

a collection of graphs B as follows: 

Let EXandlet(001,002}U({a}x{l, 4}, a$) be the 5-fold K 4 -

of order 6 defined by (Q, 0) with 2-colouring {ood U ( {a} X {1, 2}) and place these 

graphs in B, 

(2) for each b E X\{a}, let ({00t,002}U({b} x {1,2,3,4},b*) be the 5-fold e 

of order 6 with hole {001' 002} defined by (Q, 02) with 2-colouring U 

({b} x {l,2}) and place the graphs of b* in and 

(3) the same as (2) in the construction for n = 24. 

Then (P, B) is a 5-fold K4 - e design of order 22 and {001} u (X x {l, 2}) is a 

2-colouring. 

n = 23. Unfortunately (for technical reasons) the above two constructions cannot 

be used to construct a 5-fold K4 - e design of order 23. We content ourselves with 

an ad hoc example. 

226 



N 
N 
'-l 



With the above three ex,itm.pl(~s in hand we can now the holes in Lemma 4.4. 

Lemma 5.1. There exists a 5-fold K4 - e design which can be 2-coloured of every 

order n ~ 4. o 

Theorem 5.2. The spectrum for A-fold K4 designs with A o (mod 5) which 

can be 2-coloured is precisely the set of all n 4. 

Proof: Write A 5k and take k of Lemma 5.1. o 

6. 

As mentioned in the introduction, the "n,~r1"rl11'Y1 for A-fold 

(i) all n 0 or 1 5) ~ 6 for A 1, all n == 0 or 1 

or 4 (mod 5) 2, and (iii) all n ::.::: 4 for A o 5). Theorems 

1,2, 

and 5.2 

combine to show that these necessary conditions for the existence of a A-fold K4 

design are , in fact, sufficient for the existence of a A-fold 

2-coloured. 

which can 

Theorem 6.1. The spectrum for >.-fold e designs which can be 2-coloured is 

(i) all n 0 or 1 (mod 5) ~ 6 for). I, (ii) all n 0 or 1 (mod 5) for 

A 1,2, 3} or 4 (mod 5) ~ 2, and (iii) all n 4 for A == 0 (mod 0 
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