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Abstract

In this paper, necessary and sufficient conditions are found for the existence

of a 2-colourable K — e design of AK,,.

1. Introduction.

Let G be a simple graph; ie., a subgraph of K,, (the complete undirected graph on
n vertices). A A-fold G-design (of order n) is a pair (P, B), where B is an edge-
disjoint decomposition of MK, (A copies of K,,) with vertex set P into copies of the
graph G. The number n is called the order of the G-design (P, B) and, of course,
|B| = A(3)/|E(G)| where | E(G)| is the number of edges belonging to G. When X = 1
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We Wil abbreviate —1-1014 r-aesign 1o simply -design . 00, I0r eXampie, a ovteiner
triple system is a K3-design and a block design with block size 4 is a K,-design.

Now let (P, B) be a A-fold G-design. The subset X of P is called a 2-colouring of
(P, B) if and only if for each g € B, V(g)NX # 0 and V(g) N(P\X) # 0, where V(g)
is the vertex set of the graph g. (The subset X is also called a blocking set. However,
in what follows we will stick with calling X a 2-colouring rather than a blocking set.)

It is quite easy to see that the only A-fold Kjs-designs admitting a 2-colouring
have orders 3 or 4 (regardless of X). See [6] for example. Things are considerably
different for A-fold K4-designs. In a series of two papers [4, 5] D. G. Hoffman, C.
C. Lindner, and K. T. Phelps gave a complete solution (modulo a handful of pos-
sible exceptions) of the problem of constructing A-fold Kj-designs which can be 2-
coloured. In particular, the combined work in [4, 5] guarantees the existence of a
Afold Kj-design of order n which can be 2-coloured for every admissible (n,A) ex-
cept possibly for (n € {37,40,73},A = 1),(n = 37,1 = 1 or 5 (mod 6) > 5), and
(n € {19,34,37,46,58},) =2 or 4 (mod 6)). In a forthcoming paper, necessary and
sufficient conditions are found for the existence of a 2-colourable G-design of K, for
all connected, simple graphs G with at most 5 edges, G # K, — e [2].

The purpose of this paper is to give a complete solution of the existence problem

of A-fold K4 — e designs which admit a 2-colouring, where

K4—6 =

Clearly the spectrum for A-fold K4 — e designs is contained in the set of all (i) n = 0
or 1 (mod 5) > 6 for A =1, (ii) n = 0 or 1 (mod 5) for A = 1,2,3, or 4 (mod 5) > 2,
and (iii) n > 4 for A = 0 (mod 5). We show that these necessary conditions are not
only sufficient for the existence of a A-fold K, — e design but for thé existence of a

A-fold K4 — e design which can be 2-coloured as well. Here goes!
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In what follows we will denote

a C

by any one of (a,b,¢,d),(a,b,d,c¢),(b,a,c,d),or (ba,d,c)

To begin with it is trivial to see that there does not exist a K4 — e design of order

5. Now for some necessary examples.

Example 2.1. The following are examples of Ky — e designs (A = 1), which can be

2-coloured.
n=6. n=10.
1 4 2 8 12 3 477 9 3 4
2536 3 4 5 6,8 10 3 4
3 614 56 1 27 10 5 6
2-colouring {1, 2, 3} 7 8 1 218 9 5 6
9 10 1 2
n=11.
2-colouring {1, 2, 3, 5}
1 10 2 5 |5 7 8 11
2 11 3 6 (68 1 9
13 4 717 86 2 10
2 4 5 8 |8 10 3 11
3 5 6 9 |9 11 1 4
6 4 T 10

2-colouring {1, 2, 3, 4, 5, 6}
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23 1 4|5 8 13 14)2 15 12 13
14 5 61158 9 10 15(3 13 7 11
5 6 2 3 |6 11 8 14|3 12 8 9
1 14 13 15/6 7 9 15|3 10 14 15
1 11 10 1246 12 10 13|14 15 8 11
18 7 912 107 8 14 14 7 12
5 7 11 1202 9 11 144 13 9 10

2-colouring {2, 3, 4, 7, 10, 14}
n =15 (with hole = {11, 12, 13, 14, 15} = decomposition of K;5\Ks into copies
of K4 — e, with Ky based on {11, 12, 13, 14, 15}).

1011 2 101 4 12 13|17 5 8

39 1 116 9 12 13|2 6 3 10

6 11 5 7 |5 10 14 15|3 4 5 10

48 6 1103 7 14 15[/8 9 5 10

2 5 12 13|2 8 14 15(2 7 4 9

38 12 1301 6 14 15

7 10 12 13|4 ¢ 14 15

2-colouring {2, 3, 4, 5, 6, 7}
n = 20.

2 12 1 11|2 13 4 14|15 9 20 10(20 18 7 17
3 13 6 16(2 16 8 18|16 7 14 4 |2 3 5 15
4 14 10 20[4 18 9 19017 9 12 2 |2 6 10 20
5 15 4 14|5 16 10 20118 10 13 3 |4 8 1 11
6 16 1 11]6 17 4 14013 12 5 15/5 9 1 11
7 17 1 117 19 2 12|16 12 10 20|6 7 5 15
8 18 5 15(8 20 3 13|18 14 1 11|7 9 3 13
9 19 6 1612 3 14 4 |19 15 1 118 10 7 17
10 20 1 11,12 6 18 8 |17 16 5 15

11103 13;;148 19 9 |19 17 3 13

2-colouring {1, 2, 3, 4, 5, 6, 7, 8, 9, 10}
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1,8+14, 5414, 7T+
10044,12 44,4, 6 +1
1 € Zy; (mod 21)

2-colouring {1, 2, 4, 7, 10, 11, 14, 15, 18, 19}.

n = 25. Let (oo, B) be the Ky — e design of order 11 (in this example) where

00 = {00g, 001, 00z, 003, 004, 005, 006, 07, 008, OOg, OA1g }

with 2-colouring {o0g, 001, 002, 003, 004, 005 }.

B
(0,4), (0,1 +4), (1,4 +14), (1,6 +1)
(0,2),(1,24+14),(1,1 + ), 000
i€ Zy (mod T)

With the above examples in hand we proceed to the main constructions for K4 —e

designs.

(7,0, (5,2), 001,006 | (4,3),(3,6), 003, 008
(7,4),(j, 6), 001,006 | (4,2),(J,5), 003, 008
(4,1),(4,3), 001,006 | (4,0),(4,3), 004, 000
(7,2),(5,4), 002,007 | (3,2),(3,6), 004, 009
(4,1),(4,6), 002,007 | (4,1),(4,5), 004, 000
(7,3),(4,5), 002,007 | (4,0),(3,5), 005, 0010
(4,0),(4,4), 003,008 | (5,1),(J,4), 05,0010
7 € Zy (mod 2)

(0, 5), (1, B), ooy, 006 | (0, 2), (1, 2), 005, 0010
(0, 0), (1, 0), coz, 007 | (0, 3), (1, 3), 005, 0010
(0, 1), (1, 1), 003,008 | (0, 6), (1, 6), 005, 0010
(0, 4), (1, 4), co4, 008

2-colouring {oog, 001, 003, 003, 004, 005} U {(0,2)|i € Z;}
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The 10k Construction. Let (X,0) be a quasigroup and H = {hy,hs,..., hn} a
partition of X. The subsets h; € H are called holes. If for each hole h; € H, (h;,0)
is a subquasigroup of (X, o), then (X,0) is called a quasigroup with holes H. Let
(X,0) be a commutative quasigroup of order 2k with holes H all of size 2. Set
P = X x{1,2,3,4,5} and define a collection of graphs B as follows: (1) For each
hole h € H, let (h x {1,2,3,4,5},h*) be the K, — e design order 10 in Example 2.1
with 2-colouring h x {1,2} and place the graphs of 4* in B, and

(2) if z and y belong to different holes of H, place the 5 graphs

((z,1),(y,1),(z 09,2),(z 0y,4)),

((=,2),(y,2),(z09,8),(z 0,5)),
((2,3),(y,3),(z 0 9,4),(z 0y, 1)),
((=,4),(y,4),(z0y,5),(z 0y,2)), and
((,5),(y,5),(z0y,1),(z0y,3)) in B.

Then (P, B) is a K4 — e design of order 10k and X x {1,2} is a 2-colouring. 0O

The 10k + 1 Construction. In the 10k Construction set P = {oo} U (X x
{1,2,3,4,5}) and replace (1) by: For each hole h; € H, let

({oo} U (hi x {1,2,3,4,5}), h7)

be the Ky — e design of order 11 in Example 2.1 with 2-colouring h; x {1,2,3}, and
place the graphs of Af in B.
Then (P, B) is a K4 —e design of order 10k+1 and X x {1,2, 3} is a 2-colouring. 0

The 10k + 5 Construction. In the 10k Construction set
P = {001,002, ©03, 004, 005} U (X X {1,2, 3,4, 5})

and replace (1) by: (i) for the hole A, let
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“.001; 002, 003, D4, 005} u (h1 X {1) 2) 374) 5})a h;)

be the K¢ — e design of order 15 in Example 2.1 with the 2-colouring hy x {1,2,3}
and place the graphs of A} in B, and (ii) for each of the holes hg, hs,. .., hy, let
({001, 003, 003, 004,005} U (ki x {1,2,3,4,5}),h!) be the K4 — e design of order 15
with hole = {c01, 002, 003, 004, 005} in Example 2.1 with 2-colouring h; x {1,2,3} and
place the graphs of h? in B.

Then (P, B) is 2 K4 —e design of order 10k+5 and X x {1, 2, 3} is a 2-colouring. 0O

The 10k +6 Construction. Let (X, o) be an idempotent (z? = z) and commutative
quasigroup of order 2k + 1, set P = {oo}U(X x {1,2,3,4,5}), and define a collection
of graphs B as follows:

(1) For each a € X, let ({oo} U ({a} x {1,2,3,4,5}),¢*) be the K, — ¢ design of
order 6 in Example 2.1 with 2-colouring {a} X {1,2, 3}, and place the 6 graphs of a*
in B, and

(2) the same as the 10k Construction.

Then (P, B) is a K4 —e design of order 10k-+6 and X x {1,2, 3} is a 2-colouring. [0

We can now combine the examples in Example 2.1 and the above four construc-

tions to determine the spectrum of K; — e designs which can be 2-coloured.

Theorem 2.2. The spectrum of K4 — e designs which can be 2-coloured is precisely

the set of alln =0 or 1 (mod 5) > 6.

Proof: It is well-known (see [3, 7], for example) that the spectrum for commutative
quasigroups of order 2k with holes all of size 2 is precisely the set of all 2k > 6. Hence
ifn = 10k, 10k+1, or 10k+5 > 30, the 10k, 10k+1, and 10k+5 Constructions produce
a K, —e design which can be 2-coloured. If n = 10k-+6 > 16, the 10k+6 Construction
produces a K, — e design which can be 2-coloured. The cases n = 6,10, 11,15, 20,21

and 25 are taken care of in Example 2.1. 0
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3. A=1,2,3 or 4 {(mod 5).

As noted in Section 1, it is obvious that the spectrum for A-fold K, — e designs for
A=1,2,3 or 4 (mod 5) > 2 is contained in the set of all n = 0 or 1 (mod 5). Hence
to settle the existence problem for A-fold K4 — e designs when A =1,2,3, or 4 (mod
5) > 2 we need to take care of the case n = 5 only, since we can just take ) copies
of a K4 — e design of order n > 6 (admitting a 2-colouring) in every other case. The
following two examples dispose of A-fold K4 — e designs of order 5 (which can be

2-coloured) for all A = 1,2,3, or 4 (mod 5) > 2.

Example 3.1.

n=2>5and A =2 n=5and A =3.
1 2 3 4 51 2 3
3 5 2 4 5 2 3 4
1 2 45 53 41
3 5 1 4 5 4 1 2
1 3 2 4
2-colouring {1, 2} 0 4 1 3

2-colouring {1, 2}
Theorem 3.2. The spectrum of A-fold K4 — e designs with A = 1,2,3, or 4 (mod 5)
> 2 which can be 2-coloured is precisely the set of alln =0 or 1 (mod 5). o

4. A =0 (mod 5).

The spectrum for M-fold K4 — e designs for A = 0 (mod 5) is precisely the set of all
n > 4. The following Folk Construction packs the spectrum.

Folk Construction. Let (P,0) be an idempotent anti-symmetric (aob# boa,a #*
b € P) quasigroup of order n > 4. Let B = {(a,b,a0b,boa)lalla#be P}. Then
(P, B) is a 5-fold Ky — e design. Taking k copies of (P, B) produces a 5k-fold Ky —e

design of order n.
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galore, it is not apparent (at least not to the authors) how to 2-colour such designs.
So, in order to pack the spectrum with A-fold Ky — e designs, A = 0 {(mod 5), which
can be Z-coloured we take the following tack. We 2-colour a handful of idempotent
anti-symmetric quasigroups of small orders, and use these 5-fold Ky — e designs in
five different recursive constructions: n = 0,1,2,3, and 4 (mod 5), with A = 5.

The cases n = 0 or 1 (mod 5) are taken care of by Theorem 2.2 (just take 5 copies
of a Ky — e design), with the exception of n = 5. It is less than trivial to 2-colour an
idempotent anti-symmetric quasigroup of order 5. So much for n = 0 or 1 (mod 5).

We now move on to the cases n = 2,3, and 4 (mod 6), A = 5.

Example 4.1. The following four examples are necessary for the n = 2 (mod &)

constructions.

n=7. n=7 (with hole = {1, 2}).
o0}l 2 3 4 5 6 17 o, |1 2 3 4 5 6 7
111 6 4 2 7 5 3 111 214 5 6 7 3
214 2 75 3 1 6 212 115 6 7 3 4
3 |7 5 3 1 6 4 2 315 7 3 1 2 4 6
413 1 6 4 2 7 8 4 16 3 7 4 1 2 5
516 4 2 7 5 3 1 517 4 6 3 5 1 2
612 7 5 3 1 6 4 6 |3 5 2 7 4 6 1
7415 3 1 6 4 2 7 714 6 1 2 3 57
2-colouring {1, 2, 3, 5} 2-colouring {1, 2, 3, 5}
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|1 2 3 4 5 6 7 8 9 10 11 12
11 3 2 7 9 8 10 12 11 4 5 5
212 2 1 3 8 7 6 11 109 5 4
3111103 2 1 9 5 4 128 7 6
41012 114 6 5 1 3 2 7 9 8
516 11 109 5 4 12 2 1 3 8 71
6|5 4 128 7 6 11 103 2 1 9
714 6 5 10 12 117 9 8 1 3 2
819 5 4 6 11 103 8 7 12 2 1
918 7 6 5 4 122 1 ¢ 11 10 3
wl7 9 8 1 3 2 4 6 5 10 12 11
1103 8 7 122 1 9 5 4 6 11 10
12/2 1 9 11 103 8 7 6 5 4 12

2-colouring {1, 2, 3, 4, 5, 6}

n=12 (with hole = {1, 2}).
os|1 2 3 4 5 6 7 8 9 10 11 12
11 2l107 4 129 6 3 118 5
212 116 103 7 11 4 8 125 9
37 103 2 11 4 8 125 9 1 6
4112 7 11 4 8 2 5 9 1 6 10 3
516 4 8 125 9 1 2 103 7 11
6 /11 125 9 1 6 103 7 2 4 8
715 9 1 6 103 7 11 4 8 12 2
g8 /106 2 3 7 11 4 8 125 9 1
914 3 7 112 8 125 9 1 6 10
0|9 11 4 8 125 2 1 6 103 7
113 8 125 9 1 6 10 2 7 11 4
128 5 9 1 6 103 7 11 4 2 12

2-colouring {2, 4, 8, 9, 10, 12}
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tne 10k + ( Construction. Let (X, 0) be an idempotent commutative quasigroup
of order 2k + 1, set P = {001,005} U(X x {1,2,3,4,5}), and define a collection of
graphs B as follows :

(1) Let a € X, and let ({o01,00:} U ({a} x {1,2,3,4,5}),a*) be the 5-fold K, —e
design of order 7 defined by o; in Example 4.1 with 2-colouring {o00s, 002} U ({a} x
{1,2}), and place the 21 graphs of o* in B;

(2) for each b € X\{a}, let ({co1, cos}U({b} x {1,2,3,4,5}, ") be the 5-fold K;—e
design of order 7 with hole {00y, 00} defined by o, in Example 4.1 with 2-colouring
{001, 002} U ({8} x {1,2}) and place the 20 graphs in b* in B; and

(3)ifz # y € X, place 5 copies of each of the graphs

((z,1),(y,1),(z09,2),(z 0y,4)),

((2,2),(¥,2),(z 0y,3),(z 09,5)),

((2,3),(9,3),(z 0y, 4),(z 09, 1)),

((z,4),(y,4),(z 0y,5),(z 0y,2)), and

((z,5),(y,5), (xoy,1),{z0y,3)) in B.
Then (P, B) is a 5-fold K4 — e design of order 10k + 7 and {oo;, 002} U (X x {1,2})
is a 2-colouring. 0

The 10k + 2 Construction. Let (X, 0) be a commutative quasigroup of order 2k
with holes If = {h1, hs, ..., he} all of size 2, set P = {coy, 00} U (X x {1,2,3,4,5}),
and define a collection of graphs B as follows:

(1) For the hole hy, let ({co1, 005} U (hy x {1,2,3,4,5}), h?) be the 5-fold Ky — e
design of order 12 defined by o in Example 4.1 with 2-colouring hy x {1,2,3}, an d
place the 66 graphs of A in B;

(2) for each of the remaining holes hy, ha, Ay, . . ., By, let

({0‘311002} U (hi X {1:2)3:47 5}):h:)

be the 5-fold K4 — e design of order 12 with hole {004, 005} defined by o, in Example
4.1 with 2-colouring h; x {1,2,3} and place the 65 graphs in A in B; and
(3) the same as (3) in the 10k + 7 Construction.
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Then (P, B) is a 5-fold K4 — e design of order 10k + 2 and X x {1,2,3} is a

2-colouring.

0

Example 4.2. The following examples are necessary for the n = 3 (mod 5) construc-

tions.

n=38 n=8 (with hole = {1, 2, 3} ).
o1 2 3 4 5 6 7 8 og|{1 2 3 4 5 6 7 8
111 6 7 8 2 3 4 5 141 3 215 6 7 8 4
217 2 1 5 3 8 6 4 213 2 1(6 7 8 4 5
3|85 316 4 27 3912 1 3§17 8 4 5 6
4 12 8 6 41 7 5 3 416 8 5 41 2 3 7
513 4 2 7 5 1 8 6 517 4 6 8 5 1 2 3
6 |4 75 3 8 6 1 2 6 |8 5 7 3 4 6 1 2
715 3 8 6 4 2 71 714 6 8 2 3 5 71
8 16 1 4 2 7 5 3 8 8 |5 7 41 2 3 6 8
2-colouring {1, 2, 4, 5} 2-colouring {1, 2, 4, 5}
n=13.

31 2 3 4 5 6 7 8 9 10 11 12 13

1/t 5 6 7 11 12 13 2 3 4 8 9 10

2 |11 2 4 3 8 10 9 1 13 12 5 7 6

3 /12 13 3 2 4 9 8 7 1 11 10 6 5

4 {13 12 11 4 3 2 106 5 1 9 8 7

5 18 1 13 12 5 7 6 11 4 2 10 9

6 |9 7 1 11 10 6 5 13 12 2 4 3 8

7 (10 6 5 1 ¢ 8 7 12 11 18 3 2 4

8 |5 11 7 6 2 13 12 8 10 9 1 4 3

9 ' 6 10 12 5 7 3 11 4 9 8 13 1 2

07 9 8 136 5 4 3 2 10 12 11 1

1112 8 10 9 1 4 3 5 7 6 11 13 12

1213 4 9 8 131 2 106 &5 7 12 11

13({4 3 2 10 12 11 1 ¢ 8 7 6 5 13

2-colouring {2, 3, 4, 5, 6, 7}
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n=13 (with hole = {1, 2, 3}).

gl 2 3 4 5 6 T 8 9 10 11 12 13
141 3 2315 6 4 10 12 13 9 7 11 8
213 2 13137 5 9 6 12 4 10 8 11
312 1 3}8 11 10 12 13 6 5 9 4 7
4 16 12 7 4 109 11 5 1 13 8 2 3
5 |11 8 4 3 5 2 139 107 1 6 12
6 |9 10 12 7 3 6 2 4 8 11 5 13 1
704 13 5 1 8 127 11 2 6 3 9 10
8 17 5 9 11 131 3 & 4 2 12 10 6
g 1107 8 6 2 11 4 1 9 12 13 3 5
0113 6 11 12 9 7 8 3 5 10 2 1 4
11/8 4 6 9 12 13 5 10 3 1 11 7 2
1215 11 13 101 8 6 2 7 3 12 9
1312 9 10 2 4 3 1 7 11 8 6 5 13

2Z-colouring {4, 5, 6, 8, 9, 10}
The 10k + 8 Construction. In the 10k + 7 Construction, set
P= {001, Oy, 003} 6] (X x {], 2, 3,4, 5})
and use the quasigroups of order § defined by oy and o, in Example 4.2 with 2-
colourings {001, 002} U ({a} x {1,2}) and {oo1, 002} U ({6} x {1,2}).
Then (P, B) is a 5-fold K4 — e design of order 10k +8 and {01, 005} U(X x {1,2})

1s a 2-colouring. 0

The 10k + 3 Construction. In the 10k + 2 Construction, set
P = {001, 009, 003} U (X X {1, 2, 3, 4, 5})
and use the quasigroups of order 13 defined by o3 and o4 in Example 4.2 with 2-
colourings hy x {1,2,3} and h; x {1,2,3}(: > 2).

Then (P,B) is a 5-fold K4 — e design of order 10k + 3 and X x {1,2,3} is a

2-colouring,. o
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Example 4.3. The lollowing examples are necessary lor the roliowing n = 4 (mod
5) constructions.

p=9 (and n=9 with hole = {1, 2, 3, 4}).

orl1 2 34567809
1113 4 2]l6 7 8 9 5
2la 2 13078 9556
3 ]2 43 1|8 95 67
413 12 4]9 56 78
517 96 85 1 2 43
618 57936 1 24
719 6 85 43712
g8l5 79624381
916 8 5 7 1 2439

2-colouring {3, §, 6, 9}

n=14 (and n=14 with hole = {1, 2, 3, 4}).

oy | 1 3 4 5 6 7 & 9 10 11 12 13 14
101t 4 2 3¢9 10 12 7 11 13 5 8 14 6
2 {3 2 4 147 5 14 13 6 12 10 11 8 9
314 1 3 2}14 13 6 10 12 11 8 9 T &
4 12 3 1 416 9 10 11 13 5 7 14 12 8
5 /10 12 9 11 5 2 8 1 3 14 13 6 4 7
6 |8 7 11 5 12 6 13 14 1 4 9 2 3 10
7 |14 13 10 12 3 4 7 9 8 1 2 &5 6 11
8 13 5 7 ¢ 2 11 3 8 4 6 14 10 1 12
9 {6 10 5 8 13 14 1 12 9 7 3 4 11 2
019 6 14 7 8 1 113 2 10 12 13 & ¢4
1112 8 13 14 10 3 4 6 &5 2 11 7 9 1
12111 14 8 6 4 -7 9 5 10 3 1 12 2 13
13{7 9 6 10 11 12 5 2 14 8 4 1 13 3
1415 11 12 131 8 2 4 7 9 6 3 10 14

2-colouring {2, 5, 9, 10, 12, 13, 14}
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The 10k+9 Construction. Inthe 10k+7 Construction set P = {001, 004, 003, 004 }U
(X x{1,2,3,4,5}) and use the quasigroup of order 9 defined by oy in Example 4.3
with 2-colourings {oo1} U ({a} x {1,2,3}) and {oo1} U ({4} x {1,2,3}).

Then (P, B) is a 5-fold K, — e design of order 10k + 9 and {oo;} U (X x {1,2,3})

is a 2-colouring. 0

The 10k-+4 Construction. Inthe 10k+2 Construction set P = {00, 004, 003, 004 }U
(X x{1,2,3,4,5}) and use the quasigroup of order 14 defined by o, in Example 4.3
with 2-colouring {co; } U (hy x {1,2,3}) and {oo1} U (h: x {1, 2,3})(z > 2).

Then (P, B) is a 5-fold K, — e design of order 10k +4 and {oco,} U (X x {1,2,3})

is a 2-colouring . 0

Lemma 4.4. There ezists a 5-fold Ky — e design which can be 2-coloured of every
order n > 4, except possibly n = 22,23, and 24.

Proof: The cases n = 0 or 1 (mod 5) are taken care of at the beginning of this
section. Since there exists an idempotent commutative quasigroup of every odd order
and a commutative quasigroup with holes of size 2 of every even order > 6, the above
six constructions produce a 5-fold K, — e design which can be 2-coloured of every
order nn = 2,3, or 4 (mod 5), except 4,22,23, and 24. The case n = 4 is trivial,
leaving only 22,23, and 24. 0

5. The Cases n = 22,23, and 24.

In this section we eliminate the three possible exceptions in the statement of Lemma

4.4.

n=2{. Let T = {(1,1,1,4),(1,2,3,1),(1,3,4,2), (1,4,2,3), (2,1,4,2),(2,2,2,3),
(2,3,1,4),(2,4,3,1),(3,1,2,3),(3,2,4,2),(3,3,3,1), (3,4, 1,4), (4,1,3,1), (4,2, 1,4),
(4,3,2,3),(4,4,4,2)}. Let (X,0) be an idempotent anti-symmetric quasigroup of
order 6, set P = X x {1,2,3,4}, and define a collection of graphs B, as follows:
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(1) For each a € X, let ({a} x {1,2,3,4},a*) be a 5-fold K4 — e design of order 4
and place the 6 graphs belonging to a* in B, and

(2)forallz #y € X and (3,7, s,t) € T place the graph ((z,1),(y,7),(z0y,s), (yo
z,t)) in B. Then (P, B) is a 5-fold Ky — e design and X x {1,2} is a 2-colouring.

n = 22. Let (Q,01) and (@, 0z) be the following two quasigroups.

|1 2 3 4 5 6 o211 2 3 4 5 6
111 3 4 5 6 2 111 214 3 6 5
214 21 6 3 & 212 1}5 6 3 4
3 /56 3 1 2 4 316 4 3 5 1 2
416 5 2 4 1 3 4 |5 3 6 4 2 1
512 4 6 3 5 1 514 6 2 1 5 3
6 13 1 5 2 4 6 6 |3 5 1 2 4 6
2-colouring {1, 3, 4} 2-colouring {1, 3, 4} (hole = {1, 2})

Let (X,0) be an idempotent anti-symmetric quasigroup of order 6, set P = X X
{1,2,3,4} and define a collection of graphs B as follows:

(1) Let a € X and let (ooq, 002} U({a} x {1, 2,3,4}, a*) be the 5-fold K4 —¢ design
of order 6 defined by (Q, o) with 2-colouring {co1} U ({a} x {1,2}) and place these
graphs in B, )

(2) for each b € X\{a}, let ({co1, 002} U ({b} x {1,2,3, 4},b*) be the 5-fold K5 —e
design of order 6 with hole {001,00,} defined by (Q,0;) with 2-colouring {co1} U
({6} x {1,2}) and place the graphs of 5" in B, and

(3) the same as (2) in the construction for n = 24.

Then (P, B) is a 5-fold Ky — e design of order 22 and {oo1} U (X x {1,2})is a

2-colouring.
n = 28. Unfortunately (for technical reasons) the above two constructions cannot

be used to construct a 5-fold K4 — e design of order 23. We content ourselves with

an ad hoc example.
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With the above three examples in hand we can now plug the holes in Lemma 4.4.

Lemma 5.1. There exists a 5-fold K4 — e design which can be 2-coloured of every

order n > 4. a

Theorem 5.2. The spectrum for M-fold Ky — e designs with A = 0 (mod 5) which

can be 2-coloured is precisely the set of alln > 4.

Proof: Write A = 5k and take k copies of Lemma 5.1. |

6. The main result.

As mentioned in the introduction, the spectrum for A-fold K4 — e designs is precisely:
(ialln =0 or 1 (mod 5) > 6 for A = 1, (ii) all n = 0 or 1 (mod 5) for X = 1,2,3,
or 4 (mod 5) > 2, and (iii) all n > 4 for A = 0 (mod 5). Thecrems 2.2, 3.2, and 5.2
combine to show that these necessary conditions for the existence of a A-fold K, — e
design are, in fact, sufficient for the existence of a A-fold K4 — e design which can be

2-coloured.

Theorem 6.1. The spectrum for A-fold Ky — e designs which can be 2-coloured is
precisely: (i) alln = 0 or 1 (mod 5) > 6 for A =1, (i) all n = 0 or 1 (mod 5) for
A=1,2,3, or { (mod 5) > 2, and (i1) all n > 4 for A =0 (mod 5). 0
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