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Abstract

A transitive triple, (a, b, c), is defined to be the set {(a, b), (b, c), (a, c)}
of ordered pairs. A directed triple system of order v, DTS(v), is a pair
(D, β), where D is a set of v points and β is a collection of transitive
triples of pairwise distinct points of D such that any ordered pair of
distinct points of D is contained in precisely one transitive triple of β. An
antiautomorphism of a directed triple system, (D, β), is a permutation
of D which maps β to β−1, where β−1 = {(c, b, a) | (a, b, c) ∈ β}. In
this paper we give necessary and sufficient conditions for the existence
of a directed triple system of order v admitting an antiautomorphism
consisting of two cycles, where one cycle is twice the length of the other.

1 Introduction

A Steiner triple system of order v, STS(v), is a pair (S, β), where S is a set of v
points and β is a collection of 3-element subsets of S, called blocks, such that any
pair of distinct points of S is contained in precisely one block of β. Kirkman [6]
showed that there is an STS(v) if and only if v ≡ 1 or 3 (mod 6) or v = 0.

An automorphism of (S, β) is a permutation of S which maps β to itself. An
automorphism, α, of (S, β) is called cyclic if the permutation defined by α consists
of a single cycle of length v. Peltesohn [10] proved that an STS(v) having a cyclic
automorphism exists if and only if v ≡ 1 or 3 (mod 6) and v �= 9. An automorphism,
α, of (S, β) is called bicyclic if the permutation defined by α consists of two cycles.
Calahan-Zijlstra and Gardner [1] have shown that there exists an STS(v) admitting
a bicyclic automorphism having cycles of length M and N , with 1 < M ≤ N , if and
only if M ≡ 1 or 3 (mod 6), M �= 9, M |N , and M + N ≡ 1 or 3 (mod 6).

A transitive triple, (a, b, c), is defined to be the set {(a, b), (b, c), (a, c)} of ordered
pairs. A directed triple system of order v, DTS(v), is a pair (D, β), where D is a
set of v points and β is a collection of transitive triples of pairwise distinct points
of D, called triples, such that any ordered pair of distinct points of D is contained
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in precisely one element of β. Hung and Mendelsohn [4] have shown that necessary
and sufficient conditions for the existence of a DTS(v) are that v ≡ 0 or 1 (mod 3).

For a DTS(v), (D, β), we define β−1 by β−1 = {(c, b, a) | (a, b, c) ∈ β}. Then
(D, β−1) is a DTS(v) and is called the converse of (D, β). A DTS(v) which is iso-
morphic to its converse is said to be self-converse. Kang, Chang, and Yang [5] have
shown that a self-converse DTS(v) exists if and only if v ≡ 0 or 1 (mod 3) and
v �= 6. An automorphism of (D, β) is a permutation of D which maps β to itself. An
antiautomorphism of (D, β) is a permutation of D which maps β to β−1. Clearly, a
DTS(v) is self-converse if and only if it admits an antiautomorphism.

An automorphism, α, on a DTS(v) is called d-cyclic if the permutation defined
by α consists of a single cycle of length d and v − d fixed points. Necessary and
sufficient conditions for the existence of a DTS(v) admitting a d-cyclic automorphism
have been given by Micale and Pennisi [8]. An automorphism, α, on a DTS(v) is
called f-bicyclic if the permutation defined by α consists of two cycles each of length
N = (v − f)/2 and f fixed points. Micale and Pennisi [7] have given conditions for
the existence of f -bicyclic directed triple systems.

An antiautomorphism, α, on a DTS(v) is called d-cyclic if the permutation de-
fined by α consists of a single cycle of length d and v−d fixed points. Necessary and
sufficient conditions for the existence of a DTS(v) admitting a d-cyclic antiautomor-
phism have been given by Carnes, Dye, and Reed [2]. We call an antiautomorphism,
α, on a DTS(v) f-bicyclic if the permutation defined by α consists of two cycles
each of length N = (v − f)/2 and f fixed points. A bicyclic antiautomorphism of
a DTS(v) is an antiautomorphism, α, which consists of two cycles of length M and
N respectively, where v = M + N . Carnes, Dye, and Reed [3] gave necessary and
sufficient conditions for the case where M = N .

We now consider the case where N > M .

2 Preliminaries

If K is the length of a cycle, K ∈ {M, N}, we let the cycles be (0i, 1i, 2i, . . . , (K−1)i),
i ∈ {0, 1}. Let ∆ = {0, 1, 2, . . . , (K−1)}. We shall use all additions modulo K in the
triples. For ai, bj , ck ∈ D, i, j, k ∈ {0, 1}, (ai, bj, ck) ∈ β, let the orbit of (ai, bj, ck)
be {((a + t)i, (b + t)j , (c + t)k) | t ∈ ∆, t even} ∪ {((c + t)k, (b + t)j , (a + t)i) | t ∈ ∆, t
odd}. Clearly, the orbits of the elements of β yield a partition of β.

We say that a collection of triples, β̄, is a collection of base triples of a DTS(v)
under α if the orbits of the triples of β̄ produce β and exactly one triple of each orbit
occurs in β̄. Also, we say that the reverse of the triple (a, b, c) is the triple (c, b, a).

Let (S, β′) be an STS(v). Let β = {(a, b, c), (c, b, a) | {a, b, c} ∈ β′}. Then
(S, β) is called the corresponding DTS(v), and the identity map on the point set
is an antiautomorphism. This yields a self-converse DTS(v) for v ≡ 1 or 3 (mod
6). For v ≡ 1 (mod 6) the cyclic STS(v) from Peltesohn’s constructions [10] has
no orbits of length less than v, hence the corresponding DTS(v) admits a cyclic
antiautomorphism.

In the constructions of the base triples, we also use the following systems. An
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(A, n)-system is a collection of ordered pairs (ar, br) for r = 1, 2, . . . , n that partition
the set {1, 2, . . . , 2n}, such that br = ar + r for r = 1, 2, . . . , n. Skolem [11] showed
that an (A, n)-system exists if and only if n ≡ 0 or 1 (mod 4). A (B, n)-system
is a collection of ordered pairs (ar, br) for r = 1, 2, . . . , n that partition the set
{1, 2, . . . , 2n − 1, 2n + 1}, such that br = ar + r for r = 1, 2, . . . , n. O’Keefe [9]
showed that a (B, n)-system exists if and only if n ≡ 2 or 3 (mod 4). In either
case, the triples used in the constructions will be of the form (0i, (ar + n)i, (br + n)i)
for r = 1, 2, . . . , n, where i = 0 in the cycle of length M and i = 1 in the cycle of
length N .

3 Necessary conditions

The types of cyclic triples possible are:
1) Type 1: (x0, y0, z0) where x0, y0, z0 are in the cycle of length M ;
2) Type 2: (x1, y1, z1) where x1, y1, z1 are in the cycle of length N ;
3) Type 3: (x0, y1, z1) or (y1, x0, z1) or (y1, z1, x0) where x0 is in the cycle of length
M and y1, z1 are in the cycle of length N ;
4) Type 4: (x0, y0, z1) or (x0, z1, y0) or (z1, x0, y0) where x0, y0 are in the cycle of
length M and z1 is in the cycle of length N .

Lemma 3.1 If a DTS(v) admits a bicyclic antiautomorphism with cycles of length
M and N , where 1 < M < N , and a type 4 triple occurs, then M is odd and
N = 2M .

Proof: If the triple (x0, y0, z1) occurs and M is even, then αM ((x0, y0, z1)) = (x0, y0,
(z + M)1). But then z + M = z, so that N |M , a contradiction.

If the triple (x0, y0, z1) occurs and M is odd, then α2M ((x0, y0, z1)) = (x0, y0, (z +
2M)1). But then z + 2M = z, so that N = 2M .

The proof is similar for the other type 4 triples.

Lemma 3.2 Let (D, β) be a DTS(v) admitting a bicyclic antiautomorphism, where
v = M + N , N = 2M , M and N being the lengths of the cycles. Then If M is even,
M ≡ 4 (mod 12).

Proof: Let a0, b0, c0 ∈ D. Then αM (a0, b0, c0) = (a0, b0, c0). Also if two points of a
triple are in the cycle of length M , then all three must be, otherwise there would be
two distinct triples with a common ordered pair after applying αM , a contradiction.
Hence we have a cyclic subsystem. Carnes, Dye, and Reed have shown in Lemmas 1
and 2 of [2] that if M is even then M ≡ 4 (mod 12).

Lemma 3.3 If a DTS(v) admits a bicyclic antiautomorphism with cycles of length
M and N , where 1 < M < N , then M |N .

Proof: For N �= 2M a type 3 triple must occur. Without loss of generality, assume
the triple (x0, y1, z1) occurs.

If N is even, we have αN((x0, y1, z1)) = ((x + N)0, y1, z1). But then x + N = x,
so that M |N .
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If N is odd, then α2N ((x0, y1, z1)) = ((x + 2N)0, y1, z1). But then x + 2N = x,
so that M |2N . In the case where M is odd, we have M |N . In the case where M
is even, we must have M ≡ 4 (mod 12). Since M |2N we have that N is even, a
contradiction.

In the remainder of this paper we consider the case where N = 2M .

4 M even

Lemma 4.1 If v = M + N , N = 2M , and M ≡ 4 (mod 12), there exists a DTS(v)
which admits a bicyclic antiautomorphism where v = M + N , N = 2M , M and N
being the lengths of the cycles.

Proof: Let M = 12k + 4, N = 24k + 8.
For k = 0 the base triples are (01, 41, 21), and the following with their reverses:

(00, 01, 31), (00, 11, 21), and the triples for a cycle of length 4 in [2].
For k ≥ 1 the base triples are (01, (12k + 4)1, (6k + 2)1), along with the following

and their reverses:
(00, (6k − t + 1)1, (6k + t + 2)1) for t = 0, 1, . . . , 6k + 1,
(01, (6k − 2t)1, (6k + 2t + 4)1) for t = 0, 1, . . . , k − 1,
(01, (10k − 2t + 2)1, (10k + 2t + 4)1) for t = 0, 1, . . . , k − 1,
and the triples for a cycle of length M in [2].

5 M odd

Lemma 5.1 If v = M + N and M ≡ 1 (mod 12), there exists a DTS(v) which
admits a bicyclic antiautomorphism where v = M + N , N = 2M , M and N being
the lengths of the cycles.

Proof: Let M = 12k + 1, N = 24k + 2.
For k = 0 the base triples are (01, 00, 11) and (11, 00, 01).
For k ≥ 2, k even, the base triples are the following, along with their reverses:

(01, 00, (12k + 1)1),
(00, (3k − t)1, (9k + t + 1)1) for t = 0, 1, . . . , 3k − 1,
(00, (9k − t)1, (15k + t + 2)1) for t = 0, 1, . . . , 3k − 1,
and the triples in the cycle of length M from the corresponding DTS(M) of a cyclic
STS(M). The remaining triples in the cycle of length N are formed using an (A, 2k)-
system.

For k = 1 the base triples are the following, along with their reverses:
(01, 00, 131), (00, 11, 121), (00, 21, 111), (00, 71, 191), (00, 81, 181), (00, 91, 171),
(00, 101, 161), and the triples in the cycle of length 13 from the corresponding DTS(13)
of a cyclic STS(13). The remaining triples in the cycle of length N are formed using
a (B, 2)-system.

For k ≥ 3, k odd, the base triples are the following, along with their reverses:
(01, 00, (12k + 1)1),
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(00, (3k − t − 1)1, (9k + t + 2)1) for t = 0, 1, . . . , 3k − 2,
(00, (9k − t + 1)1, (15k + t + 1)1) for t = 0, 1, . . . , 3k,
and the triples in the cycle of length M from the corresponding DTS(M) of a cyclic
STS(M). The remaining triples in the cycle of length N are formed using a (B, 2k)-
system.

Lemma 5.2 If v = M + N and M ≡ 3 (mod 12), there exists a DTS(v) which
admits a bicyclic antiautomorphism where v = M + N , N = 2M , M and N being
the lengths of the cycles.

Proof: Let M = 12k + 3, N = 24k + 6.
For k = 0, the base triples are the following:

(01, 20, 31), (31, 20, 01), (01, 11, 21), (00, 10, 31), (00, 21, 01).
For k ≥ 2, k even, the base triples include the following:

(00, (6k + 1)0, (12k + 2)1), (00, (6k + 1)1, (18k + 3)1), (00, (24k + 5)1, (6k)1),
(00, (18k + 6)1, (6k + 2)1), (10, (12k + 2)1, (6k + 3)1), (00, (6k + 3)1, (12k + 1)1),
((6k − 1)1, 01, (6k + 1)1), (01, (6k − 2)1, (6k)1)).
Also included are the following triples and their reverses:
(01, (12k + 2)0, (12k + 3)1), (00, 21, (12k + 3)1), (01, (12k − 1)1, (24k − 1)1),
(00, (3k − t)1, (9k + t + 3)1) for t = 0, 1, . . . , 3k − 3,
(00, (9k − t + 2)1, (15k + t + 4)1) for t = 0, 1, . . . , 3k − 2.
The remaining triples in the cycle of length M are formed using an (A, 2k)-system.

For k = 2, the remaining triples are the following:
(11, 51, 131), (01, 81, 91), (11, 61, 101), (01, 51, 61), (11, 41, 71).

For k ≥ 4, k even, the base triples also include the following:
((6k)1, 61, 01), (01, 31, 61), (01, (3k − 3)1, (6k − 6)1).

For k = 4 the remaining triples are the following, along with their reverses:
(01, 151, 161), (01, 131, 171), (01, 141, 191), (01, 121, 201), (01, 111, 211).

For k = 6, the remaining triples are the following, along with their reverses:
(01, 251, 261), (01, 171, 211), (01, 241, 291), (01, 181, 271), (01, 201, 311),
(01, 161, 281), (01, 191, 321), (01, 141, 221), (01, 231, 331).

For k ≥ 8, k even, the base triples also include the following, along with their
reverses:
(01, (4k − 1)1, (6k − 3)1),
(01, (3k − t − 4)1, (3k + t + 4)1) for t = 0, 1, . . . , k − 6.

For k = 8 the remaining triples are the following, along with their reverses:
(01, 331, 441), (01, 341, 431), (01, 351, 361), (01, 231, 271), (01, 321, 371),
(01, 261, 391), (01, 251, 401), (01, 241, 411), (01, 221, 381).

For k ≥ 10, k ≡ 0 (mod 6) the remaining triples are the following, along with
their reverses:
(01, (5k − 5)1, (5k − 4)1), (01, (3k − 1)1, (3k + 3)1), (01, (5k − 6)1, (5k − 1)1),
(01, (3k)1, (5k − 3)1), (01, (3k + 2)1, (5k + 1)1), (01, (3k − 2)1, (5k − 2)1),
(01, (3k + 1)1, (5k + 2)1),
(01, (5k − 3t − 8)1, (5k + 3t + 5)1) for t = 0, 1, . . . , k−9

3
,

(01, (5k − 3t − 7)1, (5k + 3t + 4)1) for t = 0, 1, . . . , k−9
3

,
(01, (5k − 3t − 9)1, (5k + 3t)1) for t = 0, 1, . . . , k−9

3
.
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For k ≥ 10, k ≡ 2 (mod 6) the remaining triples are the following, along with
their reverses:
(01, (5k − 5)1, (5k − 4)1), (01, (3k − 1)1, (3k + 3)1), (01, (5k − 8)1, (5k − 3)1),
(01, (3k + 2)1, (5k − 1)1), (01, (3k + 1)1, (5k)1), (01, (3k)1, (5k + 1)1),
(01, (3k − 2)1, (5k − 2)1),
(01, (5k − 3t − 7)1, (5k + 3t + 4)1) for t = 0, 1, . . . , k−8

3
,

(01, (5k − 3t − 6)1, (5k + 3t + 3)1) for t = 0, 1, . . . , k−8
3

,
(01, (5k − 3t − 11)1, (5k + 3t + 2)1) for t = 0, 1, . . . , k−11

3
.

For k ≥ 10, k ≡ 4 (mod 6) the remaining triples are the following, along with
their reverses:
(01, (5k − 5)1, (5k − 4)1), (01, (5k − 7)1, (5k − 3)1), (01, (3k − 2)1, (3k + 3)1),
(01, (3k + 1)1, (5k − 2)1), (01, (3k)1, (5k − 1)1), (01, (3k − 1)1, (5k)1),
(01, (3k + 2)1, (5k + 2)1),
(01, (5k − 3t − 6)1, (5k + 3t + 3)1) for t = 0, 1, . . . , k−7

3
,

(01, (5k − 3t − 8)1, (5k + 3t + 5)1) for t = 0, 1, . . . , k−10
3

,
(01, (5k − t − 10)1, (5k + 3t + 1)1) for t = 0, 1, . . . , k−10

3
.

For k ≥ 1, k odd, the base triples include the following:
(00, (6k)0, (12k + 2)1), ((12k + 2)1, (6k + 2)1, 00).
Also included are the following triples and their reverses:
(01, (12k + 2)0, (12k + 3)1), (00, 01, (12k + 1)1), (00, (3k)1, (3k + 1)1),
(00, (3k − t − 1)1, (9k + t + 3)1) for t = 0, 1, . . . , 3k − 3,
(00, (9k − t + 2)1, (15k + t + 5)1) for t = 0, 1, . . . , 3k − 2.
The remaining triples in the cycle of length M are formed using a (B, 2k)-system.

For k = 1 the remaining triples are the following:
(01, 81, 141), (11, 131, 271), (01, 51, 121), (01, 31, 71), (11, 91, 41).

For k ≥ 3, k odd, the base triples also include (01, (3k)1, (6k)1), along with the
following triples and their reverses:
(00, (6k + 1)1, (6k + 3)1), (01, (12k)1, (24k + 2)1).

For k = 3 the remaining triples are the following:
(01, 161, 361), (01, 141, 291), (01, 81, 131), (01, 111, 171), (01, 121, 191).

For k ≥ 5, k odd, the base triples also include the following triples and their
reverses:
(01, (2k + 3)1, (4k + 5)1), (01, (4k + 2)1, (6k + 2)1), (01, (4k + 3)1, (6k + 1)1),
(01, (3k + 1)1, (3k + 4)1), (01, (3k + 2)1, (5k + 3)1), (01, (3k + 3)1, (5k + 2)1),
(01, (3k + 5)1, (5k + 1)1), (01, (5k − 1)1, (5k + 4)1),
(00, (3k − t − 1)1, (3k + t + 6)1) for t = 0, 1, . . . , k − 5.

For k ≥ 7, k odd, the base triples also include the following and their reverses:
(00, (5k − 2t − 3)1, (5k + 2t + 5)1) for t = 0, 1, . . . , k−7

2
,

(00, (5k − 2t)1, (5k + 2t + 6)1) for t = 0, 1, . . . , k−7
2

.

Lemma 5.3 If v = M + N and M ≡ 5 (mod 12), there exists a DTS(v) which
admits a bicyclic antiautomorphism where v = M + N , N = 2M , M and N being
the lengths of the cycles.

Proof: For k = 0, the base triples are
(00, 01, 10), (00, 21, 20), (10, 41, 01), (10, 31, 91)
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and the following with their reverses: (01, 40, 51), (01, 11, 31).
For k ≥ 2, k even, the base triples include the following:

(00, (6k + 2)0, (12k + 4)1), ((12k + 4)1, (6k + 1)0, 00), ((6k + 3)1, 00, 01),
(01, 00, (18k + 7)1).
Also included are the following triples and their reverses:
(01, (12k + 4)0, (12k + 5)1), (00, (12k + 3)1, (12k + 4)1),
(00, (3k − t)1, (9k + t + 5)1) for t = 0, 1, . . . , 3k − 2,
(00, (9k − t + 4)1, (15k + t + 6)1) for t = 0, 1, . . . , 3k.
The remaining triples in the cycle of length M are formed using an (A, 2k)-system.

For k = 2, the remaining triples are the following, along with their reverses:
(01, 61, 111), (01, 71, 91), (01, 81, 121), (01, 101, 131).

For k ≥ 4, k even, the base triples also include the following, along with their
reverses:
(01, (2k + 2)1, (4k + 2)1), (01, (5k + 1)1, (5k + 4)1), (01, (3k + 2)1, (5k + 3)1),
(01, (3k + 3)1, (5k + 2)1),
(01, (5k − t − 1)1, (5k + t + 5)1) for t = 0, 1, . . . , k − 4.

For k = 4, the remaining triples are the following, along with their reverses:
(01, 111, 131), (01, 121, 171), (01, 161, 201).

For k ≥ 6, k even, the base triples also include the following, along with their
reverses:
(01, (4k + 1)1, (5k)1), (01, (

5
2
k + 2)1, (

5
2
k + 4)1),

(01, (
5
2
k − t + 1)1, (

7
2
k + t + 2)1) for t = 0, 1, . . . , k−4

2
.

For k = 6, the remaining triples are (01, 181, 221) and its reverse.
For k = 8, the remaining triples are the following, along with their reverses:

(01, 221, 241), (01, 231, 281), (01, 251, 291).
For k ≥ 10, k ≡ 0 (mod 4) the remaining triples are the following, along with

their reverses:
(01, (3k + 1)1, (3k + 5)1),
(01, (3k − 2t − 1)1, (3k + 2t + 4)1) for t = 0, 1, . . . , k−8

4
,

(01, (3k − 2t)1, (3k + 2t + 7)1) for t = 0, 1, . . . , k−12
4

.
For k ≥ 10, k ≡ 2 (mod 4) the remaining triples are the following, along with

their reverses:
(01, (3k)1, (3k + 4)1),
(01, (3k − 2t − 2)1, (3k + 2t + 5)1) for t = 0, 1, . . . , k−10

4
,

(01, (3k − 2t + 1)1, (3k + 2t + 6)1) for t = 0, 1, . . . , k−10
4

.
For k ≥ 1, k odd, the base triples include the following:

(00, (6k + 2)0, (12k + 4)1), ((12k + 4)1, (6k)0, 00), (00, (6k + 4)1, (9k + 4)1),
((9k + 4)1, (6k + 2)1, 00).
Also included are the following triples and their reverses:
(00, 01, (6k + 3)1), (01, (12k + 4)0, (12k + 5)1),
(00, (3k − t + 1)1, (15k + t + 7)1) for t = 0, 1, . . . , 3k − 1,
(00, (9k − t + 3)1, (21k + t + 10)1) for t = 0, 1, . . . , 3k − 2.
The remaining triples in the cycle of length M are formed using a (B, 2k)-system.

For k = 1, the remaining triples are the following:
(01, 21, 51), (01, 71, 111), (01, 61, 101), (11, 71, 91), (71, 01, 81), (11, 121, 111).
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For k ≥ 3, k odd, the base triples also include the following:
((3k)1, 01, (3k + 2)1), (01, 11, 21).
Also included are the following triples and their reverses:
(01, (4k + 3)1, (6k + 5)1), (01, (4k + 4)1, (6k + 4)1).

For k = 3, the remaining triples are the following, along with their reverses:
(01, 171, 201), (01, 101, 141), (01, 131, 181), (01, 121, 191).

For k = 5, the remaining triples are the following, along with their reverses:
(01, 281, 311), (01, 271, 321), (01, 161, 201), (01, 131, 191), (01, 221, 291),
(01, 181, 261), (01, 211, 301), (01, 141, 251).

For k ≥ 7, k odd, the base triples also include the following, along with their
reverses:
(01, (3k + 1)1, (5k + 2)1), (01, (3k + 3)1, (4k + 2)1), (01, (

7
2
k + 3

2
)1, (

11
2
k + 1

2
)1),

(01, (
9
2
k − t + 7

2
)1, (

11
2
k + t + 7

2
)1) for t = 0, 1, . . . , k−3

2
,

(01, (
5
2
k − t + 3

2
)1, (

7
2
k + t + 5

2
)1) for t = 0, 1, . . . , k−3

2
,

(01, (3k − t − 1)1, (3k + t + 4)1) for t = 0, 1, . . . , k−7
2

.
For k = 7, the remaining triples are the following, along with their reverses:

(31, 381, 411), (41, 361, 401).
For k = 9, the remaining triples are the following, along with their reverses:

(01, 461, 521), (01, 481, 511), (01, 451, 491).
For k = 11, the remaining triples are the following, along with their reverses:

(01, 561, 591), (01, 581, 621), (01, 541, 601), (01, 551, 631).
For k ≥ 13, k ≡ 1 (mod 6) the remaining triples are the following, along with

their reverses:
(01, (5k + 1)1, (5k + 5)1), (01, (5k + 3)1, (5k + 6)1),
(01, (5k − 3t − 1)1, (5k + 3t + 9)1) for t = 0, 1, . . . , k−13

6
,

(01, (5k − 3t)1, (5k + 3t + 8)1) for t = 0, 1, . . . , k−13
6

,
(01, (5k − 3t − 2)1, (5k + 3t + 4)1) for t = 0, 1, . . . , k−13

6
.

For k ≥ 13, k ≡ 3 (mod 6) the remaining triples are the following, along with
their reverses:
(01, (5k + 1)1, (5k + 7)1), (01, (5k + 3)1, (5k + 6)1), (01, (5k)1, (5k + 4)1),
(01, (5k − 3t − 2)1, (5k + 3t + 10)1) for t = 0, 1, . . . , k−15

6
,

(01, (5k − 3t − 1)1, (5k + 3t + 9)1) for t = 0, 1, . . . , k−15
6

,
(01, (5k − 3t − 3)1, (5k + 3t + 5)1) for t = 0, 1, . . . , k−15

6
.

For k ≥ 13, k ≡ 5 (mod 6) the remaining triples are the following, along with
their reverses:
(01, (5k + 1)1, (5k + 4)1), (01, (5k + 3)1, (5k + 7)1), (01, (5k − 1)1, (5k + 5)1),
(01, (5k)1, (5k + 8)1),
(01, (5k − 3t − 3)1, (5k + 3t + 11)1) for t = 0, 1, . . . , k−17

6
,

(01, (5k − 3t − 2)1, (5k + 3t + 10)1) for t = 0, 1, . . . , k−17
6

,
(01, (5k − 3t − 4)1, (5k + 3t + 6)1) for t = 0, 1, . . . , k−17

6
.

Lemma 5.4 If v = M + N and M ≡ 7 (mod 12), there exists a DTS(v) which
admits a bicyclic antiautomorphism where v = M + N , N = 2M , M and N being
the lengths of the cycles.

Proof: Let M = 12k + 7, N = 24k + 14.
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For k ≥ 0, k even, the base triples are the following, along with their reverses:
(01, 00, (12k + 7)1), (00, (9k + 5)1, (15k + 9)1),
(00, (3k − t + 1)1, (9k + t + 6)1) for t = 0, 1, . . . , 3k,
(00, (9k − t + 4)1, (15k + t + 10)1) for t = 0, 1, . . . , 3k,
and the triples in the cycle of length M from the corresponding DTS(M) of a cyclic
STS(M). The remaining triples in the cycle of length N are formed using an (A, 2k+
1)-system.

For k ≥ 1, k odd, the base triples are the following, along with their reverses:
(01, 00, (12k + 7)1), (00, (3k + 2)1, (9k + 5)1),
(00, (3k − t + 1)1, (9k + t + 6)1) for t = 0, 1, . . . , 3k,
(00, (9k − t + 4)1, (15k + t + 10)1) for t = 0, 1, . . . , 3k,
and the triples in the cycle of length M from the corresponding DTS(M) of a cyclic
STS(M). The remaining triples in the cycle of length N are formed using a (B, 2k +
1)-system.

Lemma 5.5 If v = M + N and M ≡ 9 (mod 12), there exists a DTS(v) which
admits a bicyclic antiautomorphism where v = M + N , N = 2M , M and N being
the lengths of the cycles.

Proof: Let M = 12k + 9, N = 24k + 18.
For k ≥ 0, k even, the base triples include the following:

(00, (6k + 4)0, (12k + 8)1), (10, (6k + 5)1, (18k + 13)1), (10, (6k + 4)1, (12k + 9)1),
(00, (6k + 5)1, (18k + 15)1), (10, (12k + 8)1, (6k + 6)1), (00, (6k + 6)1, (12k + 7)1).
Also included are the following, along with their reverses:
(00, 21, (12k + 9)1), (01, (12k + 8)0, (12k + 9)1).
The remaining triples in the cycle of length M are formed using an (A, 2k+1)-system.

For k = 0, the remaining triples are the following:
(01, 31, 61), (61, 01, 21), (51, 01, 41).

For k ≥ 2, k even, the following are also included, along with their reverses:
(00, (3k − t + 1)1, (9k + t + 8)1) for t = 0, 1, . . . , 3k − 2,
(00, (9k − t + 7)1, (15k + t + 11)1) for t = 0, 1, . . . , 3k.

For k = 2, the remaining triples are the following:
(311, 11, 181), (01, 291, 591), (291, 01, 141), (71, 01, 151), (01, 81, 61), (61, 01, 101),
(01, 51, 91), (91, 01, 121), (101, 01, 111), (111, 121, 01), (51, 01, 31).

For k ≥ 4, k even, the base triples also include the following:
((6k + 5)1, 01, (6k + 2)1), ((6k + 1)1, 01, 31), ((6k − 2)1, (3k − 1)1, 01).

For k = 4, the remaining triples are the following, along with their reverses:
(01, 101, 121), (01, 131, 181), (01, 141, 201), (01, 151, 241), (01, 161, 231),
(01, 171, 211), (01, 191, 271), (01, 531, 541).

For k = 6, the remaining triples are the following, along with their reverses:
(01, 141, 271), (01, 151, 261), (01, 161, 251), (01, 181, 241), (01, 191, 231), (01, 201, 221),
(01, 211, 331), (01, 281, 361), (01, 291, 391), (01, 301, 351), (01, 311, 321), (01, 771, 1551).

For k ≥ 8, k even, the remaining triples are the following, along with their
reverses:
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(01, (12k + 5)1, (12k + 6)1), (01, (4k + 2)1, (6k + 3)1), (01, (6k − 5)1, (6k − 3)1),
(01, (6k − 4)1, (6k)1), (01, (6k − 6)1, (6k − 1)1),
(01, (3k − t − 2)1, (3k + t + 5)1) for t = 0, 1, . . . , k − 4,
(01, (3k − t + 4)1, (5k + t − 4)1) for t = 0, 1, 2, 3, 4,
(01, (5k − t − 5)1, (5k + t + 1)1) for t = 0, 1, . . . , k − 8.

For k ≥ 1, k odd, the base triples include the following:
(00, (6k + 3)0, (12k + 8)1), (10, (6k + 4)1, (18k + 14)1), (10, (6k + 5)1, (12k + 9)1),
(00, (6k + 3)1, (6k + 5)1), (01, 21, (12k + 8)1), ((12k + 6)1, 01, (6k + 4)1),
((3k + 5)1, 11, (3k − 1)1), (01, (3k − 2)1, (6k + 2)1), (01, 31, 61).
Also included are the following, along with their reverses:
(01, (12k + 8)0, (12k + 9)1), (00, 01, (12k + 7)1),
(00, (3k − t + 1)1, (9k + t + 7)1) for t = 0, 1, . . . , 3k − 1,
(00, (9k − t + 6)1, (15k + t + 11)1) for t = 0, 1, . . . , 3k.
The remaining triples in the cycle of length M are formed using a (B, 2k+1)-system.

For k = 1 the remaining triples are (01, 51, 91) and its reverse.

For k = 3 the remaining triples are the following, along with their reverses:
(01, 161, 171), (01, 141, 181), (01, 101, 151), (01, 111, 191), (01, 121, 211).

For k = 5 the remaining triples are the following, along with their reverses:
(01, 141, 261), (01, 151, 251), (01, 161, 231), (01, 171, 211), (01, 181, 271),
(01, 201, 281), (01, 221, 331), (01, 241, 291), (01, 301, 311).

For k = 7 the remaining triples are the following, along with their reverses:
(01, 171, 311), (01, 181, 301), (01, 201, 291), (01, 211, 281), (01, 221, 271),
(01, 231, 391), (01, 241, 351), (01, 261, 411), (01, 321, 451), (01, 331, 431),
(01, 341, 421), (01, 361, 401), (01, 371, 381).

For k = 9 the remaining triples are the following, along with their reverses:
(01, 211, 371), (01, 221, 361), (01, 231, 351), (01, 241, 341), (01, 261, 331),
(01, 271, 321), (01, 281, 471), (01, 291, 491), (01, 301, 481), (01, 381, 531),
(01, 391, 521), (01, 411, 421), (01, 431, 511), (01, 441, 551), (01, 451, 541),
(01, 461, 501), (01, 401, 571).

For k = 11 the remaining triples are the following, along with their reverses:
(01, 251, 471), (01, 261, 461), (01, 271, 451), (01, 281, 441), (01, 291, 431),
(01, 301, 421), (01, 321, 401), (01, 331, 561), (01, 341, 581), (01, 351, 391),
(01, 361, 411), (01, 381, 571), (01, 491, 591), (01, 481, 691), (01, 501, 671),
(01, 511, 661), (01, 521, 651), (01, 531, 641), (01, 541, 631), (01, 551, 621),
(01, 601, 611).

For k ≥ 13, k odd, the base triples also include the following, along with their
reverses:
(01, (

9
2
k + 9

2
)1, (

9
2
k + 11

2
)1), (01, (4k + 3)1, (5k + 3)1), (01, (4k + 2)1, (6k + 3)1),

(01, (3k + 2)1, (5k + 4)1), (01, (3k + 1)1, (5k + 1)1), (01, (3k + 6)1, (5k + 5)1),
(01, (3k − 1)1, (3k + 3)1), (01, (3k)1, (3k + 5)1),
(01, (3k − t − 3)1, (3k + t + 7)1) for t = 0, 1, . . . , k − 6,
(01, (

9
2
k − t + 3

2
)1, (

11
2
k + t + 7

2
)1) for t = 0, 1, . . . , k−5

2
.

For k = 13 the remaining triples are the following, along with their reverses:
(01, 611, 721), (01, 621, 711), (01, 651, 731), (01, 671, 741).
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For k = 15 the remaining triples are the following, along with their reverses:
(01, 701, 831), (01, 711, 821), (01, 741, 811), (01, 751, 841), (01, 771, 851).

For k = 17 the remaining triples are the following, along with their reverses:
(01, 791, 941), (01, 801, 931), (01, 831, 921), (01, 841, 911), (01, 851, 961),
(01, 871, 951).

For k = 19 the remaining triples are the following, along with their reverses:
(01, 881, 1051), (01, 891, 1041), (01, 921, 1031), (01, 931, 1011), (01, 941, 1071),
(01, 951, 1021), (01, 971, 1061).

For k = 21 the remaining triples are the following, along with their reverses:
(01, 971, 1161), (01, 1011, 1121), (01, 1031, 1181), (01, 981, 1151), (01, 1021, 1111),
(01, 1041, 1171), (01, 1051, 1131), (01, 1071, 1141).

For k ≥ 23, k ≡ 1 (mod 8), the remaining triples are the following, along with
their reverses:
(01, (5k)1, (5k + 11)1), (01, (5k − 2)1, (5k + 7)1), (01, (5k − 1)1, (5k + 6)1),
(01, (5k + 2)1, (5k + 10)1),
(01, (5k − 4t − 6)1, (5k + 4t + 9)1) for t = 0, 1, . . . , k−17

8
,

(01, (5k − 4t − 5)1, (5k + 4t + 8)1) for t = 0, 1, . . . , k−17
8

,
(01, (5k − 4t − 4)1, (5k + 4t + 15)1) for t = 0, 1, . . . , k−25

8
,

(01, (5k − 4t − 3)1, (5k + 4t + 14)1) for t = 0, 1, . . . , k−25
8

.
For k ≥ 23, k ≡ 3 (mod 8), the remaining triples are the following, along with

their reverses:
(01, (5k − 1)1, (5k + 12)1), (01, (5k − 3)1, (5k + 8)1), (01, (5k + 2)1, (5k + 11)1),
(01, (5k)1, (5k + 7)1), (01, (5k − 2)1, (5k + 6)1),
(01, (5k − 4t − 7)1, (5k + 4t + 10)1) for t = 0, 1, . . . , k−19

8
,

(01, (5k − 4t − 6)1, (5k + 4t + 9)1) for t = 0, 1, . . . , k−19
8

,
(01, (5k − 4t − 5)1, (5k + 4t + 16)1) for t = 0, 1, . . . , k−27

8
,

(01, (5k − 4t − 4)1, (5k + 4t + 15)1) for t = 0, 1, . . . , k−27
8

.
For k ≥ 23, k ≡ 5 (mod 8), the remaining triples are the following, along with

their reverses:
(01, (5k)1, (5k + 8)1), (01, (5k + 2)1, (5k + 9)1),
(01, (5k − 4t − 4)1, (5k + 4t + 7)1) for t = 0, 1, . . . , k−13

8
,

(01, (5k − 4t − 3)1, (5k + 4t + 6)1) for t = 0, 1, . . . , k−13
8

,
(01, (5k − 4t − 2)1, (5k + 4t + 13)1) for t = 0, 1, . . . , k−21

8
,

(01, (5k − 4t − 1)1, (5k + 4t + 12)1) for t = 0, 1, . . . , k−21
8

.
For k ≥ 23, k ≡ 7 (mod 8), the remaining triples are the following, along with

their reverses:
(01, (5k)1, (5k + 9)1), (01, (5k − 1)1, (5k + 6)1), (01, (5k + 2)1, (5k + 10)1),
(01, (5k − 4t − 5)1, (5k + 4t + 8)1) for t = 0, 1, . . . , k−15

8
,

(01, (5k − 4t − 4)1, (5k + 4t + 7)1) for t = 0, 1, . . . , k−15
8

,
(01, (5k − 4t − 3)1, (5k + 4t + 14)1) for t = 0, 1, . . . , k−23

8
,

(01, (5k − 4t − 2)1, (5k + 4t + 13)1) for t = 0, 1, . . . , k−23
8

.

Lemma 5.6 If v = M + N and M ≡ 11 (mod 12), there exists a DTS(v) which
admits a bicyclic antiautomorphism where v = M + N , N = 2M , M and N being
the lengths of the cycles.
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Proof: Let M = 12k + 11, N = 24k + 22.

For k ≥ 0, k even, the base triples include the following:
(00, (6k + 5)0, (12k + 10)1), ((12k + 10)1, (6k + 4)0, 00), (00, 01, (6k + 6)1),
(01, (18k + 16)1, 00).
Also included are the following, along with their reverses:
((21k + 19)1, 00, (9k + 8)1),
(00, (3k − t + 2)1, (15k + t + 14)1) for t = 0, 1, . . . , 3k + 1,
(00, (9k − t + 7)1, (21k + t + 20)1) for t = 0, 1, . . . , 3k.
The remaining triples in the cycle of length M are formed using an (A, 2k+1)-system.
The remaining triples in the cycle of length N are formed using a (B, 2k+2)-system.

For k ≥ 1, k odd, the base triples include the following:
(00, (6k + 5)0, (12k + 10)1), ((12k + 10)1, (6k + 3)0, 00),
(01, (6k + 6)0, (12k + 11)1), (11, (6k + 5)0, (12k + 12)1).
Also included are the following, along with their reverses:
(00, (3k + 2)1, (6k + 4)1), (00, 01, (6k + 6)1),
(00, (3k − t + 1)1, (15k + t + 14)1) for t = 0, 1, . . . , 3k,
(00, (9k − t + 8)1, (21k + t + 20)1) for t = 0, 1, . . . , 3k.
The remaining triples in the cycle of length M are formed using a (B, 2k+1)-system.

For k = 1, the remaining triples are the following, along with their reverses:
(01, 61, 91), (01, 71, 81), (01, 101, 141), (01, 111, 131).

For k ≥ 3, k odd, the base triples also include the following, along with their
reverses:
(01, (3k + 3)1, (3k + 6)1), (01, (3k + 4)1, (3k + 5)1),
(01, (3k − t + 1)1, (3k + t + 7)1) for t = 0, 1, . . . , k − 2.

For k = 3, the remaining triples are the following, along with their reverses:
(01, 191, 261), (01, 201, 251), (01, 181, 221), (01, 211, 231).

For k ≥ 5, k ≡ 1 (mod 6), the base triples also include the following, along with
their reverses:
(01, (5k + 5)1, (5k + 9)1), (01, (5k + 6)1, (5k + 8)1),
(01, (5k − 3t + 3)1, (5k + 3t + 12)1) for t = 0, 1, . . . , k−4

3
,

(01, (5k − 3t + 4)1, (5k + 3t + 11)1) for t = 0, 1, . . . , k−4
3

,
(01, (5k − 3t + 2)1, (5k + 3t + 7)1) for t = 0, 1, . . . , k−4

3
.

For k ≥ 5, k ≡ 3 (mod 6), the base triples also include the following, along with
their reverses:
(01, (5k + 3)1, (5k + 7)1), (01, (5k + 6)1, (5k + 8)1),
(01, (5k − 3t + 4)1, (5k + 3t + 11)1) for t = 0, 1, . . . , k−3

3
,

(01, (5k − 3t + 5)1, (5k + 3t + 10)1) for t = 0, 1, . . . , k−3
3

,
(01, (5k − 3t)1, (5k + 3t + 9)1) for t = 0, 1, . . . , k−6

3
.

For k ≥ 5, k ≡ 5 (mod 6), the base triples also include the following, along with
their reverses:
(01, (5k + 4)1, (5k + 9)1), (01, (5k + 6)1, (5k + 10)1), (01, (5k + 5)1, (5k + 7)1),
(01, (5k − 3t + 2)1, (5k + 3t + 13)1) for t = 0, 1, . . . , k−5

3
,

(01, (5k − 3t + 3)1, (5k + 3t + 12)1) for t = 0, 1, . . . , k−5
3

,
(01, (5k − 3t + 1)1, (5k + 3t + 8)1) for t = 0, 1, . . . , k−5

3
.
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6 Conclusion

By the lemmas in the previous sections, we have the following theorem.

Theorem 6.1 There exists a DTS(v) which admits a bicyclic antiautomorphism
where v = M + N , N = 2M , M and N being the lengths of the cycles, if and only
if M is odd or M ≡ 4 (mod 12).
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