














and the parity of these numbers shows that this is impossible. Similarly, h(z) #
h(z') (modn). Further, let x = § +1 and 2’ € {§ + 2,...,n — 1}. If g(z) =
g(z') (modn), then

(n+1) = (42’ — 3) (modn),
i.e, nljd(z' —1)
ie., Fl(z'—1),

which is clearly impossible by the choice of 2’. Similarly, h(z) # h(z’) (modn).
Finally, if z, 2" € {§ +2,...,n — 1} we obtain a contradiction as in the case where
z,2" € {0,...,5 — 1}. It follows that g,h | (N — {%}) are one-to-one and so S is
independent. "

The following corollary is immediate from Corollary 5 and Theorem 7.
Corollary 8 Ifn =2 or 10 (mod12), then B(Q4) =n— 1.

We now prove a result similar to Theorem 5 concerning the non-existence of
permutations of N that satisfy the conditions of Proposition 1 in the case where
n =3 or 6 (mod9). As is common practice, we denote the domain and range of a
function f by Dom(f) and Ran(f), respectively. For easy reference we first state two
results about the equivalence relation congruency modulo a given integer; the proofs
are simple and omitted.

Lemma 9 Let n = 0 (modp), » = ¢ (modp) and s = j (modp), where r + s
k (modn). Then k = (i + j) (modp).

i

Lemma 10 If n = pm, where p and m are positive integers, then for each i
{0,...,p— 1}, N has ezactly m elements congruent to ¢ (mod p).

M

Proposition 11 If n = 3 or 6 (mod9), then there does not exist a permutation f
of N such that the functions g,h: N — N defined by g(z) = (f(z) +z) (modn) and
h(z) = (f(z) — z) (modn) are both permutations.

Proof. Suppose to the contrary that such a permutation f of N exists. Let n = 3m,
where 7 is not a multiple of 3, and for ¢ € {0,1,2}, define [{] = {z € N : ¢ =
i (mod 3)}. By Lemma 10, |[¢]| = m for each ¢. Since g is a permutation, Ran(g) =
U2 ,[i] = N. By Lemma 9 the m integers in Ran(g) N [0] result when

(z, f(x)) € ([0) x [0]) u ([1] x [2]) U ([2] > [1]). 1)

For N',N" C N, let N x; N" = {(z,f(z)) : € N" and f(x) € N"}. Suppose
[[0] X [0]} = p. Then, since |[0]| = m,

([0} <, 1h U ([0] x4 [2])] = m — p,
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and since |[1]U[2]| = 2m,
(U 2D) x; (1 U D] = 2m — (m = p) = m +p.
However, since |[0}] = m and [[0] xf [0]| = p, it follows from (1) that
(O] > 2D U (2], )] =m = p,

and so, by (2) and (3),

(L] <y DT (2] <5 [2D)1 = (2] =5 [1) L (2] < [2])]
=(m+p) - (m—p) =2p.

However, for each i € {0, 1,2},
(s, £(2) € [i] %, [i) ¢ h(z) € [0].

Since h is a permutation, Ran(h) N [0] = [0], whence

m = |[0]]
= [ ([0} x 7 [OD] + 1([1] >, (1)1 + 1([2] <1 [2])]
= 3p,
ie, p=7.

This contradicts the fact that m is not a multiple of 3 and the result follows.

Corollary 12 If n =3 or 6 (mod9), then 8(Q%) <n— 1.

Although Corollaries 6, 8 and 12 show that the natural upper bound for 3(Q?) is
often not exact, we have not yet established a general lower bound for n = i (mod 12),
where i € {0,3,4,6,8,9}. However, we have established 3(Q!,) by computer for the
small values of n given in Table 1; the solution given in each case lists the values of
f(z) for x = 0,1,...,n—2 and sometimes n—1, in that order. In the case where n = 1
or 5 (mod 6), the solution is provided by Proposition 3, while if n = 2 or 10 (mod 12),
an alternative solution is given by the set S defined in Theorem 7. Note that 3(Q")

is not monotone!

237




n | B(QL) Solutions

61 4 0251

7 7

8 6 0,2,5,1,6,4

91 7 10247135

0] 9 1027531046

11 11

12110 |0,24,630,11,1,57

13 13

1] 13 [0,2,5,811,13,3,6,4,1,12,0,7

15 13 0,2,4,7,9,12,5,13,1,3,6,8,10
16| 14 [024,6810513.151.37911
17 17

18| 16 | 0,:2,4,6,12,10,5,1,14,16,7,3,8,17,9,13

Table 1:  A(Q") for small values of n

3 Dominating sets of @,

We now show that there is a correspondence between f-sets of QY of size n and
dominating sets of Q% of size n. Let r;, ¢;, d; and s;,¢ € N = {0, 1, ...,n—1}, denote
the rows, columns, difference diagonals and sum diagonals, respectively, of Q.

Theorem 13 For any n, 8(QL) = n if and only if there is a dominating set of Q%,
of cardinality n.

Proof. Suppose 8(Q!) = n and let S be a S-set of QY. By Proposition 1 there is
a permutation f of N such that S = {(z, f(z)) : = € N}, where [ satisfies the
conditions on g and h as stated in Proposition 1. We show that T = {(3z,3f(z)) :
x € N} (arithmetic modulo 3n) is an independent dominating set of Q%,. Consider
any square (z/,y') of Q.. If 2/ = 3z or y' = 3y for some x,y € N, then (since
y € Ran(f)) one of (3z,3f(x)), (3f*(y),3y) € T dominates (z',y') by column or
row. Hence suppose neither z’ nor ¢ is a multiple of 3. Say 2’ = 3p+r, v = 3¢ +1,
where p,g € N and r,t € {1,2}.

If r = t, then by Lemma 9, y — 2’ = 3(¢ — p) = 3a (mod 3n) for some a € N.
But by Proposition 1 the function h : N — N defined by h(z) = (f(z) — z) (modn)
is a permutation, and so there exists © € N such that f(z) — 2 = a (modn). Thus
(3z,3f(z)) € T and (z',y’) lies on the same d-diagonal of Q% as (3z,3f(z)); that
is, T dominates (z',y).

Now assume without loss of generality that r = 1,£ = 2. Then by Lemma 9,
4y =3(p+qg+1) = 3b (mod3n) for some b € N. Since g : N — N defined
by g(z) = (f(z) + z) (modn) is a permutation, there exists x € N such that
f(z) + 2 = b (modn). Then (3z,3f(z)) € T and lies on the same s-diagonal as
(z',9'). We have thus shown that 7" dominates Q},. Note that the elements of T
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occur in every third row, column, s-diagonal and d-diagonal of Q. Also note that
T is independent — this follows directly from the fact than S is independent.

Conversely, suppose T is a dominating set of Q% of cardinality n. Let R = {r; :
T =¢, 1=01,...3n—-1}and C = {¢;:;NT =, i = 0,1,...,3n — 1}. We
prove the following three lemmas.

Lemma 13.1 For each r; € R, T dominates every square in r; ezactly once.

Proof of Lemma 13.1. Each element of T dominates each row in R exactly three
times (by column, s-diagonal and d-diagonal). There are 3n squares in each row,
each of which is dominated, and |T| = n. O

Lemma 13.2 R contains at most two consecutive rows of Q.

Proof of Lemma 13.2. Suppose without loss of generality that r0,71,72 € R. There
obviously exist two adjacent columns ¢ and ¢ such that ¢ € C and ¢ ¢ C; say without
loss of generality that ¢ ¢ C and ¢; € C. Since ry € R (¢; € C, respectively), there
is no element of 7" on the same row (column) as the square (cy, 71). Since ¢y ¢ C, the
squares (co, 7o) and (co, 72) are on the same column as an element of T' (which is not
in rows ro,71,7). By Lemma 13.1, T' dominates each of (co, 7o) and (cg,75) exactly
once, and so there is no element of 7' on the d-diagonal d = 0 or on the s-diagonal
§ = 2. But these are the diagonals containing (¢i,r;), and so T does not dominate
(¢1,71), a contradiction, O

Lemma 13.3 T is independent and its elements occur in every third row and third
column of Q3.

Proof of Lemma 13.3. Note that results similar to Lemmas 13.1 and 13.2 hold for
the columns of Q4. If two elements of 7" are on the same row, column or diagonal,
then some square in a row in R or a column in C is dominated more than once,

contradicting Lemma 13.1. The latter part of the lemma follows directly from Lemma
13.2. O

We may therefore assume without loss of generality that the n elements of T
occur in rows 3y and columns 3z, x,y € N. That is, there is a permutation f of
N such that T = {(32,3f(z)) : © € N}. Moreover, the elements of T occur in the
diagonals s = 3(z + f(z)) and d = 3(f(z) — z), z,y € N. Since T is independent,
this means that z + f(z) and f(z) — z take on n distinct values each. Therefore
the functions g and h as defined above are permutations of N. By Proposition 1,
S ={(z, f(x)) : x € N} is an independent set and hence a S-set of Q" |

The proof of Theorem 13 also gives the following result.
Corollary 14 For any n and any permutation [ of N, S = {(z, f(z)) : 2 € N} is

a f-set of Qy, if and only if T = {(3z,3f(z)) : © € N} (arithmetic modulo 3n) is a
dominating set of Q% of cardinality n.
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Figure 2
Note that Lemma 13.3 holds for any dominating set of Q%,, that is,

Corollary 15 Any dominating set of @Y, of cardinality n is independent and its
elements occur in every third row and third column of QY.

Corollary 16 Ifn =3 or 15 (mod 18), then v(Q}) < 1(Q}) < §.

Proof. If n.= 3 or 15 (mod 18), then § =1 or 5 (mod6) and the result follows from

Proposition 3. [ ]
The dominating set of Q%; obtained as described in the proof of Theorem 13 from

the S-set of Qf of Figure 1 is illustrated in Figure 2. The structure of this dominating

set suggests that such dominating sets may well be optimal, and we now show that
this is indeed the case.

Proposition 17 For alln > 1, v(Q4) > [n/3].

Proof. The result is obvious for n < 3 and we assume that n > 4. Consider any
y-set S of QL. If SN # ¢ for each row r of Q, then |S| > n > n/3. Hence let r be
any row such that rM.S = ¢. Each element of S dominates r exactly three times (by
column and s- and d-diagonals), hence in at most three squares (since if n is even,

the s- and d-diagonals may intersect in ). Thus, since |S] is integral,
1SI> (%]
n

Proposition 3, Corollary 14 and Proposition 17 immediately yield the solution of
the queens domination problem on the torus in the following cases:

Corollary 18 Let n = 1 or 5 (mod6). The set S = {(3¢,6i) : ¢ € N} (arithmetic
modulo 3n) is an independent dominating set of QY of cardinality n.
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Corollary 19 If n=3 or 15 (mod 18), then v(Q%) = i(Q") = 2.

By Theorem 13 and Proposition 17, if 5(Q%) < n, then ¥(Q%,) > n+ 1. We now
use the f-sets of @4, n = 2 or 10 (mod 12) defined in Theorem 7 to find dominating
sets of Qf, of cardinality n + 1 for these values of n, thus determining exact values

of ¥(Q4,).

Theorem 20 Let n > 10, n = 2 or 10 (mod12) and define f : N — N as in
Theorem 7. Let S" = {(z, f(z)) : z € N}, T" = {(3x,3f(z)) : x € N} (arithmetic
modulo 3n) and T'=T"U{(0,3n - 9)}. Then T is a dominating set of Q.

Proof. As was shown in the proof of Theorem 7, f is a permutation of N. Thus the
elements of T” occur in every third row and column of Q. Also by Theorem 7, the
set S =5~ {(5,n—3)} is an independent set of Q,. Hence T" — {(32,3n — 9)} is
independent and its elements occur in every third s- and d-diagonal, except for one
in each case, of 0%,. We determine the missing diagonals.

By the congruency of n and the definitions of f and 7", the elements z <
{O % — 1} account for the s- (lmgonalq s = 12z (mod Sn) and for the d-diagonals

= 6 (mod 3n), that is, all % s-diagonals and all 2 5 d-diagonals of %, where
s,d = 0 (mod6). The elements z € {2 +2,...,n — 1} a,ccount for the s-diagonals
s = (122 —~ 9) (mod 3n) and the d- dldgonalq d = (62 — 9) (mod3n), that is, all

s- and d-diagonals of Q},, where s,d = 3 (mod6), except s € {3,3n — 9} and
d € {3n—3,3n~9}. The element (37” +3,2%) € T" accounts for the s-diagonal s = 3
and the d-diagonal d = 3n — 3. Thus the missing diagonals are s = d = 3n — 9.
However, (0,3n — 9) € T lies on these diagonals, and so the elements of T occur
in every third row, column, s-diagonal and d-diagonal of Q%,. (Some lines of Q%
contain more than one element of T'.)

It can now be shown as in the proof of Theorem 13 that T dominates Q%,. ®

Corollary 21 Ifn =6 or 30 (mod 36), then ¥(QL) = % + 1 and i(Q,) < % + 3.

Proof. That ¥(Q}) = % + 1 follows directly from Theorems 13 and 20 and Corollary
6. Let n = 3m and consider the sets S = {(z, f(z)) : = € {0,1,..,m — 1} — {2}}
as defined in Theorem 7 and X = {(3z,3f(x)) : # € {0,1,...,m — 1} — {Z}}. Since
S is an independent set of Q! , it follows that X is an independent set of QL. As
in the proof of Theorem 20, X dominates all squares of Q% except squares in row
3m —9 =n-9, column 3—;2 = % and the diagonals s =d = 3m — 9 =n—9. Thus it
is easy to find four mutually independent squares a, b, ¢, d of Q! one on each of these
lines (and thus non-adjacent to any of the elements of X), such that X U{a, b, ¢, d}

is an independent dominating set of Q) of cardinality % + 3. |

Consider (),,, the queens graph of order n in the plane, and lable the rows and
columns of @y, from 0 to n — 1. If S is any dominating set of @, then SU {(n,n)}
is a dominating set of Q.. Hence if ¥(Q,) = k, then ¥(Qnym) < &+ m for any
m > 1. However, since the s-diagonal s; (d-diagonal d;) of Q! is not contained in the
s-diagonal s; (d-diagonal d;) of Q% (i =0, ...,n — 1), the same result does not hold
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for queens graphs on the torus. Therefore the exact values of v(Q) and ¢(Q%) given
in Corollary 19 do not give upper bounds for the other cases. Moreover, although
it is easy to see that any dominating set of @, also dominates Q! , and hence that
v(QL) < v(Q), the corresponding inequality does not hold for the independent
domination number 4, as an independent set of (), is not necessarily independent on
Q..

We have established exact values of v(Q%) and (QY) for some small values of
n, some by human brain and some by computer; these are listed in Tables 2 and
3 together with the corresponding values for @, for comparison. Two interesting
facts emerge: all three possibilities i(Q) = i(Q,), (QL) < (@) and 1{(QL) > Q)
occur, and neither y(Q%) nor (@) is monotone! (Recall that in the case of @, the
corresponding questions of monotonicity remain unresolved.) Also note that while
Y(Qs) = i(Qs) = 7(QL) = 3, 1(QL) = B(QL) =5 - is this an exceptional case or are
there other values of n for which (@) = 8(Q")? (We believe the former.)

As can be seen from Tables 2 and 3, v(Q!) = i(QL) = [n/2] for some small
values of n and we now show that v(Q%) < i(QY) < n/2 for infinitely many even
values of n. Interestingly, the n-queens problem on the torus is again involved.

n | v(Qn) || v(QL) | Solutions

3 1 1

4| 2 2 1(0,0),(1,2)

5 3 3 (0,0),(2,2),(4,4)

6 3 3 (0,0),(2,4),(4,2)

7 4 4 (0,0),(1,1},(3,3),(5,5)

8 5 4 (0,0),(3,7),(4,3),(7,4)

9 5 5 (0,0),(1,3),(3,7),(5,1),(7,5)
10 5 5 (0,0),(2,4),(4,8),(6,2),(8,6)
11 5 5 (0,0),((2,6),(4,2),(6,9),(8,4)
12 6 6 (0,0),(2,2),(4,4),(6,10),(8,8),(10,6)
13 7 <7

14 8" <7 | Corollary 23

B o 5 | Fig 2

*See [13]

Table 2:  ~(Q%) for small values of n
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n| 1(Qn) || (@) Solutions I
3 1 1

4 3 2 See ~y

51 3 5| Fig. 1

6| 4 4 (0,0),(2,3),(35),(5,2)

71 4 5 | (0,0),(1,4),(2,6),(3,1),(4,5)

8 5 4 See v

9 5 5 See v

10 5 5 See v

11 ) 5 See

2 7 6 1 10,0),(1,2),(2,11),(6,5),(7,3),(8,6)

13 7 7 10,0,(1,2),(2,4),(3,12),(4,1),(5,3),(6,11)

14 8 7 (0,0),(2,4),(4,8),(6,12),(8,2),(10,6),(12,10)

15 9 5 Fig. 2

6] 9 8 11(0,0),(1,4),(2,8),(3,5),(4,9),(5,13),(8,3),(13,10)

Table 3:  i(Q!) for small values of n

Proposition 22 If S = {(x, f(z)) : z € N} is an independent set of Q', then
T = {(22,2f(2)) : = € N} (arithmetic modulo 2n) is an independent dominating set
of QL. of cardinality n.

Proof. Consider any square (z',y') of Qb,. If 2’ = 2z or ' = 2y for some z,y € N,
then (since y € Ran(f)) 7" dominates (z’,y’) by column or row. So suppose z’ and
y" are odd. Then 2’ + 3’ is even, hence by Lemma 9, 2/ + 9/ = 2p (mod 2n) for
some p € N. But by Proposition 1 the function g as defined there is a permutation,
and hence there exists a € N such that g(a) = p, i.e., (a, f(a)) € S and lies on
the s-diagonal s = p of Q). Therefore (2a,2f(a)) € T and lies on the s-diagonal
s = 2p of Q%,, which is also the s-diagonal of @5, which contains (z/,y). Hence T
dominates Q4. The independence of T' follows directly from the independence of S.
n

Corollary 23 Ifn =2 or 10 (mod 12), then v(Q}) <4(Qh) < 2.

Proof. 1f n. =2 or 10 (mod 12), then 2 =1 or 5 (mod 6) and the result follows from
Propositions 3 and 22. n

4 Problems

The n-queens problem

We have shown that if n = 1 or 5 (mod6), that is, n = 1,5,7,11 (mod12), then
B(QL) = n, and if n = 2 or 10 (mod 12), then 3(Q") = n—1. For all other congruence
classes modulo 12, that is, when n is divisible by 3 or 4, the values of g listed in
Table 1 show that 2(Q%) = n — 2 if n is small.
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1. In determining the above values of 3, we have also shown that if n is even
orn = 3 or 6 (mod9), then S(Q) < n. Can we extend these results to all
multiples of 37

2. Is it true in general that S(Q!) > n — 2, and that S(QY) = n —2ifn =
0,3,4,6,8,9 (mod12)?

3. In the cases where 5(Q%) = n, how many non-isomorphic solutions are there
to the n-queens problem? We can also ask this question if 8(Q) < n, but
suspect that this will be a difficult problem to solve in general.

The queens domination problem
We have shown that if n = 3 or 15 (mod18), that is, if n = 3, 15, 21,33 (mod 36),
then v(Q%) = #(Q%) = %, and if n = 6 or 30 (mod 36), then ¥(Q}) = % + 1. In each
case optimal solutions were obtained from solutions to the m-queens problem, where
m = 2. The following questions arise:

1. If we can show that 8(QY) = n — 2, can we use such a solution to show that
Q%) =n+27

2. Can we in any way use optimal solutions for 7(Q},,) to get bounds or solutions
fOI‘ ’Y(an+1) and 7(Q§n+2)‘?

3. Is the bound i(Q%,) <n+3, n =2 or 10 (mod 12), exact?

4. Asin (1), can we use a f-set of Q! of cardinality n — 2 to show that 3(Q%,) <
n + 6, or to obtain other upper bounds?

Some of the questions mentioned above are addressed in [3, 4].

Other domination parameters of )},

We have only considered the independence, domination and independent domination
numbers of Q. The irredundance number, upper domination and irredundance
numbers, total domination number and other domination type parameters still need
to be investigated.

Graphs for other pieces on chessboards on the torus

For chessboards in the plane, domination related problems for the queens graph are
considered to be to more difficult than the corresponding problems for the graphs
of the other chess pieces. It thus seems reasonable to expect that many of these
problems could be solved for the graphs of other pieces on chessboards on the torus.
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