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Abstract

In recent times there has been some interest in studying partial latin
squares which have no completions or precisely one completion, and which
are critical with respect to this property. Such squares are called, respec-
tively, premature partial latin squares and critical sets. There has also
been interest in related mazimal partial latin squares.

This paper will explore the connection between these three structures
and review some of the literature in this area. A number of open problems
are presented.

1 Introduction

The subject of this paper is the completion or in some cases the non-completion of
partial latin squares. A partial latin square, P, of order n is an n x n array in which
each of the symbols 1, 2,...,n occurs at most once in each row and at most once
in each column of the array. Using this definition it can be seen that a partial latin
square may contain a number of empty cells and this fact leads to the question:

Given a partial latin square P, is it possible to fill the empty cells of P
so that each of the symbols 1, 2,...,n occurs exactly once in each row
and exactly once in each column of the array?

If such a process is possible, it is said to complete the partial latin square and the
exploration of the completion of partial latin squares is the central issue under dis-
cussion in this paper. Section 2 provides the reader with the appropriate definitions
and notation, while the remaining sections deal with some old and some not so old
results concerning the completion of partial latin squares. Throughout the paper a
number of open questions will be raised and it is hoped that the discussion presented
will stimulate the reader’s interest in seeking a resolution to some of these questions.
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2 Definitions

Let N = {1,2,...,n} and N2 and N? denote, respectively, the cartesian products
N x N and N x N x N. An ordered pair (¢,7) € N? will be called a cell. Let P be
a collection of ordered triples selected from N3 satisfying the property that:

1. for any pair z,y € N, P contains at most one triple of the form (z,y,u), where
u € N.

A subset P of N? is said to be row latin if, in addition to Property 1, for any pair
r,y € N,

- there is at most one triple of the form (z,u,y) € P,
and P is said to be column latin if, in addition to Property 1, for any pair z,y € N,
- there is at most one triple of the form (u,z,y) € P.

A partial latin square is a collection P of ordered triples selected from N 8 that satisfy
Property 1 above, as well as being both row latin and column latin. If N = {1,2,3}
then the sets T, @, R and S are examples of partial latin squares.

T=1{(1,11),(2,2,2),(3,3,1)}
Q={(1,1,1),(2,2,2),(3,3,1),(1,3,3),(3,1,3)}
R=1{(1,1,1),(2,2,2),(3,3,3)}

S ={(1,1,1),(2,2,2)}

To facilitate understanding of these formal definitions it will be useful to relate them
to the more intuitive ideas based on arrays. That is, the collection P may be thought
of as an n X n array in which each cell contains at most one symbol selected from N.
The array P is row latin, if each symbol of N occurs at most once in each row. The
array P is column latin if each symbol of N occurs at most once in each column. The
array is termed a partial latin square if each of the n symbols belonging to N occurs
at most once in each row and at most once in each column. The arrays corresponding
to the above examples are:

1 1 3 1 1

T Q R S

A partial latin square P C N3 is said to be of order n and size |P|. The order of
the above partial latin squares is 3. The partial latin squares T, ), R and S have,
respectively, sizes 3, 5, 3 and 2.

Cell (4,7) € N2 is said to be filled with respect to the partial latin square P, of
order n, if for some symbol k € N, (1,7, k) € P. Otherwise the cell is empty. By way
of example, it can be seen that the partial latin square T has cells (1,1),(2,2), (3,3)
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filled and cells (1, 2), (1,3), (2, 1),(2,3), (3,1),(3,2) empty. The symbol k € N occurs
in cell (4, 5) if (3,4, k) € P.

A partial latin square P is an r x n (n X ¢) latin rectangle, 0 <r < n (0 < ¢ < n),
if,

- for each (z,y) € N?such that 1 <z <randl1 <y <n(l <z <nand
1 <y < ¢), there exists k € N such that (z,y,k) € P, and

- for each (z,y) € N?such that r+1 <z <nand 1 <y<n (1 <z <nand
c+1SySn),Vk€N,($ay,k)¢P-

If N = {1,2,3} then the following sets U and V' provide examples of latin rectangles:

U= {(1a 1, 1), (L 2’3)7 (15 3, 2)» (27 1, 3)7 (2» 2, 2)» (27 3, 1)}
V= {(17 1, 1)) (13 2,2): (21 173)7 (2>2a 1)7 (3’ 1, 2)v (3’ 2, 3)}

Represented as arrays they are:

1(3]2 112
312(1 311

213
U \%4

A latin square is a partial latin square in which Property 1 is replaced by:
1'. for each pair z,y € N there exists precisely one u € N such that (z,y,u) € P.

So an m X n array is termed a latin square, of order n, if each of the n symbols
belonging to N occurs precisely once in each row and once in each column. Once
again, given N = {1,2,3} the sets K, M, G and H are examples of latin squares.

K ={(1,1,1),(1,2,3),(1,3,2),(2,1,3),(2,2,2),(2,3,1),(3,1,2),(3,2,1),(3,3,3)}
M ={(1,1,1),(1,2,2),(1,3,3),(2,1,2),(2,2,3),(2,3,1),(3,1,3),(3,2,1), (3,3, 2)}
G =1{(1,1,1),(1,2,2),(1,3,3),(2,1,3),(2,2,1),(2,3,2),(3,1,2),(3,2,3),(3,3, 1)}
H=1{(1,1,1),(1,2,3),(1,3,2),(2,1,2),(2,2,1),(2,3,3),(3,1,3),(3,2,2),(3,3,1)}

Or equivalently:

1132 112 11243 1132

31211 311 311 21113

211 31112 21311 3121
K M G H

Let P and @ be two partial latin squares of order n. The square Q) is an extension
of Pif P C @, and it is said that P can be estended to Q. If there exist o distinct
extensions of P, then P is termed a—eztendable. A partial latin square P is mazimal
if o = 0. If Q is a latin square of order n, then the extension @ is termed a completion
of P. It is also said that P is completable or that P can be completed to Q. If there
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exist 3 distinct completions of P, then P is termed §-completable. If 8 = 0 the
partial latin square is not completable and if 8 = 1 the partial latin square is said
to have a unique completion. Premature partial latin square are those for which
3 = 0, but with the additional property that for any (i,5,k) € P, P\ {(i,4,k)} is
completable. If 8 = 1 and for any (i, j, k) € P, P\{(i,5, k)} is y—completable, where
v > 1, then P is said to be a critical set. In the above examples, @ is a maximal
partial latin square. The partial latin square 7" has no completion, however it is not
maximal as TU{(1,3,3)} is an extension of T. On the other hand T is premature as
the sets T\ {(1,1, 1)}, T\ {(2,2,2)}, T\ {(3,3,1)} all have completions. The sets R
and S have unique completion to K. However, R is not a critical set as R\ {(3,3,3)}
has a unique completion. But S is critical as both K and H are completions of
S\ {(1,1,1)} and K, M and G are completions of S\ {(2,2,2)}.

3 Some early results

This paper begins with some early results by Hall, Lindner and Smetaniuk. In order
to give an outline of the proof of these results, the definition of a system of distinct
representatives is required.

Let m be a natural number and S, ..., S be a collection of finite sets. A system
of distinct representatives, or SDR, for the sets Si, ..., Sm, is a sequence (s1,...,5m)
of m distinct elements such that s; € S;. For each i, s; is called a representative of
S;. For example, the set (1,3,2) is a SDR for the sets S; = {1}, S; = {1,3} and
S3 = {2,3}.

In 1935, P. Hall proved the following theorem for SDRs. The proof of this result
can be found in [13].

THEOREM 1 (P. Hall, 1935, [13]) Let 51,S5,...,Sn be a collection of m finite
sets. Then an SDR for these sets exists if and only if, for all k € {0,1,...,m},
[S;1 U SipU... US| = k, where the k sets Si1,. .., Six represent any collection of k
sets chosen from the m sets Si, So, ..., Sm.

The above theorem states that a SDR exists if and only if, for all k, the union of
any k sets in the collection contains at least k elements.

In 1945 M. Hall, [12], used the above theorem to prove that every latin rectangle
of order n can be completed to a latin square.

THEOREM 2 (M. Hall, 1945, [12]) Every r x n latin rectangle, 0 < 7 < n, can
be completed to a latin square of order n.

Proof: The case where r = 0 is trivial, as is the case where r = n. So it will be
assumed that P is an r X n latin rectangle, where 0 < r < n. It will be shown that
P can be extended to an (r + 1) X n latin rectangle, and hence ultimately to a latin
square of order n.

For 1 < j < n, let S; denote the set of all z € {1,2,...,n} such that x does not
occur in the column j of P. Note that |S;| = n — r, and since P is a latin rectangle
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each z € {1,2,...,n} belongs to exactly n — r of the sets S1,5,,...,8,. It will
be shown that there exists a SDR (sy, s2,...s,) for the collection Sy, Ss, ..., S, and
consequently that the (r+1) xn latin rectangle PU{(r+1,1, s1), (r+1,2,83),..., (r+
1,m,8,)} is an extension of P.

Assume that such a SDR does not exist. Then there exist some k € {1,2,...,n}
and some choice of Sj1,Sj2,...,S;k for which |Sj; U SpU...USu| < k. But
S;1]+1Sj2|+. . .+|Sjk| = k(n—r) implies that there exists a symbol z € {1,2,...,n}
occuring in more than n — r of the sets Sj1, Sjs, ..., Sj. However this is a contra-
diction as each = € {1,2,...,n} belongs to exactly n — r of the sets 51, S5),..., Sn.
Hence a SDR must exist and so the r x n latin rectangle P can be extended to
PU{(r+1,1,8),r +1,2,8),....(r +1,n,s)} I PU{(r+1,1,8),( +1,
2,83),-. ., (7 +1,7m,8,)} is a latin square of order n the argument is complete, other-
wise the above process is repeated and PU{(r+1,1, 81), (r+1,2,8),...,(r+1,n, s,)}
is extended to an (r+2) X n latin rectangle, and so on until a latin square is obtained.
0

The fact that each symbol of N occurs precisely 7 times in the first r rows of the
partial latin square P makes the proof of the above result fairly straight forward.
But, if this condition is removed the strength of the statement is weakened. For
example, there exist partial latin squares of order n and size n that can not be
completed. The partial latin square T given above testifies to this, as it is a special
case of the partial latin square {(1,1,1),(4,%,2) | 2 < ¢ £ n}. So one may ask for an
arbitrary partial latin square of order n and size s, what are the restrictions which
must be placed on s to guarantee the existence of a completion? This question was
explored by T. Evans in 1960 [9], and resulted in the following conjecture:

CONJECTURE (Evans, 1960, [9]) Every partial latin square of order n containing
at most n — 1 filled cells is completable.

Analysis of relatively small examples suggested that this conjecture was true,
but it was not until 1970 that C. Lindner proved a special case of Evans’ conjecture.
Lindner [15] proved that if the n—1 filled cells are restricted to n/2 rows or columns,
there is always a completion. In 1978, R. Haggkvist [11] moved a step closer and
proved the Evans’ conjecture for all n» > 1111. Then in the early 80’s complete
solutions were given independently by B. Smetaniuk [18], and by I. Andersen and
A. Hilton [1]. In this paper a brief discription of both Lindner’s and Smetaniuk’s
results will be given.

THEOREM 3 (Lindner, 1970, [15]) Let P be a partial latin square of order n
satisfying the conditions

e |P|<n-—1, and
o {i| (,5,k) € P =m <n/2,

then P is completable.
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Outline of Proof: Lindner begins by assuming that |P| = n — 1 and presents a
proof that is inductive in nature and proceeds by constructing a series of extension
P (1 <t <m—1) to permutations of P. In the inductive step, it is assumed that
there exists a partial latin square P, (basically an extension of P) for which every
cell in rows 1 to ¢ is filled. This partial latin square is then extended to a partial
latin square P, for which every cell in rows 1 to ¢t 41 is filled.

The proof begins by focusing on P; and by defining sets: T, containing all symbols
occurring in rows 1 to t of column p, C, containing all symbols occurring in rows
t+2 to m of column p and S, the set of symbols not occurring in either row ¢-+1 or
column p. Equivalently, S, is the set of symbols which can be used to fill cell (t+1, p)
while still maintaining the row latin and column latin conditions. The relationship
between these sets and P, is summarised in the diagram given below.

71
Ty . A - Tnry | o | Tnerpps
row ¢ Tt
row Sy . Sn—r1 Snre | vor | Sneregr | Tt11
t+1
(o . Chr,y e Crere voi | Creren

1t is shown that for row ¢+ 1 of P;, with empty cells (¢+1,1), (t+1,2),...,(t+1,n—
7t41), the union of any collection of k sets chosen from S, Ss, ..., Sn_r,,, contains
at least k elements.

To this end let r; denote the number of filled cells in row 7 of P and assume that
without loss of generality 7; < r;_;. Then there exists a positive integer m < n/2,
such that r; > 0 whenever ¢ < m, and r; = 0, whenever ¢ > m. Since |P|=n -1
and m < n/2, r; > 2. Further, it can be shown that for any ¢, r; +ra+...+ 1 2 2¢.

So if k =1, then for any ¢ = 1,...,n — T4y, [Ty UCy| < m — 1, and ryqq < nf2.
S0 {S,| = n— (m—1) — (n/2) > k, as required.

If2 < k < n—t—r;4; and C, is empty, then it is immediate that |S;| > n—t—r,q >
k. Otherwise, whenever 2 < k < n—t—ry; any C selected from a collection of k sets
chosen from Ci, Co, . ..., Cner,,, satisfies |Cq| < (n—1)—(r1+. . .+7¢)~7re41—(k—1) and

252




since 1y +. . .+1y > 28, [Sjgl = n—((n=1)—(ri+.. 4ry)—rg1—(k=1))~t—rr1 >k,
as required.

If £k > n—t— 7y it can be shown that for any collection of k sets chosen
from Ci,Co,...,Chcr,,, at least 1 4+t of them are empty. Denote these sets by
Ci1,Cja, . ., Cjt41). Using this information it is shown that the elements in the set
Sj1USjU...USj constitute the set of elements not already occuring in row r + 1.
Thus ISjl U Sjg u...uJ Sjk‘ =n-ry1 2k

And so in all cases the union of any collection of k set chosen from S;, S, ...,
Sp—res, contains at least k elements, and so there exists a SDR (81,82, -+ + s Snerey ) fOL
the sets S1, Sz, . . ., Snereys- Consequently, Py = BU{(t+1,1,8),(t+1,2,%),...,
(t+1,n — Teq1, Spryy, )} is an extension of P,

This process is repeated until t = m, yielding an m x n latin rectangle which, by
Theorem 2, can be extended to a latin square of order n that is basically a completion
of P.

If |P| < n—1, it is possible to fill n — 1 — |P| cells and then proceed as above.

0

Lindner’s result can be restated in a number of ways as indicated by the next
corollary.

COROLLARY 4 (Lindner, 1970, [15]) Let P be a partial latin square of order n
satisfying the conditions

o |[P|<n-1, and

o [{i | (i,5,k) € P} < /2, or |{j | (1,4,k) € P} < n/2, or [{k | (4,5,k) €
P} <n/2,

then P is completable.

While not completely settling the Evans’ Conjecture the theorem by Lindner made
a signficant contribution and led to the complete solution by Smetaniuk in 1981. To
understand the essence of Smetaniuk’s proof a number of definitions are needed.

The back diagonal of a partial latin square P of order n is formed by the cells
{(1,n),(2,n-1),...,(n,1)}. Anentry (z,y, s) of P, is said to lie on the back diagonal
of P if (z,y,s) € Pand z+y = n+1, (z,y,s) lies above the back diagonal
if (z,y,8) € Pand z+y < n+1, and (z,y,s) lies below the back diagonal if
(z,9,8) € Pand £+ y > n+ 1. Let L be a latin square of order n, then L can be
used to construct a new partial latin square P(L) as follows:

- If (z,v, s) lies on or above the back diagonal in L, then (z,y,s) € P(L).
-Foralli=1,...,n+1, (i,n+1—-in+1)e P(L).

Note that in P(L) all cells below the back diagonal are empty as illustrated in the
following example.
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P(L) =

[ RVEI TR )
ot

—1 o] B DN
DO bt | QO W

[JURRN O

| ol = o

O b | DO = 2

The proof of Smetaniuk’s result relies on two key ideas. These are:

o Let L be any latin square, of order n. The partial latin square P(L), of order
n + 1 (as defined above), can always be completed.

e Let P be a partial latin square, of order n, with at most n — 1 filled cells.
Suppose that for some k € N, k occurs in exactly one cell of P. Then the rows
and columns of P can be rearranged and the symbols relabelled to produce an
partial latin square P, of order » that has the following properties:

— the symbol n occurs in precisely one cell of Py and this occurs on the back
diagonal of Py, and

— all other filled cells occur above the back diagonal.

(For a clear and concise proof of these ideas the reader is referred to Lindner [16].)
Having established these results Smetaniuk completed the proof of Evans’ conjec-
ture as follows.

THEOREM 5 (Smetaniuk, 1981, [18]) An n x n partial latin square P, for which
|P| < n— 1, can always be completed to a latin square of order n.

Proof: Assume |P| = n — 1. If the number of distinct symbols occuring in P is less
than or equal to n/2, the result is true by Corollary 4.

If the number of distinct symbols occuring in P is greater than n/2, then the proof
proceeds by induction on n.

The Evans’ conjecture is true for partial latin squares of order 1 or 2. So it will
be assumed that m > 3 and that the Evans’ conjecture is true for all partial latin
square of order less than or equal to m. Let P be a partial latin square of order
m + 1, containing precisely m filled cells. Since m > n/2, there exists a symbol
which occurs in precisely one cell of P, using the above statements the array can be
rearrange to form a partial latin square in which the symbol m+1 occurs in precisely
one cell, which is on the back diagonal, and all other remaining m — 1 symbols occur
in cells above the back diagonal. In this new partial latin square delete the symbol
m + 1 from the back diagonal, and delete the last row and the last column. The
resulting partial latin square, of order m, is such that it consists of m ~ 1 filled cells
and so, by the inductive hypothesis, can be completed. Label the completion by L
and construct P(L). It is immediate that the completion of P(L) is a completion of
a permutation of P.

If |P| < n -1, one fills n — 1 — |P| cells and proceeds as before, thus verifying
that the Evans’ conjecture is true in all cases. 0
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So together the results by Lindner and Smetaniuk prove that the Evans’ conjecture
is true, and this leads one to ask, “If the size of the partial latin square is increased,
what can be said about the possible completion or non—-completion of the partial latin
square?” It turns out that there are many open problems related to this question.
In closing this section one such open problem (which arose out of discussion with
D. Street and C. Lindner) is stated. Then in the next two sections the focus of the
paper turns to the study of partial latin squares which have no completion.

Open Problem: For which values of h and n does there exist a partial latin square
satisfying:

1. each row of P contains exactly h symbols of N;
2. each column of P contains exactly h symbols of N;
3. each symbol of N occurs in exactly h cells of P;

4. P is not completable.

In 1997, B. Burton investigated this problem in his honours thesis [5]. Burton
showed that for h = 2 and n € {3,4,...,7} there always exists a partial latin square
with properties 1, 2, 3 and 4. However, when h = 2 and n = 8 all partial latin squares
satisfying properties 1, 2 and 3 are completable. This led Burton to conjecture that
for h > 2, n > 4h there do not exist partial latin squares of order n for which
properties 1 to 4 hold. *

4 Maximal Partial Latin Squares

A maximal partial latin square is a partial latin square that can not be extended.
In 1993, P. Horak and A. Rosa [14] studied the spectrum of maximal partial latin
squares. That is, they tried to determine the set

S = {s| there exists a maximal partial latin square of order n and size s}.

It is easy to see that for a maximal partial latin square P of order n, |P| < n®—1,
and so n® — 1 € S. The definition also implies that if (z,y) is an unoccupied cell,
then it can not be filled without violating the row latin or column latin condition. So
the number of occupied cells in row x or column y must be greater than or equal to
n, and each k € N must occur in at least one of the occupied cells in row z or column
y. This fact implies that if s € S then s > "72 However, Horak and Rosa were able
to achieve significantly better bounds than this by partitioning the maximal partial
latin square, P, into four subarrays and then applying clever counting arguments.
They were able to show that:

1Recently Ian Wanless has made further progress on this problem. For his results please contact
him on ian@maths.ox.ac.uk.
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THEOREM 6 (Horak and Rosa, 1993, [14]) There does not ezist a mazimal partial
latin square of order n and size s where

N 2
(i) s <%,
(i) s =% +h, 1<h <2, hodd n even,

(iii) s = 2L + b, 1 <h < %52, hoodd, n odd,

(i) s =n?—1.

Horak and Rosa also gave a number of constructions for families of maximal
partial latin squares. Most of these constructions relied on partitioning the partial
latin square into subarrays with appropriate properties. The following result, taken
from [14], illustrates the type of construction employed by Horak and Rosa.

LEMMA 7 (Horak and Rosa, 1993, [14] ) If n is even, then there e:czsts a mazimal

partial latin square of order n and size % + 2h, where h=10,1,..., 4

Proof: Let n = 2m. Let P C M?, where M = {1,2,...,m}, and Q = {(3,j, k+m) |
(i,j,k) € P} be two latin squares of order m. For 0 < h < m?, let C, C M? such
that |Ch| = h. That is, Cy is a set of h cells selected from P. The set Cj, is used to
construct two arrays P, and Ry as follows. For all (i,7) € M? there exists a k € M
such that (4, j, k) € P.

e If (4,7) € Ch, then (i, 4,k +m) € P, and (4,4, k) € Ry
o If (27]) g Cfn then (iuja k) € Py

So P, and Ry, are both m x m arrays which contain h distinguished cells. In P, if
(1,4) is a distinguished cell and (i, j, k) € P then place k +m in this cell, and in the
remaining cells place the symbol which occurs in the corresponding cell of P. In R,
if (¢,7) is a distinguished cell place the symbol k, where (1,7, k) € P, in cell (4, j) of
Ry, otherwise all remaining cells are left empty. Finally, for each h € {0,1,..., m?}
take the partial latin square L;, constructed as follows:

Py Ry
Ly =

Ry, Q

It is easy to see that Ly, contains 2(m?)-+2h = ’;—2+2h filled cells, where 0 < h < m?
(=()P= "4—3) The only empty cells occur in rows 1 to m of columns m + 1 to 2m,
or in columns 1 to m of rows m + 1 to 2m. For any such empty cell (z,y) it is clear
that row 2 contains at least m filled cells and column y contains at least m filled
cells. So row z and column y together contain at least n filled cells, and these filled
cells, between them, must contain n distinct symbols. Hence L), is maximal. 0
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Using arguments similar to that presented above Horak and Rosa proved the
following.

THEOREM 8 (Horak and Rosa, 1993, [14]) If S* = {s | % < s <n? s# n?—1}
and S~ = {f"z—z'[ +h|hodd, 1 < h <n-—1}, then mazimal partial latin squares of
order n and size s ezist for all

s€ST\S§™.

However, they did not completely settle the question of the spectrum of maximal
partial latin squares and the following problem remains open.

Open Problem: Do there exist maximal partial latin squares of order n and size s
where

s=2+h, hodd, 2 <h<n—1,n even, and
2 2

s=24 4 h hodd, % <h<n-1,nodd?

5 Premature Partial Latin Squares

A partial latin square, P, is premature if it can not be completed, but removing
any of its entries destroys this property.

The proof of the Evans’ conjecture verifies that if P is a partial latin square of
order n where |P| < n — 1, then P is completable. Thus if P is a premature partial
latin square of order n, |P| > n. In fact, it is easy to see that there exist premature
partial latin squares of order n and size n. For example, consider the partial latin
square, of order n > 1, with symbol 1 in cell (1,1) and symbol 2 in cells (¢,3),
i=2,...,n. If one considers the array displayed below then it is easy to see that
symbol 2 must be placed in row 1 and in column 1, but this is not possible, so no
completion exists. However, removal of any entry yields a partial latin square of size
n — 1 which has a completion.

1

2

It can be observed that any row of a premature partial latin square of order n must
contain at most n — 1 filled cells. To see this assume that it is not the case. That is,
there exists a premature partial latin square P of order n for which there is a row,
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7, consisting of n filled cells. By the definition of premature , P\ {(r,1,¢) | e € N},
must have a completion. But any completion of P\ {(r,1,€) | e € N} must contain
the entry (7,1, e). This implies that P also has a completion, a contradiction.

Such ideas lead us to ask what is the range of the possible sizes of premature
partial latin squares. This is precisely the question asked by L. Brankovic, P. Horak,
M. Miller and A. Rosa, in 1998, when they studied the spectrum of premature partial
latin squares. That is, they investigated the set,

S = {s| there exists a premature partial latin square of order n and size s}.

Brankovie, Horak, Miller and Rosa, extended the above arguments to show that
the size of the largest premature partial latin square, of order n, is less than or equal
to n? — 3n + 4. However, they conjectured that the size of the largest premature
partial latin square of order n is less than or equal to n? — n®/2,

Brankovic, Horak, Miller and Rosa also gave an number of constructions which
they later used to establish the existence of premature partial latin squares of various
sizes. The validation of the correctness of these constructions relies on the following
result by Ryser.

THEOREM 9 (Ryser, 1951, [17]) An h x g latin rectangle R can be completed to
a latin square of order n if and only if each element 1,2,...,n occurs in R at least
h+ g —n times.

To give the reader the general flavour of Brankovic, Horak, Miller and Rosa’s
methods the following result is presented.

LEMMA 10 (Brankovic, Horak, Miller and Rosa, 1998, [4]) Let n, h and g be
positive integers such that 2 < h < g < n— h. Then there exists a premature partial
latin square of order n and size hg+n—h—g+1.

Proof: Take an n x n array L and partition it into four subarrays of dimension h x g,
hx (n—g), (n—h)xgand (n—h) x (n—g). Denote the h x g subarray by R.
Fill the cells of R with the entries {1,...,g}, in such a way that R is row latin and
column latin. Next fill each cell (h+6,g+6),foréd=1,...,n—h—g+1, of L with
the symbol g + 1. Leave all other cells empty. Then L takes the form:

R

g+1

g+1
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Then L is a partial latin square containing (gh) + n — h — g + 1 filled cells. Now
consider the placement of the h copies of the symbol g + 1 in rows 1 to h. Columns
1 to g are filled in these rows and the symbol g + 1 already occurs in columns g + 1
to n— h+ 1. Hence the symbol g+ 1 can only be placed in columns n —h+2 to n of
rows 1 to h. That is, in at most & — 1 columns. Thus it is not possible to complete
L. However, if any entry from L is removed, then it can be verified, using Ryser’s
result, that the reduced partial latin square is completable. 5]

Through this and a number of other constructions Brankovic, Horak, Miller and
Rosa were able to show:

THEOREM 11 (Brankovic, Horak, Miller and Rosa, 1998, [4]) There exist pre-
mature partial latin squares of order n and size s where

o ifniseven, s€n+1,% +n—2),
e ifnisodd, s€n+1,% + 3

However this work by no means settles the question of the spectrum of premature
partial latin squares, and so there is still the open question:

Open Problem: Determine fully the spectrum of premature partial latin squares.

6 Critical Sets

A critical set is a partial latin square that has a unique completion, but for which
removal of any entry destroys this property. In order to study critical sets one must
first understand the concept of a latin interchange.

Let T and I' be two partial latin squares, of the same order, size and with corre-
sponding filled cells. They are said to be mutually balanced if the symbols in each
row (and column) of I are the same as those in the corresponding row (and column)
of I', and they are said to be disjoint if no cell in I' contains the same symbol as
the corresponding cell in 7. Partial latin squares, I and I', which satisfy the above
conditions are said to be latin interchanges. The connection between critical sets
and latin interchanges is summarised in the next lemma.

LEMMA 12 A partial latin square C C L, of size s and order n, is a critical set
for the latin square L if and only if the following hold:

1. C contains an element of every latin interchange that occurs in L;

2. for each (i, j; k) € C, there exists a latin interchange I, in L such that
LnC={(,j; k)}.

Proof.

1. If C does not contain an element from some latin interchange I, where I has
disjoint mate I’, then C is also a partial latin square contained in L' = (L \
IYu I'. Hence C is not uniquely completable.
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2. If no such latin interchange I, can be found, then the position (i, j; k) may be
deleted from C and C\ {(3, j; k)} will still have unique completion and thus a
critical set for L.

Since 1977, there has been a considerable amount of research into the properties
of critical sets, with much of this research pertaining to the spectrum of critical sets.
That is, the study of :

S = {s| there exists a critical set of order n and size s}.

Let lcs(n) denote the size of the largest critical set in any latin square, of order n,
and scs(n) denote the size of the smallest critical set in any latin square, of order n. It
is easily shown that for latin squares, of order n, les(n) < n? —n and scs(n) > n—1,
but small case analysis indicates that these bounds are far from sharp. In 1977,
Nelder conjectured that lcs(n) = (n? —n)/2 and scs(n) = |n?/4]. However in 1982,
the bound for les(n) was shown to be false. At that time, Stinson and van Rees [19]
exhibited examples of critical sets for which lcs(n) > (n? — n)/2.

As for scs(n), the evidence tends to suggests that Nelder’s conjecture may be right,
though to date an exact lower bound has not been established. In 1978, Curran and
van Rees [6] proved that for all n there exists critcal sets, of order n, and size |_" |.
So an upper bound on scs(n) is L’; ]. More recently, Bate and van Rees [2] have
established this as an exact lower bound for semi-strong critical sets. If L is a latin
square, of order n, and C a critical set for L, then the set C is said to be a semi~
strong critical set if there exists a set {P},..., Pn} of m = n? — |C| partial latin
squares of order n, which satisfies the following properties:

.C=PCcPC...CP,ClL;

2. forany 4, 1 <i < m—1, PU{(r,ci;e;)} = Py such that one of B,U{(r;, ci;€)},
or P, U {(ri,c;e;)} or P, U {(r,c;;e;)} is not a partial latin square for any
e€ N\ {e}orce N\{¢}orre N\ {r}, respectively.

Bate and van Rees proved:

LEMMA 13 (Bate and van Rees, 1999, [2]) For any latin square of order n, the
size of the smallest strong critical set is [n?/4].

Fu, Fu and Rodger [10] have also contributed to this research by showing that
ses(n) > |22 |, but exact values still need to be established for general critical sets.

Open Question: Given a positive integer n, what is the exact value of lcs(n) and
ses(n)?

Using the above as a guide, Donovan and Howse [7] showed that if S* = {s |
[n?/4] < s < (n? —n)/2}, then

e if nis odd, ST C S, and
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o if nis even, (ST \ {’343 +1}) CS.

Then in 1999, Bean and Donovan [3] established that when n is even there exists a
critical set of order n and size 72_2 + 1, thus proving the following result.

LEMMA 14 (Donovan and Howse, 1999, [7), Bean and Donovan, 1999, [3]) There
exist critical sets of order n and size s, whenever [n?/4] < s < (n® —n)2.

The proof of the above lemma was by direct construction, involving a large num-
ber of cases and reproducing the detail here will be of very little value. Instead
the remainder of this section will focus on the unsolved problem of systematically
constructing critical sets of order n and size greater than "22” &,

Open Question: For what values of s > (n? — n)/2 does there exist a critical set
of order n and size s7

One possible approach is to use techniques similar to those used for maximal
partial latin squares and premature partial latin squares. That is, to partition the
array into subarrays and use a product type construction. To this end a definition of
the direct product of two latin squares is given.

Let M and L be two latin squares (partial latin squares) of order m and n respec-
tively. The direct product of M with L is the array given by the set

MxL= {((imail)7 (jnnjl); (kma kl)) | (imajm; km) € MA (ilajl; kl) € L}

One may think of the direct product as an mn X mn array constructed by first
identifying the cells of M which contain symbol ¢, fori = 1,...,m, and then replacing
these cells by copies of L; that is, subarrays with the same structure as L on the
symbols mi to (m+ 1)i — 1. It is easily verified that the array M x L is also a latin
square (partial latin square).

Let P be a latin interchange. Define R(P) = {r | (r,c;e) € P}, C(P) = {c |
(r,c;e) € P}, E(P) = {e] (r,c;e) € P}. Let P; and P, be two latin interchanges. A
latin interchange P is said to be equivalent (isotopic) to Py, if there exists an ordered
triple (c, 3,7) of one-to-one functions such that a(R(P)) = R(P), B(C(P)) =
C(R), 7(E(P)) = E(P2) and Py = {(a(d), 8(j);7(K)) | (i, 5;k) € P} Donovan,
Gower and Khodkar [8] have shown that for any latin squares M and L and latin
interchanges PM C M and PL C L, if PM and PL are equivalent, then PM x PL
is a latin interchange in M x L.

Using this information they proved that under certain circumstances critical sets
can be constructed using direct product techniques. The essence of these ideas lies
in taking two critical sets CM and CL in the latin squares M and L. For each filled
cell in CM replace it by an appropriate copy of L. Then for each empty cell in
CM replace it by an appropriate copy of CL. Under certain strong conditions the
resulting partial latin square in M x L is a critical set. (This result is a generalisation
of an earlier result proved by Stinson and van Rees, [19].) A formal statement of
this result is given in the following theorem and is followed by an example.
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THEOREM 15 Let CL and CM be critical sets in L and M respectively, where
either CL or CM is semi-strong. Assume that for each (Tm, Ym; 2m) € CM and each
(uy, vi;w;) € CL there exist latin interchanges IM € M and IL C L which satisfy
the following conditions:

1. IMOCM = {(Tm, Ym; 2m) }5
2. ILNCL = {(u,vi;w)};

3. there exists an ordered triple of one-to-one functions («,B,v) such that
(R(IM))a = R(IL), (C(IM))8 = C(IL), (E(IM))y = E(IL) and

IL = {(4m0, jmB; km?Y) | (im: jm; km) € IM}; and

4. Tmo=uy, YmB = v, and 2ny = Wy

Then the partial latin square

{((ima i), (Jms J1)3 (kim, kl)) | (inujm; km) € CM, (il,jl; ki) € L} U
{((ima il)v (jmvjl)§ (kma kl)) l (im)ij km) eEM \ CM, (ilajl; kl) € CL}

is a critical set in M x L.

EXAMPLE 16 Let M and L be latin squares as presented below, with CM and
CL as shown.

M CM

A 1

2081

5(1]2 2

L CcL
1121314[5]6 11213
2134561 213
s1/|6]6|1|2 3
115|61]2]3
516\ 1]2]314 1
611123415 115

The following partial latin square is a critical set in M X L.
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1121345671819 1314115
213(4/56]6|1/|81]9 14| 15
31415{6]1]2]9 15
4 |56 [(1]2]3 :
51611 (12]3] 4 10 16
6 112 (3]4]5 10| 11 16 | 17
71819 13114115 17213
819 14116 213
9 15 3
10 16 4
10 11 16 | 17 4 |5
13114 |15 11213 71819 10)11]12
14 | 15 213 819 |10|11]12} 7
15 3 9 11011712 8
1011111217189
16 4 11111217 819 )10
16 | 17 4 15 1127|819 |10]11

So this paper concludes with the suggestion that a systematic application of a
variant of Theorem 15 may yield sequential families of critical sets of sizes greater
than 2=,

2
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