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Abstract 

Some classes of I-factorizations of complete graphs are known. They 
are GK2n , AK2n , W K 2n and their variations, and automorphism-free 
I-factorizations. In this paper, for any positive integer t, we construct 
new I-factorizations NtK 2n which are defined for all 2n with 2n ~ 6t. 
They also have some variations. 

1. INTRODUCTION 

Let K 2n = (V2n, E2n ) be the complete graph on 2n vertices. Put m = 2n - 1. A 
I-factor of K 2n is a set of n edges that partition the vertex set V2n. A I-factorization 
of K 2n is a set of m I-factors that partition the set of edges E 2n . 

Some I-factorizations of K2n are known [1,2,3,4]. They have been dubbed GK2n , 

W K 2n and AK2n • They have some variations; G' K 2n , W' K 2n1 W" K 2n , W(1) K 2n , 

W(l)' K 2n , W(l)/I K 2n (Figures 1 to 10). Among these, GK2n is the most simple and 
famous I-factorization of K 2n ; it is called the patterned I-factorization. 

Moreover, it is known there exists an automorphism-free I-factorization of K 2n 

(n ~ 5) [1]. 
These I-factorizations are defined for every 2n except a few sma1l2n. On the other 

hand, not for every 2n, various I-factorizations have been constructed; for example, 
cyclic I-factorizations when 2n =f:. 2k, geometric I-factorizations when 2n = 2k and 
affine I-factorizations when 2n = 3k + 1 ([2], p604). 

In this paper, for any positive integer t, we construct a new I-factorization N tK 2n 

which is defined for all 2n with 2n ~ 6t. And we show their variations; N:K2n , 

N"K N (I)K N (l)'K N (1)"K t 2n , t 2n , t 2n 1 t 2n . 
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2. PRELIMINARIES 

Put r = n -1. Assume the vertices are labeled as V2n = {(X)} U {O, 1,2"", m -I} = 
{(X)} U Zm. Let a be the vertex permutation a = (00)(0 1 2 ... m - 1) and put 
I: = (a). Then for any edge {a, b} of K 2n , we define the length of the edge with 
respect to I:: 

d({a, b}) = { :n{lb - al,m -Ib - al} 

We note that 1 ~ d( {a, b}) ~ r when a, b =I- 00. 

(a, b =I- 00) 
( otherwise) 

A starter of Zm is a set of edges S = {{Vi, Wi} E E2n I 1 ~ i ~ r} such that the 
set of vertices of S is V2n \ {(X), O} and d(S) = {I, 2, ... ,r}. If S is a starter of Zm, 
S' = S U {{ 00, O}} is called a starter I-factor of K 2n , and we obtain a I-factorization 
of K 2n by rotating S' according to a, that is, I:S' = {ai Sf I 0 ~ i ~ m - I}. 

For any positive integer t, we will construct starters of K 2n in sections 3 and 4. 

3. Nt K 2n WHEN t IS ODD 

Assume t is odd 2: 1 and 2n 2: 6t. Put s = (t - 1)/2 and put 

(1) VI = {aI, a2,"', at, a~, a~,···, a~}, 
EI = {{ aI, a~}, {a2' a~}, .. " {at, a~}}, 

(2) VII = {bl' b2, ... ,bt , b~, b~, ... ,ba, 
Ell = {{bll b~+1}' {b2, b~+2}"'" {bs+b ba }U{ {bs+2 , bD, {bs+3, b~},···, {bt , b~}}, 

(3) VIII = {00,O,CI,C2,···,cs,c'1'C~,···,c~}, 
Elll = { {(X), O}, {Cll cD, {C2' C~}, .. " {cs , c~}}, 

(4) VIV = {dl,d2,···,ds,d~,d~,···,d~}, 
E IV = {{ d1, dD, {d2 , d~}, ... ,{ ds, d~}}. 

(5) When r(= n - 1) is odd, put u = (r - 3t + 2)/2, V = (r - 3t)/2. When r is 
even, put u = V = (r - 3t + 1)/2. And put 
VVl = {el' e2, ... ,eu , e~, e~, ... ,e~}, EVl = {{ ell eD, {e2' e~}, . .. , {eu , e~}}, 
VV2 = {fr, 12, ... ,iv, ff, f~,' .. ,f~}, EV2 = {{iI, fa, {h, fD, ... , {fv, i~}}· 

We define V2n and a as follows; 
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a = (OO)(Jv!v-I'" it 
Cs Cs-l ... Cl 0 C~ C; .•. C~ 
bi b2 ••. bt 

f{ f~ ... f~ 
at at-I ... al a~ a~ ... a~ 

e~ e~_l ... e~ 
d~ d~_l ... d~ 
b~ b~_l ... b~ 
d1 d2 ••• ds 

eI e2 ... eu.) 

and put E = (a) (see Figure 11). 

II 

Figure 11: NT K56 

Proposition 3.1 Assume t is odd 2 1 and 2n ?:: 6t. Then 

St = EI U Ell U ElII U EIV U EVI U EV2 

is a starter I-factor of K 2n with respect to E = (a). 

Proof. We need only show that the lengths of the edges of St are all different. 

(1) IEII = t. d(EI) = {I, 3, 5"", 2t - I}. 

(2) IElIl = t. Since d( {bI , b~+l}) = IVlIII- 1 + (IVV21 + IVvll + IVlv l)/2 + s + 1 = 
r - t + 1, we have d(ElI) = {r - t + 1, r - t + 2, ... ,r}. 

(3) I ElII I = s + 1. d(ElII) = {oo, 2,4, 6"", t -I}. 
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(4) IEIVI=s. d(EIV) ={t+I,t+3,t+5,· .. ,2t-2}. 

We have lEI U EII U EIII U EIVI = 3t, so it doesn't depend on 2n. (Note that 
we are assuming 2n 2: 6t.) Only EVI and EV2 depend on 2n. 

(5) lEvI I = u and IEv21 = v. When r is odd, d(Evl) = {2t, 2t + 2, 2t + 4, .. " r - t} 
and d(Ev2) = {2t + 1, 2t + 3, 2t + 5,,,,, r - t - I} 

When r is even, d(Evl) = {2t,2t + 2, 2t + 4"", r - t - I} and d(EvJ = 
{2t + 1, 2t + 3, 2t + 5"", r - t}. 

Therefore d(St) = {oo, 1,2, ... ,r}, from which it follows that St is a starter I-factor 
of K 2n . 

4. NtK 2n WHEN t IS EVEN 

Assume t is even;::: 2 and 2n ;::: 6t. Put s = t/2 and put 

(1) Vi = {al,a2,···,at,a~,a~,'···,aa, 
EI = {{ aI, a~}, {a2' a~}, .. " {at, a~}}, 

(2) VII = {bo, bl , b2 , •.• ,bt - ll b~, b~, b~, ... , b~_l}' 
EII = {{bo, b~}} U {{bl , b~}, {b2, b~+d, .. " {bS1 b~_d} 

U{ {bs+1' b~}, {bs+2 , b~},· .. , {bt- I , b~_I}}' 

(3) VIII = {00,O,CI,C2"",Cs-I'C~,C~", "C~_l}' 
EIII = {{ 00, O}, {CI' c't}, {C2' c~},,· " {CS-l 1 c~_l}}' 

(4) VIV = {dl,d21···,ds,d~,d~,···,d~}, 
EIV = {{dbdD,{d2,d~},···,{ds,d~}}. 

(5) When r is odd, put u = v = (r - 3t+ 1)/2. When r is even, put u = (r - 3t)/2, 
v = (r - 3t+ 2)/2. Put 
VVI = {ell e2,' ", eu , e~, e~,· ", e~}, EVI = {{el' ea, {e2' e~},··., {eu , e~}}, 
VV2 = {h, 12,"" iv, fL f~,"" f~}, EV2 = {{h, fn, {h, fn,···, {fv, f~}}. 

We define "V2n and (j as follows; 

V2n = {oo} U VI U VII U VIII U VIV U VVI U VV2 

(j = (oo)(fv fv-l ... h 
Cs-l Cs-2 ... CI 0 C~ C~ ... C~_I 
bo bi b2 .' •• bt- I 

ff f~ ... i~ 
at at-l ... al a~ a~ ... a~ 
e~ e~_l .. , e~ 
b~ 
d~ d~_l .. , d~ 
b~_l b~_2 ... b~ 
d1 d2 ••• ds 
el e2 ... eu ) 
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and put 1.: (a) (see Figure 12). 
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Proposition 4.1 Assume t is even 2 2 and 2n 2 6t. Then 

is a starter I-factor of K2n with respect to 1.: = (a). 

Proof. We need only show that the lengths of the edges of St are all different. 

(1) IEII = t. d(EI) = {I, 3, 5,,,,, 2t - I}. 

(2) I Ell I = t. d(ElI) = {r-t+1,r-t+2,·.·,r}. 

(3) I Ell I I = s. d(EIII) = {oo, 2,4,6"", t - 2}. 

(4) IEIVI = s. d(EIV) = {t, t + 2, t + 4,,,,, 2t - 2}. 

(5) IEvll = u and IEv21 = v. 

When r is odd, d(Evl) = {2t + 1,2t + 3,2t + 5" ", r - t} and d(Evz ) = 
{2t, 2t + 2, 2t + 4, ... , r - t - I}. 

When r is even, d(EvJ = {2t + 1, 2t + 3, 2t + 5"", r - t - I} and d(Ev2) = 
{2t, 2t + 2, 2t + 4, ... ,r - t}. 

Therefore d(St) = {oo, 1,2, ... ,r}, from which it follows that St is a starter 
I-factor of K 2n . 

264 



We denote by NtK 2n the I-factorization induced by St in Proposition 3.1 and 4.1. 

5. EVEN STARTERS 

When the vertices are labeled as V2n = {oo, oo'} U {O, 1, 2" . " 2n - 3} = {oo, oo'} U 
Z2n-2, we define an even starter. 

Let al be the vertex permutation al = (00)(00')(0 1 2 ... 2n - 3) and put 
El = (al)' For any edge {a, b} of K 2n we define the length of the edge with respect 
to E1: 

d({a,b}) = { :n{lb-al,(2n-2) -Ib-al} 

We note that 1 ::; d( {a, b}) ::; n - 1 when a, b =I 00,00'. 

(a, b =I 00,00') 
( otherwise) 

An even starter of Z2n-2 is a set of edges T = {{Vi, Wi} E E2n I 1 ::; i ::; n - 2} 
such that the set of vertices of Tis V2n \ {oo, 00', 0, a} for some a E V2n , a =I 00,00',0, 
and d(T) = {I, 2, ... ,n - 2}. 

If T is an even starter of Z2n-2, T' = T u {{ 00, O}, { 00', a}} is called an even 
starter I-factor of K 2n . We may call afT' (1 ::; i ::; 2n - 3) an even starter I-factor. 
For an even starter I-factor T ' , we obtain a I-factorization of K2n by rotating T' 
according to al and adding the pinwheel P, 

P = {{O, n - I}, {I, n},'" 1 {n - 2, 2n - 3}}, 

that is, EIT' U {P} is a I-factorization of K2n . 

Some starter I-factors of K 2n can be extended to even starter I-factors of K 2n+2 

([1], p48). Our starter I-factors constructed in sections 3 and 4 can be extended to 
even starter I-factors, also (Figures 13,14). We denote the induced I-factorizations 
by N:K2n and Nr K 2n , respectively. 

When t 2:: 3, N t K 2n has more variations NP) K 2nl Nt(l), K 2n and Nt(l)fI K 2n (Fig
ures 15 to 18). 

Finally, we should mention whether the I-factorizations constructed in this paper 
are new, i.e., not isomorphic to known I-factorizations. For example, when 2n = 
20,22, the t satisfying 6t ::; 2n are t = 1,2,3; so K 2n has GK2n , G' K 2n , AK2n , 

WK2n , W'K2n , W"K2n , W(1)K2n , W(1)'K2n , W(1)"K2n , N t K 2n , N:K2n , NrK2n (t = 
1,2,3), N 3(1) K 2n , N3(1)' K 2n , N 3(1)1I K 2n . It is shown that these I-factorizations are 
not isomorphic each other with the aid of a computer. 

It is not easy to demonstrate in general that the I-factorizations constructed in 
this paper are new, but it is clear that there are new I-factorizations among them 
because the number of the I-factorizaions of K 2n constructed in this paper increases 
as 2n increases. 
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