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Abstract

A vertex v in a graph G dominates itself as well as its neighbors. A set S
of vertices in G is (1) a dominating set if every vertex of G is dominated
by some vertex of S, (2) an open dominating set if every vertex of G is
dominated by a vertex of S distinct from itself, and (3) a double dominat-
ing set if every vertex of G is dominated by at least two distinct vertices
of S. The minimum cardinality of a set S satisfying (1), (2), and (3),
respectively, is the domination number, open domination number, and
double domination number of G, respectively. We consider the problem
of determining the maximum value of each of these domination numbers
among all graphs of a given order and size.
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1 The Maximum Domination Number of a Graph
with Prescribed Order and Size

In graph theory we have often been intrigued by how large or how small the value of
a graphical parameter can be under various constraints. We discuss three problems
of this type, where the parameters involved are various domination numbers and the
constraints are given order and size. We refer to books [1, 3] for concepts not defined
here.

In a graph G a vertex v is said to dominate itself as well as its neighbors. A set S
of vertices in G is a dominating set for G if every vertex of G is dominated by some
vertex of S. A dominating set of minimum cardinality is a minimum dominating set
and its cardinality is the domination number ¥(G). A comprehensive treatise now
exists by Haynes, Hedetniemi and Slater [4] on domination.

The first question that we address concerns the largest domination number of a
graph of given order n and size m. It is possible to give a complete answer to this
question with the significant help of a result of Vizing [5].

Theorem A (Vizing) Let G be a graph of order n and size m. If y(G) > 2, then
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We write max(+y; n, m) for the largest domination number of a graph of order n
and size m.

Theorem 1.1  For integersn > 1 and m with 0 < m < (Z),

max(y;n,m) = I_n+1——\/1+2mJ.

Proof. The result is certainly true for n = 1, so we consider n > 2. If m >
(g) — |(n —1)/2], then every graph G of order n and size m contains a vertex of

degree n — 1 and so v(G) = 1. Hence the result holds here as well.
Thus it remains to consider a graph G of order n and size m, where n > 2 and
0<m< (g) — |(n—1)/2]. Consequently, max(y;n,m) > 2. Solving for 7(G) in

(1), we obtain v(G) < [n +1-v1+4 2mJ, showing that
max(y;n,m) < tn%— 1-vV1+ 2mJ .

To verify the reverse inequality, we construct a graph G of order n and size m with

Y(G) > |n+1-VI+2m|=n+1- [VI+2m|. Let k= [vI+2m| so that
2 <max(y;n,m)<n+1—-k;

hence k < n.
We first construct a graph H according to the parity of k. When £ is odd, let
M be a perfect matching of Kjy; and let H = Kgy1 — M, so y(H) = 2. For k
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even, let M be a maximum matching of Ky, and let e be an edge incident with the
unmatched vertex of Kiy1. Let M' = M U {e}. In this case, H = K1 — M’. Here
also y(H) = 2.

Now define G' = HU K,,—;—1. Then ¥(G") = n+ 1 — k. Certainly, G’ has order
n. Now we determine its size. If k is odd, then the size of G’ is

2
-1 ([vViTm]) -1 Jlvom-1_
2 2 = 2 -
On the other hand, if k is even, then the size of G’ is

oo ([VIFm)' -2 14om-2 1 )

5 ) T "y @)

The inequality in (2) is strict since [\/T-F—Z—nﬂ is even. Therefore, the size of G is at

least m. We now remove edges from G’, if necessary, so that the resulting graph G has

size m. Then G has order n, size m and y(G) > n+1 — k since the removal of edges

can never decrease the domination number. So max(y;n,m) >n+1 — {\/HW]
B

2 The Maximum Open Domination Number of a
Graph with Prescribed Order and Size

Next we investigate the maximum open domination number among all graphs of a
given order and size. A vertex is said to openly dominate each of its neighbors
(but not itself). A set S of vertices in a graph G is an open dominating set if
every vertex of G is openly dominated by a vertex of S. An open dominating set
of minimum cardinality is a minimum open dominating set and its cardinality is the
open domination number p(G). The open domination number is also referred to as
the total domination number (see [4]). We note that no graph with isolates has an
open dominating set. Hence in this section no graph contains an isolate. If G is a
graph of order n and size m such that p(G) is defined, then, necessarily, m > [n/2].
Furthermore, the neighbor of each end-vertex must belong to every open dominating
set. For integers n > 2 and m with [n/2] < m < ('2’ , we write max(p;n, m) for
the maximum open domination number among all graphs of order n and size m. We
begin by presenting a lower bound for max(p; n, m).

Theorem 2.1 - For integers n > 2 and m with [n/2] <m < (’2’),

1 1 1 1

Proof. Let k = [-;-(n ~1) = /L (m-in+1) J and let H = kK, U K,_s. Since
n—2k > 2, it follows that p(H) = 2k+2. Certainly H has order n and size k+ ("'2%).

max(p; n, m) > 2
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Some routine algebra shows that k + (”’22'“) > m. We may remove edges from H,

if necessary, to obtain a graph G of order n, size m and without isolates. Then
p(G) Z p(H) 2 2k +2. .
Certainly, for all integers n > 2 and m with [n/2] <m < (’2‘),

2 < max(p;n,m) < n.

We consider this upper bound for max(p; n,m). For even n > 2, the graph (n/2)K,
has open domination number n. Therefore, max(p; n,n/2) = n. Thus for any graph
G of order n and size m with n/2 < m < (’2‘), G contains a component G; having
vertices of degree 2 or more. Let v be a vertex of minimum degree in G;. Then
the set S = V(G) — {v} is an open dominating set for G. Therefore, p(G) < n and
max(p; n,m) < n. Consequently,

max(p;n,m) =n if and only if m =n/2. (3)

We now turn to the lower bound max(p;n,m) > 2. We are unable to determine
all m for which equality holds. However, to determine a collection of integers m for
which max(g;n, m) = 2, we present the following lemma.

Lemma 2.2 Let G be a connected graph of order n, size m, and diameter 2. If
G has no vertices of degree n — 1 , then

S [ 3n— 5'[
m> 5 .

Proof. Since every connected graph of order n with 1 < n < 3 has a vertex of
degree n — 1, we consider a connected graph G of order n > 4 and size m with
maximum degree A(G) = k < n — 2. As G is connected with diameter 2, it follows
that k£ > 2. Let u be a vertex of degree k and denote the closed neighborhood of
by N[u] = N(u) U {u}. Let W = V(G) — N[u]. Then [W|=n~-k~12> 1. Let
w € W. We consider two cases.

Case 1. k =n — 2. Then W = {w}. Let z € N(u). Since d(z,w) < 2, it follows
that either zw € E(G) or z is adjacent to some neighbor of w. Therefore, there are
at least n — 2 edges not incident with  and so

3n—-5
2

Case 2. k <n—3. Then [W|>2. Let X = Nw]nW and Y =W - X. So
W = X UY and possibly Y = ). Since w ¢ Nlu], it follows that d(u,w) = 2. So w
is adjacent to at least one vertex in N(u). Thus |X| = |[N[w]NW| < k. This implies
that

m>2(n—2)>

Y| =|W|—-|X|>n—2k-1

We proceed by counting the following three types of edges of G.
(1) There are k edges between u and N(u). For each v € N(u), d(v,w) < 2. So
either vw € E(G) or v is adjacent to a neighbor of w. Hence there are at least k
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edges either in (N(u)) or between N(u) and N[w]. Therefore, there are at least 2k
edges that are either within (N[u]) or between N(u) and N{w].

(2) For each z € X — {w}, zw € E(G). So there are at least | X| — 1 edges in
(X).

(3) Lety € Y. Since d(u,y) = 2, it follows that y is adjacent to a vertex of N(u).
If degy = 1, then since d(y,z) < 2 for all z € V(G), the neighbor of y must have
degree n — 1, which contradicts the fact that A(G) < n—2. Therefore, degy > 2 for
every vertex y € Y. Thus, each y € Y is adjacent to a vertex of N(u) and to at least
one other vertex (perhaps also in N(u)). Counting the number of edges incident
with the vertices of ¥ gives at least |Y| edges between Y and N(u) and at least 1|Y|
additional edges since these edges may join two vertices of Y.

Combining (1), (2), (3), we have

m > 2k + (%] = 1)+ (I¥]+ 51v1)
-_-2k——1+]W|+—;~]Yi
=2k~ 14n—k-1+ Y]

22k~1+n—k——1+%(n—2k——1)

_3n—35
==

We are now able to present the desired result.
Theorem 2.3  For integers n > 3 and m with m > (n? — 4n + 5)/2,
max(p;n,m) = 2.

Proof. Assume, to the contrary, that max(p;n, m) > 2. Then there exists a graph
G of order n and size m with p(G) > 3. Since G has no isolates, A(G) <n—2. Ifu
and v are two nonadjacent vertices of G, then uv € E(G). Since {u, v} is not an open
dominating set of G, there exists a vertex w in G such that uvw, vw ¢ E(G), implying
ww,vw € E(G) and so dg(u,v) = 2. Therefore, G is connected and diam(G) < 2.
Since A(G) < n — 2, it follows that G is not complete and so diam(G) = 2. By
Lemma 2.2, the size of G is at least (3n — 5)/2, contradicting the fact that m >
(n* —4n+5)/2. "

While the preceding theorem gives only a sufficient condition for max(p; n, m) =
2, we show next that if the bound on m is lowered by (n—5)/2, then max(p; n, m) # 2.

Lemma 2.4 Forn > 6,

2 _
n 5n+10) >3

ax | pim,
m(pn 5
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Proof. Let G be the graph obtained by subdividing some edge of K,_, twice. Since

G has order n, size (n? — 5n + 10)/2, and open domination number 3, the desired

result follows. ™
We next show, for a given n, that max(p; n,m) is a decreasing function of m.

Theorem 2.5  For each fized integer n > 2,
max(p; n,m + 1) < max(p;n, m).

Proof. Let max(p;n,m) =r. Assume, to the contrary, that there exists a graph G
of order n and size m+1 with double domination number p(G) > r. Since m > [n/2],
it follows that that m + 1 > [n/2] + 1. We now show that there exists an edge e of
G such that p(G — e) is defined. If this is not the case, then necessarily, G consists
of k components, each of which is a star and so p(G) = 2k. Since m+1 > [n/2] +1,
either G contains a component isomorphic to K, for some s > 3 or two components
isomorphic to Kjg. In the first case, we construct a graph G’ by replacing K,
by Ki ;-2 U K>, and in the second case, G' is obtained by replacing 2K, by 3K,.
However, G’ has order n, size m, and p(G') = 2k + 2 > p(G), which is impossible.
Hence, as claimed, G contains an edge e = uv with degu, degv > 2. Therefore, G—¢
is a graph of order n and size m for which p(G — e) is defined. Let S be a minimum
open dominating set of G —e. Then S is a open dominating set of G as well. Hence

r<p(G)<p(G-e) <,

which is a contradiction. H

The table on the next page gives exact values of max(p; n, m) for small values of
n (2 <n<8)and for [n/2] <m < ('2‘) Several values of max(p;n,m) are easy to
compute, some with the aid of (3), Theorem 2.3, or the following lemma. Since the
proof of this lemma, is straightforward, we omit the proof.

Lemma 2.6  (a) Let G be a graph of order n and size m with degree sequence dy >
dy > -+ > d, > 1. Ifk is the smallest positive integer such that dy +do+- - -+d > n,
then max(p;n,m) > p(Q) > k.

(b) If G is a graph with components G1,Ga, -+, G, then p(G) = T8, p(Gy).

(c) If G is a graph of order n, then p(G) < n — A(G) + 1.

In the remainder of this section, we verify a few of the less obvious entries in
Table 1. These entries are indicated in bold.

Theorem 2.7 max{p;7,12) = 3.

Proof. If G is a graph of order 7 and size 12 containing a vertex v with degv > 5,
then v and at most two other vertices openly dominate all vertices of G. So we
assume that A(G) < 4. Since G has size 12, it follows that A(G) = 4. The number
of vertices of degree 4 is necessarily at least 3.

Let u and v be two vertices of degree 4 in G. Assume first that wv € E(G). If
N(u)UN(v) = V(G), then {u, v} is an open dominating set of G. On the other hand,
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n 213141 4 5 515 5 6 6
m 1123|2136 3 415 6-10] 3 4
max(p;n,m) || 2| 2 | 4| 2 4 413 2 6 4
n 6| 6 | 6] 6 6 707 7 7 7
m 5/ 6 | 7] 8 | 915 |45 6 7 8
max(p;n,m) || 4] 4 | 4| 3 2 66| 5 |4 4
n TV 7T 7|7 7 818 8 8 8
m 9110 1 11}12 |13-21| 4 |5 6 7 8
max{p;n,m) |4 4 | 4| 3 2 8 16| 6 6 6
n 81 8 | 81 8 8 818 8 8 8
m 9110 |11} 12 13 |14 15 16 |17 | 18-28
max(p;n,m) | 4| 4 | 4| 4 4 4 14 4 13 2

Table 1: max(p;n,m) for2<n <8

if |N(u) U N(v)| = 6, then let V(G) — (N(u) U N(v)) = {w}, where z is a neighbor
of w. Then {u,v,z} is an open dominating set for G. Otherwise, |N(u) UN(v)| = 5,
where, say, V(G) — (N(u)UN(v)) = {w,y}. Let z and 2z be (not necessarily distinct)
neighbors of w and y, respectively. Then {u,z, z} is an open dominating set for G,
in this case, p(G) < 3.

Next assume that d(u,v) > 2. If there exists a vertex w ¢ N(u) U N(v), then
let = be a neighbor of w. In this case, {u,z} is a minimum open dominating set
for G. Otherwise, let © be a common neighbor of u and v. Then {u,v,z} is an
open dominating set for G. So, in this case, we also have p(G) < 3. By Lemma 2.4,
max(p; 7,12) = 3. u

By Theorem 2.3 max(p; 7, m) = 2 if m > 14. However, max(p; 7,13) = 2 as well,
as we now show.

Theorem 2.8 max(p;7,13) = 2.

Proof. We show that every graph of order 7 and size 13 has open domination
number 2. Let G be a graph of order 7 and size 13. Necessarily, A(G) > 4. If
A(G) = 6, then p{G) = 2 by Lemma 2.6(c). Hence either A(G) =5 or A(G) = 4.

Assume first that A(G) = 5. Let v be a vertex with degv = 5. Then there exists
a unique vertex w ¢ N[v]. Let z be a neighbor of w. Since z € N(v), the set {v,r}
is an open dominating set for G and p(G) = 2.

Hence we may assume that A(G) = 4. Since the size of G is 13, G has at least
five vertices of degree 4. There must be two nonadjacent vertices u and v of degree
4, for otherwise the size of G is not 13. Necessarily, d(u,v) = 2. If N(u) = N(v),
then there exists a unique vertex w ¢ N[u] U N{v]. Let z be a neighbor of w. Then
{u, 2} is an open dominating set for G and so p(G) = 2. Thus, we may assume that
N(u) # N(v). Let N(u) — N(v) = {u1} and N(v) — N(u) = {v,}. Since the size of
(N(u) N N(v)) is at most 3, at least one of u; and v, say u;, is adjacent to a vertex
z € N(u) N N(v). Then {v,z} is an open dominating set for G and p(G) = 2. ]
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We now verify two numbers of the type max(p; 8, m).
Theorem 2.9 max(p;8,17) = 3.

Proof. Let G be a graph of order 8 and size 17. We show that p(G) < 3. Necessar-
ily, A(G) > 5. If A(G) > 6, then by Lemma 2.6(c), p(G) < 3. Hence we may assume
that A(G) = 5. In fact, G contains at least two vertices u and v of degree 5 which
have at least two common neighbors. Let z be one of these. If N[u]U N[v] = V(G),
then {u,v,z} is an open dominating set for G.

Assume next that there is exactly one vertex w not belonging to N{u] U N{v]. If
w is adjacent to a vertex y € N(u) N N(v), then {u,v,y} is an open dominating set
for G. Otherwise, uv € E(G) and w is adjacent to a vertex y belonging to exactly
one of N(u) and N(v) and once again {u,v,y} is an open dominating set.

Finally, assume that there are exactly two vertices w and z not belonging to
Nu] U N[v]. Let w' and 2’ be neighbors of w and z, respectively. Then {u,w’,2'}
is an open dominating set for G. Therefore, p(G) < 3 and so max(p; 8,17) < 3. By
Lemma 2.4, max(p; 8,17) = 3. H

By Theorem 2.3 max(p; 8, m) = 2if m > 19. We next show that max(p; 8, 18) = 2
also has the value 2.

Theorem 2.10 max(p;8,18) = 2.

Proof. It suffices to show that every graph of order 8 and size 18 has open domi-
nation number 2. Let G be a graph of order 8 and size 18. Necessarily, A(G) > 5.
If A(G) =17, then p(G) = 2 by Lemma 2.6(c). Hence either A(G) =6 or A(G) = 5.

Assume first that A(G) = 6. Let v be a vertex with degv = 6. Then there exists
a unique vertex w ¢ N[v]. Let z be a neighbor of w. Certainly z € N(v). Then
{v,z} is an open dominating set for G and p(G) = 2.

Hence we may assume that A(G) = 5. If G has a vertex of degree 1, then G
contains seven vertices of degree 5 and one vertex of degree 1. This graph is unique
and is shown in Figure 1. Furthermore, p(G) = 2. Otherwise, §(G) > 2.

Figure 1: The graph with degree sequence 5,5,5,5,5,5,5,1

Let v be a vertex of degree 5. Then there are two vertices, say v and w, not
belonging to N[v]. Since the size of G is 18 and A(G) = 5, it follows that degu +
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degv > 6. If u and w are mutually adjacent to a neighbor z of v, then {v, 2} is an
open dominating set for G'and so we may assume that no such vertex z exists. This
implies that uw € E(G) since degu + degv > 6 and that every vertex of N(v), with
at most one exception, is a neighbor of u or w.

Let U = N(u) N N(v) and W = N(w) N N(v). Thus U and W are disjoint. If
every pair of vertices z € U and y € W are not adjacent, then the size of (N(v)) is
at most 6. Since the size of (N(v) U N(w)) is at most 6 as well, the size of G is at
most 17, which is impossible.

Hence we may assume that there are vertices of U adjacent to vertices of W. If
there is a vertex z € U adjacent to a vertex y € W such that every vertex of N(v)
is neighbor of z or y, then {z,y} is an open dominating set.

Assume, without loss of generality, that |U| < |W|. Of course, |U| > 1, |[W| > 1,
and 4 < [U|+|W| < 5. Hence [U| = 1 or [U| = 2. We prove the case |[U| =1, [W| =3
only since the other cases are similar. Let u; be the vertex of N(v) adjacent to u and
wy, We, w3 the vertices of N(v) adjacent to w. By hypothesis, we may assume that
ww; € E(G). In this case, there is some vertex z of N(v) that is adjacent to neither
u; nor wy, where possibly £ = w, or z = w;. Assume, without loss of generality,
that z £ w,. Since the size of G is 18, we must have uywy € E(G). So there is a
vertex y of N(w) (possible z = y) that is adjacent to neither u; nor w,. But then
the size of (N (v)) is at most 7 and so the size of G is at most 17. This produces a
contradiction. H

3 The Maximum Double Domination Number of
a Graph with Prescribed Order and Size

We now turn our attention to the double domination number of a graph. A set S
of vertices of a graph G is a double dominating set if every vertex of G is dominated
by two distinct vertices of S. A double dominating set of minimum cardinality
is a minimum double dominating set and this cardinality is the double dominating
number dd(G). Two basic observations are that (1) no graph with isolates has a
double dominating set and (2) if v is an end-vertex of a graph G without isolates,
then every double dominating set of G' contains both v and its neighbor. The first
observation implies that if G' is a graph of order n and size m for which dd(G) is
defined, then m > [n/2], which is the same requirement for p(G) to be defined.
Throughout this section we therefore assume that every graph under consideration
is without isolates. For integers n > 2 and m with [n/2] < m < (g), we write
max(dd;n, m) for the maximum double domination number among all graphs of
order n and size m. Certainly, 2 < max(dd;n, m) < n.

The corona G° of a graph G of order k is defined in [2] as that graph obtained
from G by joining a new vertex to each vertex of G. Thus the order of G° is 2k. It
is straightforward to see that dd(G®) = 2k since the vertex set of G° is its unique
double dominating set. With the aid of the corona of a graph, we can determine
precisely those m for which max(dd;n, m) = n.
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Theorem 3.1  For each integer k > 1,
() max(dd;2k,m) =2k if and only if k <m <k + (g),

(b) max(dd;2k+1,m)=2k+1 ifandonlyz’fk+1Smgk-i—(’;).;.l.

Proof. We only verify (a) since the proof of (b) is similar. Let k <m <k + (’;)
Let H be a graph of order k and size m — k > 0 and let G = H°. Then G has order
2k, size m and dd(G) = 2k. Therefore, max(dd; 2k, m) = 2k.

For the converse, let max(dd; 2k, m) = 2k. Let G be a connected graph of order
2k and size m with dd(G) = 2k. Certainly, m > k, for otherwise G contains isolates.
Now assume, to the contrary, that m > k + (’;) + 1. Observe that if G has k or

more end-vertices, then m < k + (g) So G has less than k end-vertices. Therefore,
there exists a vertex v of G that is neither an end-vertex of G nor adjacent to an
end-vertex of G. In particular, degv > 2. The set S = V(G) — {v} is a double
dominating set of G and dd(G) < 2k, a contradiction. ]

We now determine for n > 2, all integers m for which max(dd; n, m) = 2. Before
presenting this result, we note that a graph G of order n > 2 has double domination
number 2 if and only if G contains K3 + K,_2 as a (spanning) subgraph, that is,
G has double domination number 2 if and only if G contains two vertices of degree
n—1.

Theorem 3.2 Letn > 2. Then
max(dd;n,m) =2 if and only if m > (n—1)*/2. 4)

Proof. First, we show that if G is a graph of order n > 2 and size m > (n—1)?/2,
then dd(G) = 2. We claim that G contains two vertices of degree n — 1. Assume, to
the contrary, that G contains at most one vertex of degree n — 1. Then the size of
G is at most [n — 1+ (n—1)(n — 2)]/2 = (n — 1)?/2, which is a contradiction. Thus
G contains two vertices of degree n — 1 and so max(dd;n,m) = 2.

For the converse, we show that if n/2 < m < (n — 1)2/2, then there exists a
graph G of order n and size m with dd(G) > 2. If n is odd, let H be an (n — 3)-
regular graph of order n — 1; while if n is even, let H be a graph of order n ~ 1
containing n — 2 vertices of degree n — 3 and one vertex of degree n — 4. That such
graphs exist is shown in [1, Chap. 9]. Define G’ = K; + H. Then G has order
n, size [(n — 1)2/2], and exactly one vertex of degree n — 1 and so dd(G') > 2. If
m < |(n — 1)?/2], then we remove edges from G', producing a graph G of order n,
size mm, and dd(G) > dd(G’) > 2. This gives the desired result. E

As with open domination, for a fixed n, it follows that max(dd; n, m) is a mono-
tonically decreasing function of m.

Theorem 3.3  For each fized integer n,

max(dd; n, m + 1) < max(dd;n, m).
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Proof. Let max(dd;n,m) = r. Assume, to the contrary, that there exist a graph G
of order n and size m+1 with double domination number dd(G) > r. By Theorem 3.1,
m >k -+ ’2° ifn:?kandm>k+(§)+lifn=2k+1. As we have seen in the
proof of Theorem 3.1, there exists an edge e = uv of G such that degu,degv > 2.
Therefore, G — e is a graph of order n and size m for which dd(G — e) is defined. Let
S be a minimum double dominating set of G — e. Then S is a double dominating
set of G as well. Hence
k< dd(G) <dd(G—e) <k,

which is a contradiction. "

The table below gives exact values of max(dd;n,m) for 2 < n < 6 and [n/2] <
m < (’2‘) Many of these values are computed with aid of the following lemma, whose
routine proof is omitted.

Lemma 3.4 (a) Let G be a graph of order n and size m with degree sequence
di>dy>--->d, > 1. If k is the smallest positive integer such that k + dy + da +
o+ +dy > 2n, then max(dd;n,m) > dd(G) > k.

(b) If G is a graph with components G1,Gy, - -+, Gy, then dd(G) = L8, dd(G;).

n 2131341414445 5

m 11213123456 314
max(dd;n,m) 2132|4432 |2|5]5

n 5/5(5/ 555|616 6]6

m 5(6|17/81911013 41516
max(dd;n,m) || 44|33 (2|26 |6)|6]|6

n 66|66 |6|6|6]|6]6

m 71819(10]11{12]13 |14} 15
max(dd;n,m) | 5|4 |4| 4|3 |3 |2|2]2

Table 2: max(dd;n,m) for2 <n <6

We conclude the paper by illustrating the verification of an entry in Table 2.
Theorem 3.5 max(dd;6,8) = 4.
Proof. First, we note that the graph of Figure 2 has order 6, size 8, and double

domination number 4. Incidentally, this graph is the unique graph of order 6 and
size 8 with degree sequence 3, 3, 3, 3, 3, 1.

Figure 2: A graph G of order 6 and size 8 with dd(G) = 4
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Hence it remains to show that the double domination number of every graph of
order 6 and size 8 is at most 4. Let G be a graph of order 6 and size 8. Then
3 < A(G) < 5. We consider three cases.

Case 1 A(G) = 3. In this case, the degree sequence of G is either 3, 3, 3, 3,
2,2o0r 3,3, 3,3, 3, 1. We have already seen that the graph G of Figure 2 is the
unique graph with the latter degree sequence. Assume, therefore, that the degree
sequence of G is 3, 3, 3, 3, 2, 2 and that u and v are the two vertices of degree 2. If
uv € E(G), then N(u) U N(v) is a double domination set; while if uv ¢ E(G), then
V(G) — {u, v} is a double domination set.

Case 2 A(G) = 4. We consider two subcases.

Subcase 2.1 The graph G has a unique vertez v of degree 4. Let V(G) — N(v) =
{u}. Then 1 < degu < 3. If degu = 3, thenlet z € N(u)NN(v) and N(v)—N(u) =
{y}. The set {u,v,x,y} is a double dominating set. If degu = 2, then either G is
the graph of Figure 3 (a) and N(v) is a double dominating set, or N(u) U {v, 2} is
a double dominating set, where z is a vertex of minimum degree in N(v) — N(u).
There are three graphs of the latter type, shown in Figure 3 (b)-(d).

v v
u O u ;
(a) (0)
; v
u ; z u ;
() (d)

Figure 3: Graphs G with degu = 2

If degu = 1, then there are exactly two such graphs (shown in Figure 4). A
double dominating set is indicated in each.

Subcase 2.2 There are at least two vertices of degree 4 in G. If G contains two
nonadjacent vertices of degree 4, then G = K54 and the two vertices of degree 4 and
any other vertex is a double dominating set. Otherwise, G' contains two adjacent
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Figure 4: Graphs G with degu =1

vertices u and v of degree 4. If [N(u) N N(v)| = 2, then V(G) — (N(u) N N(v)) is a
double dominating set. If |N(u) N N(v)| = 3, then there is a unique vertex z with
d(v,z) = 2. Let v,w, z be a path in G. Then {u,v,w,z} is a double dominating set.

Case 3 A(G) = 5. Let v be a vertex of G with degv = 5. Since the size of G
is 8, there exists a vertex v € N(v) with degu > 3. Since at most two vertices do
not belong to N(u), the set (V(G) — N(u)) U {u, v} is a double dominating set of
cardinality at most 4. "

That max(dd;6,9) = max(dd;6,10) = 4 is a direct consequence of Theorem 3.3
and the fact that the graph G of Figure 5 has double domination number 4.

Q
G:

Figure 5: A graph G of order 6, size 10, and dd(G) = 4
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