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Abstract

This paper provides constructions that prove that critical sets exist of all
. 2 . . .
sizes between |%-| and "22' % with the exception of 1‘43 + 1 for even n, in

a latin square of order n.

1 Introduction

A latin square of order n is an n x n array with entries chosen from a set N, of size
n, such that each element of V occurs precisely once in each row and column.

This paper establishes critical set constructions in latin squares of any order n, thus
providing a basis for the spectrum of critical sets. Theorem 4 in Section 3 provides
the basis for the main results of the paper, which are given in Theorems 17 and 30.
The necessary background information is provided in the following section.

2 Definitions

In what follows the set NV is assumed to be {0, 1, ... ,n — 1}. Further, the repre-
sentation of a latin square with a set of ordered triples {(¢, 7; k) | element k occurs
in position (i, ) } will be used often. In particular a back circulant latin square,
denoted by BCr, is given by the set {(, ;7 + j(mod n)) |0 < 4,7 <n—1}.

A partial latin square P, of order n, is an n X n array where the entries in non-
empty positions are chosen from a set N, in such a way that each element of N
occurs at most once in each row and at most once in each column of the array.
Let P be a partial latin square of order n. Then |P] is said to be the size of the
partial latin square and the set of positions Sp = {(7,7) | (¢,5;%) € P,3k € N} is
said to determine the shape of P. Let P and P’ be two partial latin squares of the
same order, with the same size and shape. Then P and P' are said to be mutually
balanced if the entries in each row (and column) of P are the same as those in the
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corresponding row (and column) of P’. They are said to be disjoint if no position in
P’ contains the same entry as the corresponding position in P. A latin interchange I
is a partial latin square for which there exists another partial latin square I’, of the
same order, size and shape with the property that I and I’ are disjoint and mutually
balanced. The partial latin square I’ is said to be a disjoint mate-of I. See Table 1
for an example. An intercalate is an example of a latin interchange of size four, and
this is the smallest possible size for a latin interchange.

A partial latin square C, of order n is said to be uniquely completable (UC) (or
to have unique completion) if there is precisely one latin square L of order n that
has element k in position (z, j) for each (¢, j; k) € C. A critical set is a partial latin
square which is UC, and for which the removal of any entry destroys this property.
An example is presented in Table 1.

012****
12*****
0*2 2*0 2******
2 3 4 3 4 2 * ok ok ok ok %k ok
3 40 0 3 4 R
*****34
****345

Table 1: A latin interchange (on the left) of size 8 with its disjoint mate (in the
centre), and a critical set (on the right) of order 7 and size 12.

LEMMA 1 [2] A partial latin square C C L, of size s and order n, is a critical set
for a latin square L if and only if the following hold:

1. C contains an element of every latin interchange that occurs in L;

2. for each (i, j; k) € C, there exists a latin interchange I in L so that INC =

{(i, 4 k)}-

LEMMA 2 (2] For any latin interchange I, (with disjoint mate I') and any critical
set C in a latin square L, the set (C\ I) UI' has unique completion to (L\T)U I

In 1978, Curran and van Rees [5] produced a UC set for BC, of size "24' L for

odd values of n. For even n, they produced a critical set of size ’-’43. These findings
have been expanded on to provide the following general result proved by Donovan
and Cooper [1]. This result, and the partial latin square denoted by S, will form an
integral part of the main results in this paper.

LEMMA 3 The partial latin square

S ={(j5;i+jmodn)) |0<i<a0<j<a—i}y
{G,7;i+ j(mod n)) |Ja+2<i<n—-1ln+l4+a—-i<j<n-1},

where a is an integer such that ”7‘3 <a<n-2,is a critical set for BC,.
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3 Interesting and useful latin interchanges

This section focuses on constructing latin interchanges which will be used in the
proof of the main results of this paper.

For r > ¢, let A denote an r x ¢ array, with rows indexed by z for 0 <z <r -1,
and columns indexed by z for 0 < z < ¢ — 1, that satisfies the following:

1. the symbol occurring in the position corresponding to the first row and first
column, also occurs in the last column; and

2. the entry occurring in row z and column z of 4 is the symbol 7.

Thus, for 0 < z < r—1, row z of A contains the symbols iz10, tz41, bat2; - - - lzte—1,
in the given order. Let y denote the row that contains symbol o in column ¢ — 1.
Hence, iy1c—1 = io. Note that if A is embedded in BC,, then these properties are
satisfied if r + ¢ > n+ 1. Further,y=n+1-c¢

We define the sequence of numbers oy, s, . .. to be integers where

a; = ¢ — 1(mod y), and for ¢ > 2,

o= (mod y — oy — ... — qiy).
That is, oy is the remainder when ¢ — 1 is divided by y and ¢o; the remainder when
;- is divided by y — a; — ... — a;_1. Clearly, there exists a value P where ap # 0
and apy; = 0 for all ¢ > 0. We are thus interested in the sequence ay, oo, ..., ap.
Fori=1,2,...,P, let §; = @y + ag + ...+ o;. We use these integers to define sets
Ay, By, A1, By, ..., Ap, Bp, each occurring in A as follows. Note however, that if
o, = c¢— 1 then the set By is empty, and for 1 < ¢ < P —1, if o; = o4 then the set
B; is empty.

Ap = {(0, 0; 4p), (0, c— 1; 4.—1)} and if a1 # ¢ — 1 define

By = {(c = 1—ay, ay; ic-1), (c— 1 —ay, (a+1)y; i) |

—1-
0<a<So-TH gy
Y

If oy # 0, define

A ={(y, ¢ =1 =01 Ge-t4y-ar), (U, ¢ =1 d0)}, and if a; # o define

B ={(s—aly—a1), c—=1—a+a(y—0ay); ic1),
(r—aly—on), c=1—ar+(@+1)(y— 1) ; fem14y-ar)
[0<a< n-% 1}.

y—o

If P> 2, for 2<i< P, define
Ay = {(y - 5i-1a c—1—a;; ic—1+y-6i)> (y - 62‘—11 c— 1} ic—1+y—6,~4)},
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and if oy # 0441, define

Bi={(ai = (y=d)a, c—=1—ai+aly—35&); ic),
(i—aly=6), c—1—ai+(a+1)(y—08) ;5 ic-14y-3),

Q; — Qiyq
0<a< —~—1}4L
0Sas = -1y

THEOREM 4 Let the sequence of integers oy, o, . . . ,ap be defined as above. Then
the set I = AgUByUALUB1U...UApU Bp, is a latin interchange in the array A.

Proof It is easy to check that the set ] = AgU ByUA, UB;U...UApUBp, is a
partial latin square contained in 4. Note that each row of I contains precisely two
entries. Construct a partial latin square I’ which has the same positions in 4 as I
does, but with the entries in each corresponding row of I’ interchanged. The result
is a partial latin square I’ of the same size and shape and which is disjoint from I.
Note also that column j, forj ¢ {c—~1—ay,¢~1—ay,...,c—1—ap,c—1}, contains
precisely two entries and these entries are the same in both I and I’. Therefore to
complete the proof that I is a latin interchange, it is necessary to prove that columns
c—1—-o, c—1—0g,...,c—=1—ap, c—1, of I and I' are balanced.

fa; > ap > ... > apthen column c~1-a; of I contains the symbols iy, te—14y—a,
and i._1, in the rows y+ a4, y and «;, respectively. Columns ¢~1—q; of I’ contains
the symbols ic_1, % and ¢-14y_q,, in the rows y + o4, y and oy, respectively. And
for 2 < k < P, column ¢~ 1- oy of I contains the symbols 4c_14y_s,_,; fc—14y-s, and
%e-1, in the rows y— g1 + ok, ¥ —0x_1 and ay, respectively. Columns ¢—1—ay, of I’
contains the symbols .1, tc—14y-4,_, and tc_14y—5,, in the rows y—&p_1+og, y—0e—;
and oy, respectively.

Ifog = agr1 = ... = agyn, where g € {1,...,P} and 1 < h < P. Then the
column ¢ — 1 — oy contains symbols ic_; +y — Gg—1,%c—1 + ¥ — O, - . . te1 + Y — Fgtn
and 1., as does ['.

Column ¢~ 1 of I contains the symbols ¢ in row y, fe—14y—a, it ToW y — ay, and
for 2 < k < P, ic_14y-4, in Tow y — O, and finally ¢._; in row 0. Column ¢ — 1
of I' contains the symbols ic_14y—o, in row y, and for 2 < k < P, i._14,g, in oW
Yy — k-1, and then i._; in row y — p, and 1y in row 0.

Consequently I and I’ are column balanced and I is a latin interchange with
disjoint mate I’. 0

It should be noted that each element (i, j; k) of S, (see Lemma 3), occurs in a latin
interchange in BC,, of the form given in Theorem 4. Further, this latin interchange
intersects S in (i,j; k) alone. This observation, together with the fact that BC,
is symmetric, can be used to prove that S is a critical set in BC),, and drastically
reduces the complexity of the proof given by Donovan and Cooper [1].

An example of the latin interchange, with r = ¢ = 13, corresponding to Theorem
4 is displayed in Table 2.
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0 * ok ok %k kX * * * * * 12
* * ok x % ok X * * * * 12 13
* % %k  k  k %k % * ES 12 * 14 *
* ¥ % % Xk %k x * * * * * *
ko ok & % *x x 19 x 14 * ¥ *
* * % k% X X % * * * * * *
* * % X %  x %k * * * * * *
* L S S S * * * * * *
* * ok ok ok kX% * * * * * *
* E I S S S S 3 * * * kS * *

Table 2: A latin interchange, as per Theorem 4.

COROLLARY 5 Assume that r < c, and take an r x ¢ array, AT where symbol i
occurs in row r — 1 of AT, in say, column y. Further, column z, for 0 <z <c-—1,
contains the integers

Z.O-f-:m il-&-:m 7:2+a:, ceey ir-l-{—:m

in the given order. In particular, i,_14y = ig. It follows that AT contains a latin
interchange of the form IT = ATUBT U AT U BT U...U AL U BY, where AT and
BT are, respectively, the transpose of the sets A; and B; given above. 0

COROLLARY 6 Forr < c suppose an r X ¢ array B satisfies:
1. the symbol in position (r — 1,¢ — 1) also occurs in row 0; and
2. the symbol in position (0,c — 1), also occurs in row r — 1; and
3. the symbol in row x and column z s izy,.

Then a latin interchange I ezists in B that is isotopic to the latin interchange of
Corollary 5.

Proof Apply the permutation a(z) =r—1—ztorowz of Bfor 0 <z <r -1
Then, apply the permutation 8(z) =c¢— 1~z to column z of Bfor0 < z<c¢~-1.
Let A denote the transpose of B after the action of @ and #. Then A satisfies the
requirements to be used in Theorem 4. 0

Note in the array A, with r > ¢, that row y may be either less than, equal to,
or greater than ¢ — 1. In particular, if A is embedded in BCy, and if ¢ > 2£2, then
y<c—Llife< l}g, theny >c—1;and ifc = ﬂ'{—z,then ¢~ 1=y = 3. The latin
interchange I previously defined is suitable for all these cases. Note that, in the event
that y = ¢ — 1, I is simply an intercalate. Later in this paper it will be necessary to
construct latin interchanges which do not intersect specific rows or columns. To meet
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this need we now consider another two constructions. The first deals specifically with
the case where y < ¢ — 1, and the second the case where y > ¢ — 1.
Let A be an r x ¢ array where r > ¢ and y < ¢ — 1. Then, define ; as follows:

ﬂl = c(mod y)7

Bi=Bici(mod y — By — ... = Bi-1)-
It is clear that there exists a @ such that g # 0, and for all i > @, §; = 0. For
1<i<Q,lety; = 01+...+ 5 Define the sets JAg, JBy,..., JAg, JBg as follows,

noting that if y > £ then the set JBy will be empty and if §; = (11, then the set
JB; will be empty.

JAg = {(c =1, b; te-145), (¢, b5 teys) |0 <O <y—1} and if y < g define
JBO = {(C —ay, ay — 1; ic—l), (C — ay, (CL + l)y - 1; 7’0)
|1<a< C—Zyﬁi ~1}.

If 81 # 0 define

JA; = {(yvc_ 1-01; ic—1+y—ﬂx)v(yach 1; io)}, and if B # B2
JBl = {(ﬂl - a(y - 61)76 -1~ /31 + a(y - 181) 5 ic-l)y
Br—aly—B)c—1=PBi+(a+ 1)y = B1) ; teer4y-p)
Br=Fo
|0<a< ) 1}.
IfQ > 2, for 2 <i<Q, define

JA; = {(y = Yicts 6 = 1= Bi 5 Gomtiymm)s (¥ = Vict, 6= 1§ Gemtpy—yi) )
and if §; # ;41 define

IBi ={(Bi— (y—v)a, c— 1= Bi+aly — %) ic1),
Bi=aly =), c=1=Fi+(a+ 1)y = %) ;5 fe-t4y-%)
|0<a< ﬁ’__’_ﬁ_’ﬂ -1}
Y—
THEOREM 7 Let the sequence of integers By, Ba, . .., Bg be defined as above. Then
the set J = AgUJA U JByUJA UJBU...UJAgU JByg, is a latin interchange
in the array A, wheny < c—1.

Proof Let J' be a partial latin square with the same size and shape as J. In J all the
nonempty rows, with the exception of row ¢ — 1 and ¢, contain precisely two entries.
The corresponding rows of J' will contain the same symbols chosen from N but with
their positions interchanged. Now fill the remaining positions of J' with the entries
(c—1,0; ic)» (e=1,b;7c4p), (c= L,y —1; ie-1), (¢, 03 10), (¢, b; ic—~1+b)1 (ey=-1 Z‘c—Z-HI) for
1 < b <y — 2. The proof of Theorem 4 can then be used to prove that the columns
of J and J' are mutually balanced and thus that J is a latin interchange. o
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COROLLARY 8 Letr > cand1 <y < ¢c— 1, where y is the row that contains
symbol iy in column ¢ — 1. Consider the latin interchanges I = AgU By U A, U B U
...UApUBp, and J = AgUJA U JByUJA L UJB U...UJAg U JBg. Both of
these are contained in A. Let o0 = {j |y < j < ¢—1—y} denote a subset of the
columns of A. Then J and I do not intersect in any column j of A if j € 0. Hence,
if I intersects column j of A, where j € o, then J does not.

Proof First note that a; # f;. To see this, note there are two cases: either
og=y—1,a=0and §; =0;0r, 0y <y—1and B = o + 1. In either case, we
have 0 < oy < yand 0 < B < y. Hence, c—1—y < c~1—a; and c—1-y < c—1-Fi.
Thus, the entries in column j of I for y < j < ¢~ 1 -y, are taken from the set By,
and each column contains precisely two symbols i._; and i;. The columns used by
By in this range are ¥,2y,3y,...,c—1—y—ay.

Similarly, in this range, entries for J are taken from the set JB;. Again each
column contains precisely two entries, 1. and iy, and the columns used are 2y —
1,3y —1,...,c—-1—-y— 0.

As y > 1, these two sets of columns are disjoint, and the result follows. 0

COROLLARY 9 Letr > ¢, y < ¢ — 1 and suppose that the partial latin square I

as defined above intersects row j of A wherey < j < c¢c—1. Then the partial latin
square J as defined above does not intersect I in row j. ]

We now consider the case where y > ¢ — 1. Note that a; = ¢ — 1 and so the set
By is empty. For this case, we set
Br=c—1{mody —1);
Bi = Bia(mod y —1 =B — ... = Bi1);
and
JAy = {(4,b54y48), (y = 1, b58y-145) | 0 < b < e =1} and if §; #0,
JB; ={(c—=1-aly—1—c+1),aly—1—c+1);ic1),
(e—=1-aly—1—c+1),(a+1)(y—1—c+1);iy-1),
czl=bh _ 1}.

01<a< ———=r
| "a"y-1-c+1

If@Q > 2, for 2 <i<Q, define

JAi={(y=1=vi-1,c =1~ 8i; fe14y-1-%);
(y—1=vict,c =15 fecipy—1-y_,)}, and if i # Biga,
JBi={(fi—(y—1-m)a,c—=1=Fi+aly—1-7%); ic1),
(ﬂi - a(y -1- ’Yi))c— 1- :Bi + (a'+ 1)(y —-1- 71') 5 ic-—l+y—1-’y.')
Bi = Bir1

0<a< 22 )
0s y—1l-—m }

where v; = 81 + ...+ B;. Again note that if 3; = §;4; then the set JB; is empty.
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THEOREM 10 Let the sequence of integers [y, Ba,...,Bq be defined as above.
Then the set J = Ag UJA; UJB U JA, UJBy U ... U JAg U JBg, is a latin
interchange in the array A, when y > c—1.

Proof The proof follows that of the previous theorems. 0

COROLLARY 11 Letr > ¢, y > c — 1 and consider the latin interchanges I =
AUByUAUBU. . .UApUBp, and J = AUJAUJByUJA1UJ B U.. .UJAQUJBQ.
Both of these are contained in A. Let o = {j | c—1 < j <y —1} denote a subset of
the rows of A. Then if I intersects row j of A, where j € o, then J does not.

Proof The row j is between y — 1 and ¢— 1 and any such row of J is empty. Hence
if I intersects row j, c—1 < j <y —1, J will not. ]

4 The size of a critical set

From Lemma 3, we note that for every order n and each integer a such that *3= 3 <
a <n—2, the set

S={(3,5;i+j(modn)) |0<i<a0<j<a-id}U
{G,5;i+j(mod n)) [a+2<i<n—1,n+14+a—-i<j<n-—1}

provides us with an example of a critical set of size a® + 3a + 2 + } n - %n - na.

For the remainder of this paper S will denote the set given above

When a = n — 2, the cntlcal set S is of size 2 5. Ifnisevenand a = 3 — 1
then the critical set is of size T and if n is odd and a= "'3 the critical set is of size
"2 L. With one exceptlon, it will be shown that for each n there exists a critical set
of every size r where [” | <rgeim 5. The exceptlon refers to the case where n is

even and the size of the possible crmcal set is o ® +1. To date, a general construction
is not known for a critical set of this size. For n = 4, a critical set of size 5, is known
for Cy x C; and for BC,. For n = 6, many critical sets exist of size 10 in latin squares
other than BCj (see [4]). However, we observe the following new result.

LEMMA 12 No critical set of size 10 ezists for BCj.

Proof Utilization of the method by one of the authors in [4] produces all UC sets
of size 10. Each of these is found to contain a critical set of size 9, and hence no set
of size 10 can be a critical set. 0

To achieve the main results of this paper, we consider the cases n even and n odd
separately.
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4.1 Evenn

In a back circulant latin square of even order the set of elements

n n n n
I2 m{(]"'i —1,5),(1,’”— 1,0),(—+1,-2-

5 —1;0),(E+1,n——1;ﬁ)}

2 2
forms an intercalate. Let I}, denote the disjoint mate of this intercalate.

Using Lemma 2 we see that (S'\ I5) U I} has unique completion. This fact can be
used, initially (see Lemma 13), to establish the existence of a critical set of size |S|+2
and then ultimately to establish critical sets of size ’—1;- +2to 9—2-5'—71 — 1 (see Theorem
17). These critical sets will define latin squares that differ from BC;, in columns §~1
and n—1. Therefore, in the proof of the various results, care will be taken to find latin
interchanges which, as necessary, do not intersect columns 2 — 1 and n ~ 1. In the
proof of Lemma 13 this requirement is not strictly necessary, however it is adhered
to as it will simplify the proof of subsequent results. For clarity, the information
necessary to validate that each of the elements of the relevant partial latin square is
necessary for unique completion has been summarised in a table. Each line of the
table lists details which can be used to find a latin interchange which intersects the
partial latin square in the element (3, j; k) alone, where i and j are in the range given,
respectively, in columns 1 and 2 of the table. In most cases k = 7 + j(mod n) but if
this is not so the specific value of k£ will be given in column 3. To minimize space we
have used the notation {z,y} to mean the min{z, y}.

LEMMA 13 Ifn is even, n > 4 and § < a < n~ 3, the set I = {(1,5 ~
L%),(1,n~10),(5+1%-10),(5+1,n~1;%)} forms an intercalate in BC,.
Denote the disjoint mate of I by I5. Then the partial latin square

n n n

n n
CZ“‘(S\IZ)U{(1’§_170)7(§+11§—175)7(§+13n—170)}

is a critical set in (BC, \ L) U I}. The size of Cy is |S| + 2.

Proof We first show that Cy has UC. Consider row 0. For k = a+1, a+2, ..., n—1,
element &k must occur in position (0,k). Next, in row 1, element a + 1 is forced to
occur in (1,a). Then, for k=a+1,a+2,...,n— 2, element k + 1 must occur
in position (1,k). Then, element 3 is forced to occur in cell (1,n — 1) and so the
element (1,7 — 1; %) is not necessary for unique completion and so by Lemma 2 the
given set has unique completion.

It will be shown that all remaining elements form a critical set of size |S| + 2.

| RANGE OF i | RANGE OF j | COMMENTS |

n+1+a—i| Use an intercalate on rows 7 — g to %, columns

a+2ton—1 ton—1 i-2toj.
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| RANGE OF 3

RANGE OF j | COMMENTS

Otoj

0 to | 252

Use Theorem 4 on columns j to n— 2, rows ¢ to
n—2—j+1 Asi+j occursin row i+ j+2
of colimnn—-2 y=37+2givingj+y < I‘;—l,
andc—1=n—-2-—j givingy < ¢c—1 and
n—2-—y > % —1. Thus use Corollary 8 to
avoid column % — 1, if necessary.

0 to {37 a'_j}

Use Theorem 4 on columns j to n — 2, rows 4
ton—2+1—j. Note column y of A is column
2j+22> % +1in BCy, so column § — 1 is not
intersected.

1to -3

Consider the transpose and use Theorem 4 on
columns i ton—1,and rows jton—1+j—iin
the transpose. Sincey =i+ 1, c—1=n—1—1,
y<c—-1,j+y<3-1<j+c—1 Thus use
Corollary 9 to avoid row % — 1, and so column
2 — 1 in the original array.

[2)+1t0 3

n_9—i to {i—
1,a—i}

Use intercalates on rows ¢ to 7 + %, columns j
toj+ 3.

toa

3

0to{i—%,a—

i} ’

Consider the transpose and use Theorem 4 on
columns ¢ to n — 2, rows j to i + j + 2, or since
y=1i+2,c—-1l=n-2-4,y>c-1,j+c-1<
2—-1<y-1+j. Thus use Corollary 11 to

avoid row % — 1, and so column % — 1 in the
transpose.

%to {'?—‘—14-
j,a—]}

1 to [258]

Consider the transpose and use Theorem 4 on
columns 4 to n — 2 — j + (i — %) and rows j to
2 4+2j+2 Notethatc—1= % ~2~jand
y=5%+2+jand that j+c~1<Z-1<j+y,
so use Corollary 11 to avoid row 3 — 1.
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[RANGE OF i | RANGE OF j | COMMENTS

n— Use Corollary 6 on rows i to ¢+3j-+2 and columns
Ztoa—j [*°] + 1 to j ton—2, since there are no entries in columns
2 n_3 . ’, . .
2 J+1to2j column 3 —1 is avoided.
0toa— i 4o a Use Theorem 4 on columns j to n—2, rows i to
J 2 i+j+2.
0and2toa—| , 1 Use intercalates on rows i and § + ¢ with
21 2 columns 2 —landn—1
2 2 :
n_q For symbol 0, use Theorem 4 on columns § —1
1 2 ton —2, rows 1 to 3.
For symbol %, use Theorem 4 on columns § — 1
n 1 n_q ton—3, rows 3+1to n—1. It intersects column
2 2 5—1linrows 2 +1 and n — 1 only. Note for
n =6 use column  —1ton — 2.
n 1 1 For symbol 0, use Theorem 4 on columns § to
2 n- n—1,rows § to 5+ 1.
0

In what follows, let T[] = [; UL, U...U I and let T}[I;] denote the disjoint

mate.

COROLLARY 14 Ifn is even and ¥ < a < n— 3, the set I; = {(i,5 —
i), (,n—1;i—1), (5 +4,5 —

L3-1+

Li=1),(§+in—-1L53+i-1)}, fori=1,...,a-%+1,

forms an intercalate in BC,,. Denote the disjoint mate of I; by I}, Then for1 <k <

a— %+ 1, the partial latin square

Coe = (S\TW[L]) U TI[L\ GG, — 136~ 1)]

is a critical set in (BCy \ Tilli]) U T{[L;]. The size of Co is |S| + 2k.

Proof The proof of UC follows the argument given in the proof of Lemma 13. We
now show that all elements are necessary.
The necessity of the elements in S\ T;[I;] follows from Lemma 13.
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[RANGE OF i | RANGE OF j | COMMENTS ]

For symbol 4 — 1, use Theorem 4, (or Corollary
ltoa—2+1|%3-1 5,if 1 > 3) on columns § —1ton—1—4

(3-1+i+3j+1)rowsito 3.

For symbol 4 — 1, use Theorem 4 (or Corollary
Z4+1ltoa+1l|3—1 5,if i > 2 — 2) on columns % —1to % —7 -2,
and rows i ton — 1.

For symbol i — % — 1, use Corollary 6 on rows

n _
s+ltoat+lin-1 2 to 4, andcolumns ton — L.

il

Similar arguments can be used to verify the following theorem.

LEMMA 15 Ifn is even the set J3 = {(a+2—%,3-1L;a+1),(a+2~5,n-La—
241),(e+2,5-La-3+1),(a+2,n—-1 a+ 1)} forms an intercalate in BCy,.

Denote the disjoint mate of J3 by J;. Then partial latin square
Cs=(S\ J5)UJs
is a critical set in (BC, \ J3) U J}. The size of C3 is |S| + 3.

Proof Unique completion follows directly from Lemma 2. A similar argument to
that used in the proof of Lemma 13 can be used to verify that each of the elements
of the set S\ J; is necessary for UC. (For full details see [3].) 0

COROLLARY 16 Ifn is even the set I; = {(i,%——1;§—1+i), (i,n—11-1),(3+

-1L;1=1),(2+4n-1;2-1+14)}, fori- 1,. — 241, forms an intercalate

in BCn, as does the set Js={a+2-5%,35 -1 a+1) (a+2— Zn—la—7%+

1),(a+2,2-1a-2+1),(a+2,n~1;a+1)}. Denote the disjoint mate of I; by

I! and the disjoint mate of J3 by Jg. Then for k=1,...,a— % +1, the partial latin
square

is a critical set in (BC,\ (Js U Th{L]) U T[T} ] U J4. The size of Copys is |S|+2k+3.
(Note, for a =n — 3, the range for k is restricted to 1 < k < a—5§).

THEOREM 17 When n is even, n > 4, there exists a critical set of order n and

szzese{rfl,’22+2”+3 "2"" — 1,

Proof Let n be an even number, and fix a such that % 5 —1<a<n-2 From

Lemma 3 there exists a critical set of size a® +3a+2+3 n —3n—na. If a is restricted
2
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to the range % — 1 < a < n — 3. Corollary 14 provides examples of critical sets of
sizes

1
a2+3a+2+—n2—gn-—na+a,

2
where o € {2,4,. 2(a«-5+1)} Note that a®+3a+2+4n*—3n—na+2(a—2+1) =
(a+1)? +3(a+1)+2+ n?—3n—nla+1)-2. leeWISB 1fwe restrict a to the range

2-1<a<n-3, Lemma 15 provides a critical set of size a*+3a+2-+ 1n —§n na+3.
Similarly, when a satisfies 3 < a < n—4, Corollary 16 proves the exxstence of critical
sets of sizes

1
a2+3a+2+-2-n2——-2-n~—na+a,

where a € {5,7,...,2(a - %) +3,2(a— § +1) + 3}. Note that a® +3a+2+ 31

%n—na+2(a-——)+3— (a+1) +3(a+1)+2+ in? ——g-n-—n(a+1)—1and

a?+3a+2+3n*—En—na+2(a-2+1)+3 = (a+1)2+3(a+1)+2+ n*—in—n(a+1)+1.
Finally, for a = n — 3, there are critical sets of size ® 3" +2+5, & '3” + 2 +7,

. %‘ﬂ — 1. Thus, all values in the range '%f—, & |
are covered. O
4.2 0Odd n
In a back circulant latin square of odd order the set of elements

n—3 n—3 n+1l n—-3
I, = {(0, 55 ), (0,n—1;n — 1),(——5—, —5in- 1),
-3
(lgl,n—Z; Zl—;——),(i,n—2;71—-2—{~z'),(z',n——~ 1;n—1+41),

n—1
=1, —

li=1,..., 2}

forms a latin interchange. The partial latin square Iy = {(0,2%;n — 1),(0,n —

23) (i,n—2%n—1+1i),(6n—1n—2+1), (32,535 258, (3, n-25n-1)|

i=1,..., %%} forms a disjoint mate of I5.

Using Lemma 2 we see that (S \ I2) U I} has unique completion and this fact can
be used initially (see Lemma 18), to establish the ex:stence of a cntlcal set of size
|S]+2 and then ultimately to establish critical sets of size % ‘1 +1to® ——2—~ —1 when
n > 11 (see Theorem 30). (Note that the existence of crltlca,l sets of this size, for
n < 10, has been established by Donovan in {6].) These critical sets will define latin
squares which differ from BC,, in columns "2—‘:9, n — 2 and n — 1. Therefore, in the
proof of the various results, care will be taken to find latin interchanges which, as
necessary, do not intersect columns "——;—3, n—2 and n — 1. In the proof of Lemma 18
this requirement is not strictly necessary, however it is adhered to as it will simplify
the proof of subsequent results. Once again for clarity, the information necessary to
validate that each of the elements of the relevant partial latin square is necessary
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for unique completion, has been summarised in a table. To minimize space we have
used the notation {z,y} to mean the min{z,y}.

LEMMA 18 Ifn > 11 is odd and %52 < a < n — 4, the set

- - 1
n S;n 3 — ), (n+ n2 3;n—1),
n+1 n—3

,n—~2;——2—),(z’,n—-2;n—-2+i),(i,n—1;n—1+i),

) n—1
li=1,..., 3 }

forms a latin interchange in BC,. Denote the disjoint mate of I by Ij. Then the
partial latin square

n-—23 n+1n—-3n-3, n+l
CZ"(S\IQ)U{(OaT>n'"1)7( 9 3 2 3 2 )7( 9 7n_2:n—1)}

is a critical set in (BCy \ ) U I. The size of Cy is |S| + 2.

Proof We first show that C; has UC. The partial latin square Cj, is a subset of
(S\ I,) U I}, therefore if it is shown that C; has UC to (S \ I3} U I}, then UC to
(BC, \ I,) U I follows from Lemma 2. For i = a +1 to n — 2 symbol ¢ must occur
in cell (0,7) and thus 25 must occur in column n — 1 of row 0. For i = a + 1 down
to 2 symbol i — 1 must occur in cell (i,n — 1). Similarly for i = a + 2 down to
242 symbol ¢ — 2 must occur in cell (i,n — 2). Cell (%31, n — 2) already contains the
symbol n — 1 and so for ¢ = 251 down to 1 symbol i — 1 must occur in cell (i,n — 2).
This completes column n — 2. Next for ¢ = %:1 down to 2 symbol ¢ — 2 must occur
in cell (4,n —1). It is then clear that symbol n — 1 must occur in cell (1,n — 1).
Thus, any latin square which contains the partial latin square C, must also contain
(§\ L) U I,. Finally since (S \ L) U I} has UC, C; has UC.

Next it will be shown that each of the entries of Cy are necessary for unique
completion and hence that C, is a critical set of size |S| + 2.

[ RANGE OF i | RANGE OF j | COMMENTS

If ¢ = 22 yse Theorem 4 on columns %2 to
+1 )

n 7
n—1
n -1, rows 2 to ”“

Use an intercalate on rows i——ﬂ—gl and 7, columns

a+2ton—-1|n-1 3
%22 and n ~ 1.
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[RANGE OF i | RANGE OF j | COMMENTS

a+3ton—1

n—2

If n = 1(mod 4) use the latin interchange K
listed in the Appendix and if n = 3 (mod 4),
use K, given in the Appendix.

a+4ton—1

n+l+a—1
ton—3

Use Theorem 4 or Corollary 6 on rows 0 to 4,
columns a + 1 to j.

0toy

0 to [5?]

Use Theorem 4 on columns j to n—3, rows i to
n—3—j+i Sincec—1=n-3—-j,y=7+3
and y < ¢ — 1 it follows that y + j < 252 and
j+e—-1-—y> 23 forn >0, soCorollaryS

can be used to avoid column "——2-— if necessary.

1to [252]

Otoi—1

Take the transpose and use Theorem 4 on
columns ¢ to n — 3 and rows j t0i+j+3 in
the transpose. Since i < |272], ] +y < 22
and Corollary 9 will avoid row 1‘——— and hence
column %2 if necessary.

0 to 2% — j.

22 + 1 to

n-¢

Use Theorem 4 on columns j to n— 3, rows i to
n—3— ]—!—z Since y < c—1 and 2j +3 > 258,
column 2332 is not intersected.

122] + 1 to

0 to 257 — 4

Take the transpose and use Theorem 4 on
columnsiton~l rows jton+j3—¢-1,
orsince j+y < %32 < j+c—1 use Corollary
9 to avoid row —, and thus column 232 in the
original array.

Use a latin interchange isotopic to I5.

If n = 3(mod4), use the latin interchange K3
given in the Appendix and if n = 1(mod 4) use
the latin interchange K, given in the Appendix.
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| RANGE OF i | RANGE OF j | COMMENTS

n—3
2

{550~

3 O
© o

}

NI

Take latin interchanges isotopic to K3 and K,
(shifted right by one column) thus using rows

2-3 n —3,n— 2, and take the transpose.

l:
LI
i

L3
o
©
- ©
~—
l:T
LM
=}
[~
|

Take latin interchanges isotopic to K3 and K

on columns "2—"1, n—2,n—1, and take the trans-

pose as per the previous row of this table.

]

’:
LS
—

If a > n — 5, use a latin interchange isotopic to
L.

3
o
-

]§
L
A

Use K5 given in the Appendix.

S
!
o

wl

If a = n—4 and n = 3(mod 4), use Kq given
in the Appendix, and if a = n—~4 and n =
1(mod 4), use K7 given in the Appendix.

n+l
> toa

0 to
{i_l}lv a—i}

Consider the transpose and use Theorem 4 on
columns ¢ to n — 2, rows j to i + 7 + 2, or since
y=1+2,c-1l=n—-2—-4,y>c—-1,j+c-1<
228 and y — 145 > 252, use Corollary 11 to
avoid row 252, and so column 252 in the original
array.

o (2414
J‘laa_]}

1to |22].

Take the transpose and use Theorem 4 or Corol-
lary 11 on columns ¢ to n — 2 — j, rows j to
1+25+2.

+1 ;
nTtOQ'—j

Use Corollary 6 on rows i to i + j + 3, columns
jton—3 Notec—1=j+3andy+c-1=
2j +3 > 252 50 there is no intersection with
column ”7”3
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| RANGE OF 1 | RANGE OF j | COMMENTS |

ltoaq— n=} |n=3 Use an intercalate on columns 1‘—3 and n — 2,
© 2 2 rows ¢ and i + 25,
Otoa—j 2=l toa Use Theorem 4 on columns j to n — 3.

For symbol n — 1, use Theorem 4 on rows 0 to
0 n=3 23 columns %52 to n — 3 This latin inter-
2 change mtersects column 232 in rows 0 and "’

only.

For symbol 2= use Theorem 4 on rows ”‘2” to
n -2, columns % to n — 4. This latin inter-
change intersects column ﬂg—& in rows —j’— and

n — 2 only.

3
"
RN
3
!
W

ntl 9 For symbol n — 1, use Corollary 6 on rows 2 to
T2 - 21 and columns 251 to n — 2.

0

LEMMA 19 Take I; and C, as in Lemma 18. Then if n > 11 is odd anda = n—3,
Cy is a critical set in (BCy \ I) U I,. The size of Cy is |S| + 2.

Proof The proof follows that of Lemma 18 with a few small exceptions. (For full
details see [3].) 0

LEMMA 20 When n, n > 11, is odd, and "—;r—l— < a < n—4, critical sets ezist of
order n and sizes |S| + 4.

Proof Let
n—3 n-3 n—3 n—3
= PO — e —1:a-
h={la-—5=——a),(e-——n-1La
(a+1, n__;—_?z; a-— ?;— -
It will be shown that the partial latin square

Co=(S\DL)\ (&) U
n—3 n+ln-3 n-3, n+l
{(03""”2—'“’”_1)7( 5 2 1T )a( ) n‘“2,n“1)} U
n—3 n—3 n-— 3

n—
{a- == —5—a-—5=-2),(e+1,—0),
n-—3

(a+1,n—1;a - 5 - 2)}

2),{a+1,n—1;a)}.
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is a critical set.

Considering column n — 1. In the completion of Cy the symbol a must be placed
in row a — 1;—3 It is now immediate from Theorem 18 and the UC of C; that this
partial latin square has UC.

Proof that element (z,; z) € (S\I2)\J, is necessary for UC follows from Theorem
18, as in each relevant case, a latin interchange was produced that did not intersect
column 253, n—2orn—1.

The necess1ty of elements (0, 25%; n 1), (252, %53, 258), (%42, n — 2;n — 1) follows
as in the proof that C, is a critical set

The elements (a — %52, 2520 — 252 - 2), (a+ 1, %% 0), (a+ L,n — La— 25 —2)}
can be dealt with individually. For detalls see [3].

LEMMA 21 Forn > 11 odd, and a = n—3, there ezists a critical set of size |S|+4.
Proof Take the partial latin square given below:

= (S\Iz)\{(n—l n—l n—2)}
n + 1 n— n + 1
ui( 50, (B -z -1}
n—l n—3 n—5 n——l n-—3
U{( 5 5 g ), ( 3 ,n——l,n~—2),(n—1,~——2~—,n—2),
(n-1n-1,"22)
2
For UC, note that for row 0 symbol n — 2 must occur in column n — 2, symbol
T must occur in column n — 1 and hence symbol n — 1 must occur in column "23
Thus UC follows from Lemma 2.
The necessity of most elements follows that of the Lemma 19. For details of a few
exceptions see [3]. o

We note that for 2 < ¢ < a - ”’3 the position (3, —gé) occurs in the following
intercalate:

Bo= {6,224 20 - 1 - 9),

n—1n-3 . . o n—1 . n—3
2 ,-—2'—,Z~2),(2+"*'2—,n—, 9 )}

Further, let Ty[H;] = Ho U Hy U ... U Hy, where 2 < k < a — 252, Denote the
disjoint mate of this latin interchange by Ti[H;].

COROLLARY 22 Forn, n > 11, odd and "—2—""1 < a < n — 4, the partial latin
square

Cox = (S\ L)\ TW[H] UT;[H;\ {(i,n—1;i—2)}] U
{(O,H—;——B;n—l)v(ngl,ngg me 3) (n+1 2n—1)}

is a critical set of size |S| + 2k, for 2< k < a— %53,
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Proof For UC, consider row 0, for e =a+ 1 up to n — 2 symbol e must occur
in column e, and hence symbol 2 3, 2 must occur in column n — 1. In column n — 1,
k<a- ——— , for e = a down to 252 + k + 1, symbol e must occur in row e + 1, and
symbol 251 in row 1"2"—1 In addmon for e equal to 252 + k down to %1, symbol e
must occur in row e — -5— and UC follows from Lemma 2.
For elements in (S\ o) \Tx[Hi], and {(0, %5%; n—1), (%, 25%; 253), (&, n—25n—
1)} the proof for Lemma 18 provides a latin interchange whlch meets the necessary

requirements.

[ RANGE OF 1 | RANGE OF j | COMMENTS ]

ne3 For symbol i—2, use either Theorem 4 or Corol-
2tok R lary 5 on rows i to 252, columns 252 to n — 3.
"—;—l + 2 to| ,-3 For symbol i+ 1, use either Theorem 4 or Corol-
2=l k T lary 5 on rows i to n — 2, columns 22 to n — 2.
2L+ 2 to| . For symbol i 22 Corollary 6 on rows %51 to
e L n i (or rows 252 to 1) and columns % to n — 1.
0

LEMMA 23 When n, n > 11, is odd and a = n — 3 there ezists a critical set of
size |S| +1+2(k—2) for 3 <k <253

Proof For3 <k < ﬂgﬁ, and ¢ = n— 3 it will be shown that the partial latin square

n+1n 3n—3)(n+1
2 7 2 " 2

(S\ L)\ Tu[H] U{(
Tl::[Hz \ {(7'7 n—1i- 2)}]

is a critical set.

For UC, observe the following If the completion of this partial latin square does
not contain entry (0, %2; n—1) then it must contain the entries (0, %52;n—2), (0,n—
2;2:8) (0,n—1;n—1), (1 n—3n-1),(1,n=2n~-2),(1,n—1;0),(2,n - 4;n -
1),(2,n—3;n-2),(2,n—2;0), (2, n—1;1). However symbol 1 already occurs in cell
(’—’%3 +1,n—1) and so we have a contradiction Thus any completion of this partial
latin square must contain the entry (0, 252 3n—1).

Now comnsider column n — 1. For e = n — 3 down to + k, symbol e must
occur in row € + 1. Then 2! must occur in row %2 and "; m row 21 Then for
e = k+ 252 down to 22 symbol e must occur in row e— 22 Now UC follows as
in prev1ous results.

The necessity of the elements follows as in previous results except in a small

number of cases and details of these cases can be found in [3]. ul

n—2n-1}U

n_
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COROLLARY 24 Forn, n > 11, odd and a = n — 3 there ezists critical sets of
sizes |S| + 4+ 2(k — 2) for 3 <k < %52

Proof Fora=n—3and 3 <k < 252, the partial latin square:

n+1 n—3 n—
Cor = (S\ L)\ T[H]) \ {(n—1,n = Lin—-2)} U{( 53 ),
n+1 , . 1 n—-3 n->5
( 2 'n*l)UTk[Hi\{zv 17’_2)}]U{( "9 ; 9 )>
(u,n-—l;n—Z),(n—1,n_3;n—2),(n—1,n— ; =5
2 2
is a critical set of the required size. 0

LEMMA 25 Forn, n > 11, odd and "2—‘—31 < a < n -4, there exists a critical set of
order n and size |S|+5 and when 25t < a < n—5 there exists a critical set of order
n and size |S| + 8.

Proof Let 22 <a<n-—4and

n
—1 2.
(=1, —5=—5

It will be shown that the partial latin square

n—3
Ds = (S\ )\ Iz U {(0,—2*§"“1),
n+ln—-3n—-3, n+l 1n 3 n—-5
(= S B0, B = zin = 1) U= S ),
-1 — _
(n___ n—1;n—2),(n—1,u;n~2),(n~l,n»-l;ﬁ-——s-)}
2 2 2
is a critical set.

Lemma 2 and the proof of Lemma 18 can be used to show that this partial latin
square has UC.

The necessity of elements of (S\ )\ I3 and (0, 25%;n—1), (%, 253, 253 (%L n—
2;n — 1) follows as in the proof of Lemma 18 and for all remaining elements see [3].
0

Let ’—%l < a < n -5 and consider the partial latin square:

n—3 n—3 n—3 n—3
L Sa ), (a- S Ln- La - o= - 1),

- -3
%—ia—%—-—l),(a—&—?,n-—l;a-{-l)}

J3=

(a+2,
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It will be shown that the partial latin square

Cs = ((S\L)\I3)\Js U .
{(o,"T“?’;n-1),(";1,"53;";3),(“; m—2n-1)} U

n—-1n-3n-5 mn-1
. —1;n—2),
{( 2 ? .2 ) 2 )’( 2 ’n ]‘?n )
- -5
(n«l,n 3;n—2),(n—1,n-1;n—2~)} U
- -3 - -3
{(a“n23+11n2 ;a"'nzg"“l)v(a"n +1,7L—1;6L+1),

-3 -3
(a+2,-n—2—~;a+1),(a+2,n——1;a—%———1)}

is a critical set.
The proof that Cs is a critical set follows as above. (For full details see [3].) O

COROLLARY 26 Forn > 11 odd and "—;—3 < a < n-—4, there exists a critical set
of order n and size |S|+5+2(k—1), where2 < k < a~ﬂ-§~3— and when %51 < a < n-5
there ezists a critical set of order n and size |S|+8+2(k—1), where 2 < k < a— 253

The following corollary is necessary to prove the existence of a critical set of size
|S|+1 when a = n—3 and can be proved by using latin interchanges I, J3, D5 and
H;UH 21

COROLLARY 27 Forn > 11 odd and a = n — 4, there exists a critical set of
order n and size |S| +8 + 2(%52 — 1).

LEMMA 28 Forn, n > 11, odd there exists a critical set of size "2; %2,
Proof It will be verified that the partial latin square

S=({(,5i+j(modn)) [0<i<n—-2,0<j<n-2-i}\{(0,n—2n~-2),
1,n-3n-2),(n~51n-4),(n-4,0;n-4),(n—-3,0;n-3)HU
{n-2,n-2,n-4),(n-1,n-3,n—-4),(n—1,n—2,n-3)}

is a critical set.

To verify UC we note that if symbol n — 2 is to occur in row n — 1 it must occur
in column n — 1. Similarly if symbol n — 3 is to occur in row n — 2 it must occur
in column n — 1. Now symbol n — 3 occurs n — 1 times in the partial latin square
hence a completion must have symbol n — 3 in cell (n — 3,0) and it follows that if
symbol n — 4 is to occur in row n — 2 it must occur in column n — 1. Now UC can
be obtained from the UC of S when a = n - 5.

The necessity, for UC, of each of the elements of the above partial latin square
follows as in previous arguments. See [3] for full details. 0

127




LEMMA 29 Forn,
Proof It will be verified that the partial latin square
= ({(i,j;i+j(mod n)) | 0<i<n-2,0<j<n—2~i}
\{(0,n-2n=2),(n-3,0n=3)}U{(n-1,n—-2,n—-3)}
is a critical set.

The proof of UC is straight forward and the proof that each of the elements
is necessary for UC follows that of previous results, with the exception of entry
((n = 2,0;n — 2). However the following latin interchanges verifies the necessity of
this element. {(i,n—?;n—2+i), (i,n—1;n—1+1%),(n—2,4,n—-2+1),(n—1,i;n—
1+4),n—2,n—-2sn—4),(n—1L,n-1Ln— 2){2':0 n-—3} o
THEOREM 30 Critical sets exist of all sizes between % and 52 “ =2 for odd values
of n, n > 11.

Proof From Lemma 3 there exists a critical set of size a®> + 3a+ 2+ in — 3n—na
which we will denote by |S,|. Note that |Syq1] = |Sa] = 2a+4 n. We now show that

critical sets exist for every size between |S,| and |Sy41| for 252 < a < n-3. F1rst for
a=123|5,|=1" '1 and |S, \+ 1 = |Sg+1|. Thus the result is true for a = 232, For
a =231, Lemma 18 with ¢ = prov1des a critical set of size 2 “1 +2 = |Su_1 {+1.

Then using Lemma 18 with a = =% + 3. Then
‘Sﬂz;l| = "2;1 + 4 so the result holds for a = ’l;—l A critical set of size ® ‘1 +5
is provided by Lemma 25, using a = %’é; and a critical set of size "——T + 6 is
provided by Lemma 25 using ¢ = "—2——‘1 A critical set of size 92—_-1- +7=|5= ap + 3is

provided in the Appendix. Lemma 20 with a = "'“ prov1des a critical set of size
"1 +8= IS_i:.I + 4. Finally |S_¢_1 "2‘1 +9. A critical set of size |Suga| + 1 is

prov1ded in the Appendix, and one of size IS __j~_l + 3 by Lemma 25 with a = 2.
n+3

We will now generalise the proof of ex1stence for
provided in Lemma 18 through to Corollary 26.
For i?fﬁ < a < n -4, Lemmas 18 and 20 and Corollary 22 provide critical sets
of sizes {|Sa| +2,[Sa| +4,...,|Sut1] — 3,|941] — 1}. For 22 < a < n -4, Lemma
25 and Corollary 26 and Corollary 22 provide critical sets of sizes {|S,| + 5, |Sa| +
<+ 1Sa+1] =4, |Sa41/ —2}. Then for 22 < a < n—5, Lemma 25 and and Corollary
26 provide the additional sizes of {|5a+11 + 1,|Sa+1] + 3} and these then provide
critical sets of sizes |S,| + 1 and |S,| + 3 for %‘5 <a<n-4.
We have now produced critical sets of all sizes between |S,.T-ai and |Sp-3]. It
remains to fill in those os sizes between |S,_3| and |Sp_2|.
Corollary 27 provides us with a critical set of size |S,_3| +1 = 5
Lemmas 19, 21 and Corollary 24 provided critical sets of sizes {|S,_3| + 2, |Sn—3| +
o |Sn_s| +n —5,|S,_o| — 3}. Lemma 23 provides critical sets of sizes {|Sn—3| +
3,|Sn-3| +5,...,|Sn-3| +n —6,|Sn_2| — 4}. Lemmas 28, 29 provided critical sets of
sizes {|Sn-3| — 2, |Sn—a| — 1} respectively.
At this point all cases have been verified.

< a < n—4 using the results
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Appendix

K={(—-222%i-2),(-%5n-3i+%2), (i—2%,n— 2+ 2)} U{(i -
2=l 42k, n—3—2ki+%52), (i- %5t +2k,n—-3-2(k—1);i+252) | 1 <k < 2
Ko = {(i — %51, %% - 2), (i — 25, — 30 + 550), (i -2 n— 2504+ 25, (i -
2,255 + 250+ 53) (1 - 2,52 + 30+ %52), (-1, 25+2 i+ 553), (i - 1, l‘—,}é+
3+ 25, (1, 55251+ 550), (z 225 42, z+"'1)}u{(z—"'1+2k n—3—2k;i+32),
(i— %5 +2k,n—3—2(k—1);3 +"1)11<k<ﬁ-1}

Ks = {(3, %% %2 +1),(i,n 3n—3+z)} (e, 552 + 2,23 +24+22) |z =
Bl g, 28 44,0 < 2 < 2Ry U{(BF +in =38 7+z)("“+zn»~4”—;—7+
z‘),(’l—z—“+i,n—3,-"—g—5+i)}

DKy = {3,555 +19), (bn—3n—-3+14)} UW{(z, %52 + 2,53 + 2+ 22) |z =
=l 28440 < 2 < 22 U{(%5E +d,n - 325 +9), ("+1+zn—4,9—7+
i),("T“+i,n—3;"2-;5+i), ("T“+i,n—-4;9'2'—5+i)}

={(i,5;i4+74),(n=1,5;5-1),(e,b5a+b) [ 25+ <a<n-1,b=n—4,n-3)}
— n—3 n- n— - - . n— n—- . R n—
Kﬁ,,.:“ P O S ) o L O
3; 250, (n—1,252%, 250 (n—1,n—3;n—4), (®5 +2i,n—6—24; 25), ("~ +24,n—
4-2250) [i=0...,27}
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K7 ={(%3, 5% n—-4), (53, n-3; 59), (253, n—4; 251), (n—1,n—3;n—4), (%2, n—
5; nzll)v(y_;—l7n_4;nT—g)v(E'%lan"?’;Q_;l)’(nT—l+2Z,n"'5—27’7 n-;ll) (n 1+21 n-
3-2i;257), (n— 1,23, 220) [ =0..., 27}

23 n—1;257), (n—3, 252 +2y; 25 4+ 295 ) [y = 1., 23U
n

2+l Begin by taking Cj, for a = 253

;—3E¥)U?in 22210} U {(0, n -
), (232, 58 ek (243 1, %) (242

A CRITICAL SET OF SIZE |S|+ 3 when a
and take the partial latin square C; \ {(%£2,
2n-2), (1, 25%;0), (2,%5%1), (82, ";3,——2—1
21)}

A CRITICAL SET OF SIZE |S| + 1 when a %ﬁ Begin by taking Cs, for a =

2tl and take the partial latin square C3 \ {(1% 221, (2, 553 =0 u {(1, 535 0),

(5, 52,1), (242, 22, ), (32, 23, ot (b 2 o (a2 1 o))

27 27 2 v 200 2
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