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Abstract

A decomposition of K, \ L, the complete graph of order n with a subgraph
L (called the leave) removed, into edge disjoint copies of a graph G is called
a maximum packing of K, with G if L contains as few edges as possible.
A decomposition of K, U P, the complete graph union a graph P (called
the padding), into edge disjoint copies of a graph G is called a minimum
covering of K, with G if P contains as few edges as possible. We construct
maximum packings and minimum coverings of K,, with the 3-cube for all
n. ,

1 Introduction

A subgraph will be called a G-subgraph if it is isomorphic to a given graph G. A

. (partial) G-design of a graph X is a collection of edge disjoint G-subgraphs of X
such that each edge of X is in (at most) exactly one G-subgraph. The spectrum for
G-designs is the set of integers n such that there is a G-design of K,. When n is not
in the spectrum of G-designs two natural questions arise:

(1) For a given graph G, what is the maximum possible number of G-subgraphs of
K, such that no edge of K, occurs in more than one G-subgraph?

(2) For a given graph G, what is the minimum possible number of G-subgraphs of
K, such that every edge of K,, occurs in at least one G-subgraph?
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These questions are respectively called the maximum packing and minimum cov-
ering problem for G-designs. A partial G-design of K, is called a mazimum packing
with leave L if there is no partial G-design of K, having a leave with fewer edges
(equivalently, containing more G-subgraphs). A G-covering of K, with padding P is
a collection of G-subgraphs of K, such that every edge of K,, U P is in exactly one
G-subgraph. A G-covering of K, is a mintmum covering if there is no G-covering of
K, having a padding with fewer edges (equivalently, no G-covering of K,, containing
fewer .... G-subgraphs). The minimum covering problem usually involves consider-
ing the case where the padding is required to be a simple graph and the case where
multiple edges are permitted in the padding.

Maximum packings and minimum coverings of graphs have been and continue to be
popular topics of research. In particular, maximum packings and minimum coverings
of K, have attracted the most attention. For Kj-designs, the maximum packing
problem was solved by Schénheim [25] (see also Spencer [27]) and the minimum
covering problem was solved by Fort and Hedlund [10]. For Kj-designs, Brouwer [4]-
solved the maximum packing problem and Mills [21, 22} solved the minimum covering
problem. Various results on maximum packings of K, with cycles can be found in [9],
[11], [12] and [14]. Maximum packings of K, with various other specific graphs have
also been considered (see [2], [13], [23] and [24] for examples). Maximum packings
with triples of graphs other than K, have also been considered (see [3] and [6]).
Similarly, minimum coverings of K, with various graphs have been investigated (see
[15], [17], [18], [19], [23], [24] and [26] for examples). It is also worth mentioning
the recent asymptotic results [7, 8] which settle the maximum packing and minimum
covering problems for very large values of n.

The d-cube is the graph Q4 whose vertex set is the set of all binary d-tuples, and
whose edge set consists of all pairs of vertices which differ in exactly one coordinate.
Note that the 1-cube is simply K5, the 2-cube is isomorphic to the 4-cycle and the
3-cube is the graph of the well known regular solid that we all know as the cube.

We note that the packings and coverings of K,, with 1-cubes are trivial. Maximum
packings and minimum coverings of K, with 2-cubes (i.e. 4-cycles) are constructed
for all values of n in [26]. Kotzig [16] was the first to investigate the spectrum problem
for cubes in general. In {20], Maheo showed that the spectrum for 3-cubes is precisely
the set of all n = 1 or 16 (mod 24). Necessary and sufficient conditions for the
existence of ()3-designs of K, , and K, \ K, are found in [5] and in [1], respectively.
We note further that the spectrum for Q4-designs is still not completely settled when
d > 5 is odd (see [5]).

In this paper we construct for every positive integer n, a maximum packing (see
Section 2) and a minimum covering (see Section 3) of K, with 3-cubes. Since in
many cases the number of possible leaves and paddings increases without bound as n
approaches infinity, we present only one possible leave for each maximum packing and
one possible padding for each minimum covering. We construct minimum coverings
having paddings with multiple edges in all cases where such paddings contain fewer
edges than any possible simple padding.

We will use the following notation. The graph consisting of ¢ vertex disjoint copies
of a graph G will be denoted by tG. For H a subgraph of a graph G, define G\ H to
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be the graph with vertex set V(G\ H) = V(G) and edge set E(G\ H) = E(G)\E(H).

For two graphs G and H, GUH will denote the graph with vertex set V(G)UV (H)
and edge set E(G) U E(H). Let the 8-tuple (a,b,¢,d, ¢, f,g,h) denote the graph of
the 3-cube (henceforth denoted by C) as shown in Figure 1.

a b

h g
Figure 1. The 3-cube which we denote by C
2 The packing problem

Lemma 2.1 Let |E(K,)| =1 (mod 12), letn—1 = d (mod 3) and let L be a spanning
subgraph (possibly containing isolated vertices) of K, with deg(v) = d (mod 3) for
each v € L. If |BE(L)| = min{X > [dn/2] | A = r (mod 12)}, then a partial C-design
of K,, with leave L is a mazimum packing.

Proof: Suppose there is a partial C-design D' of K, with leave L’ which contains
more cubes than a partial C-design of K, which satisfies the conditions of the lemma.
Then |E(L)| < |E(L)| - 12 < [dn/2] — 1. Since deg(v) = d (mod 3) for each v € L,
we have a contradiction. O

Lemma 2.2 Suppose there ezists a partial C-design of K, with leave L. Then there
exists a partial C-design of Kyyas with leave L* where L* = L if n = 1 (mod 3),
L*=L+12K, ifn=2 (mod 3) and L* = L+ 6Cy if n =0 (mod 3).

Proof: Note that the C-designs referred to below can be found in [5] or in the
- Appendix.

If n = 0 (mod 3) then we construct a partial C-design of K124 by taking the
union of the partial C-design of K,,, a C-design of Ky 24 and a maximum packing of
K24 with leave 604

If n = 2 (mod 3) then we construct a partial C-design of Ky 54 by taking the
union of the partial C-design of K, a C-design of K,_324 and a maximum packing
of Ko with leave 13K,. Note that V(K) has two vertices in common with K, and
that these are joined by an edge which is in both L and 13K,.

If » = 1 (mod 3) then we construct a partial C-design of K494 by taking the
union of the partial C-design of K,,, a C-design of K,_124 and a C-design of Ky;.
Note that V(K3s) has exactly one vertex in common with K,. o
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We are now ready to construct maximum packings of K, for all positive integers
n. For n <7, a maximum packing of K, contains zero copies of C and has leave K,,.
For 8 <n < 31 and n = 34, a maximum packing of K, is given in the Appendix and
the corresponding leave Ly is shown in Table 1. Note that the case n = 10 is special.
It can be shown by exhaustive computer search that there do not exist three edge
disjoint copies of C'in K’ and so the leave in a maximum packing of Ky must contain
at least 21 edges. However, there exists a maximum packing of K3, having just nine
edges in its leave, so we start the recursive construction for the case n = 10 (mod 24)
at n = 34. For n = 32,33 and for n > 35, we construct a maximum packing of K, by
repeated application of Lemma 2.2 to the maximum packings given for K, with n
{8,9,11,12,13,...,31,34}. Tt is straight forward to verify, using Lemma 2.1 that the
partial C-designs obtained in this manner are maximum packings. We now describe
the leaves of the constructed maximum packings. Let ¢ € {8,9,11,12,13,...,31, 34},
let L; denote the leave of a maximum packing of K, as shown in Table 1, and let
z > 0. If ¢ =0 (mod 3), then the leave of the constructed maximum packing of
K444 is the vertex disjoint union of L, with 62Cy. If t = 1 (mod 3), then the leave
of the constructed maximum packing of Kogzy; is Ly Ift = 2 (mod 3), then the leave
of the constructed maximum packing of K4y is the vertex disjoint union of L, with
a 1-factor on the remaining 24z vertices of Kogppy.

Combining the above results, we have the following theorem:

Theorem 2.3 A mazimum packing of K,, has leave of size:

21 forn=7and 10 n for n = 0,3 (mod 24)
0 forn = 1,16 (mod 24) n+3 forn=29,18 (mod 24)
6 for n = 4,13 (mod 24) n+6 forn=12,15 (mod 24)
9 forn=7,10 (mod 24), n > 31| n+9 for n=6,21 (mod 24)
15 for n= 19,22 (mod 24) g for n = 2,8,14,20 (mod 24)
5
z ; 3 for n = 11,23 (mod 24) n ;1 for n = 5,17 (mod 24)
Oe— e I 0 4 6
23 5 h v 3
4do—e § !
be—s 7 . 2 7
Lg Ly

Table 1: The leave L, for a maximum packing of K, with 3-cubes in the cases
8 <n < 31 and n = 34 (continued on subsequent pages).
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5 6 10
2 8 6
1 5
9
3 7 7 8 0 12 3
Ly Ly
0T
. 0 1
7
[ 5 3 2
0 ‘v 10
Lys Lys
10
¢ 13 406—e 11 1
14 4
l¢e———® 10 S&—® 9
0 9
26— @7 6bo—e 12 12 7
13
3 @ 8
11 8
Ly Lis

Table 1. (continued)
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11

12

18 17 0Oe—oel
2o &3
16 14 :
8¢ g 19
9 15
ng L20
11 12
18 17
16 14
9 15
Ly
2 16 18
0 1 20 21
3 2 23 22
3 17 19 20 21 22
L23 L24
0 1 20 21
Do o 13 2 e
loe o 14
3 2 23 22
12 25 26 25
Lge L27

Table 1. (continued)
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@ 6
0 1 7._._.._g 8
Vg ¢ 28
3 2
Log Lo
24 0 1
29 25 6 20
3 2
13 21
20 21
28 26 14 27
27 23 2
Lsg L
23
31 33
8 ©30
L3y

Table 1. (continued)

3 The covering problem

Lemma 3.1 A C-covering of K, which contains [n[(n —1)/31/8] copies of C 1s a
MANIMUM COVETINg.

Proof: Each vertex of K, must occur in at least [(n—1)/3] copies of C and so there
must be at least [n[(n — 1)/3]/8] copies of C. O

Lemma 3.2 Suppose there ezists a C-covering of K, with padding P. ‘Then there
ezists a C-covering of Ko with padding P* where P* = P if n =1 (mod 3),
P*=P+6C, ifn=2 (mod 3) and P* = P+ 12K, if n = 0 (mod 3).
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Proof: Note that the required C-designs can be found in [5] or in the Appendix.
If n =1 (mod 3), we construct a C-covering of K94 by taking the union of the
C-covering of K,,, a C-design of Ky,_; 24 and a C-design of K. Note that V(Kas)
has exactly one vertex in common with K,. If n = 2 (mod 3), we construct a C-
- covering of K, o4 by taking the union of the C-covering of K, a C-design of K,_j 4,
a maximum packing of Ky with leave 13K5 (one of the edges in this leave has the two
vertices which are not in the C-design of K,_; 14 as its endpoints) and a C-covering
of 12K,. If n = 0 (mod 3), we construct a C-covering of K, o4 by taking the union
of the C-covering of K, a C-design of K, o4 and a minimum C-covering of Ky. 0O

We are now ready to construct minimum coverings of K, for all positive integers
n. For 2 < n < 7, no covering of K, exists. For 8 < n < 31 and n = 34, minimum
coverings of K, are given in the Appendix and the corresponding paddings are shown
in Table 2. Note that the cases n = 7 and 10 (mod 24) are special: the number of
edges in K, is 9 (mod 12) and hence it is possible that a minimum covering of K,
will have a padding that consists of just three edges. However, such a padding must
have all vertices of degree 0 {mod 3) and so the only such padding is the multigraph
consisting of a triple edge on two vertices. If we require that the padding be a simple
graph, then it must contain at least 15 edges. It can be shown by exhaustive computer
search that it is not possible to cover the edges of Kjy with four or fewer copies of C
(even if non-simple paddings are permitted) and so the minimum covering of K4 has
a padding consisting of at least 15 edges. A covering of Ky and a covering of K3,
each with simple 15 edge paddings is given in the Appendix. Minimum coverings of
K31 and K34 with paddings consisting of a triple edge are also given in the Appendix.
Hence, by repeated application of Lemma 3.2 to our minimum coverings of Kqq, Ka;
and K34, we have minimum coverings of Ko7 and Kogpy1o (for all z > 0) in both
the case when simple paddings are required and also in the case where they are not.
If non-simple paddings are permitted, then the padding for these minimum coverings
is always a triple edge. If simple paddings are required, then for the case n = 10
(mod 24), the padding is isomorphic to the 15 edge padding of Ko shown in Table 2
and for the case n = 7 (mod 24), the padding is isomorphic to the 15 edge padding of
K31 shown in Table 2. The cases n = 7,10 (mod 24) are the only ones for which it is
possible to obtain a smaller minimum covering if non-simple paddings are permitted.

For the remaining congruence classes of n, with n > 32, we construct a mini-
mum covering of K, by repeated application of Lemma 3.2 to the minimum cov-
erings given for K, with n € {8,9,11,12,...,30}. It is straight forward to verify,
using Lemma 3.1 that the C-coverings obtained in this manner are minimum cov-
erings. We now describe the paddings of the constructed minimum coverings. Let
t € {8,9,11,12,...,31}, let P, denote the padding of a minimum covering of K; as
shown in Table 2, and let z > 0. If ¢ = 0 (mod 3), then the padding of the con-
structed minimum covering of K4, is the vertex disjoint union of P, with a 1-factor
on the remaining 24z vertices of Kospys. If t = 1 (mod 3), then the padding of the
constructed minimum covering of Kz is P;. If t = 2 (mod 3), then the padding of

the constructed minimum covering of Ko,y is the vertex disjoint union of P, with
61'04.
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Combining the above results, we have the following theorem:

Theorem 3.3 For 2 <n <7, no covering of K, exists. For the remaining values of
n, a minimum covering of K,, has padding of size:

15  forn=10 0 forn=1,16 (mod 24)
3 for n = 7,10 (mod 24), n > 31| 15  for n=7,10 (mod 24), n > 31
(non-simple paddings allowed) (if simple paddings required)
6 for n = 4,13 (mod 24) 9  for n= 19,22 (mod 24)
n for n = 8,23 (mod 24) n+3 forn= 14,17 (mod 24)
n+6 forn=11,20 (mod 24) n+9 forn=25(mod24)
12
n ; for n = 6,18 (mod 24) 2 forn=0,12 (mod 24
1
s ® forn=3,9,15,21 (mod 24)

0 2 1 3
4 6 5 7
3
4 2
7 8
0 1 4 7
5 8 10 1
3
3 2 6 9 6 9
5 0
PlO Pll

Table 2: The padding P, for a minimum covering of K, with 3-cubes in the cases
8 < n < 31 and n = 34. Note that for n = 31 and n = 24, the minimum covering is
smaller if multiple edges are permitted in the padding. In these cases, the multigraph
paddings are denoted by Pj; and P}y respectively (continued on subsequent pages).
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0o o1
0 1
le—-——=e 3
0g— g 11 3 2
Py P
4 ! 13
l4g_8 9 o3 6
10g 0 S &7 12
11e e 2
PIS
8 16
-] @
0 12 2 3 e gl
13 ® e
4to—e 13
15 5 9 6
v T 46— 17
@ [ ]
10 1
Pig
0
3
6 2
5
18 4 8 19
9 12 7
14 10
16 1
17 18 13
11
Plg P20

Table 2. (continued)
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1 15
17 18
Py
48 12 16 20
1 59 13 17 21
2 6 10 14 18 2
3 7 1 15 19 2
Py
‘ 6 2
9 1 5 22 22 16
10 S 0 2» «4 6» «21 23 5 20
11 3 7 2 21 4
18 19
12 16 20 5 3.8 9 10 11 17
13 1 17 19 I I I I I I
14 18 7 12 13 14 15 25
PQG P27

Table 2. (continued)
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[S ]
o
—
. )
=)
3 & & - -
. I
= gL~ ® =
o
- =
<t o 0 o)
o - P~ s
o~ BA D13 e
—
-
<+ o0 & O w
- & N
- v
=) o N
a N < o
< o —
ch SR 4]
= 2 SRS
©
& e 6 -
= = o
— o - A oa &
© 0
& 2 =2 83 &8 3 *
e - A Ay
- &—8 & —@
ooy
- = o«
IS 9
&8 &8
<t 0 O 0 (=
e

Table 2. (continued)
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4 Appendix

Within this Appendix, the graph C of the 3-cube with vertices and edges as shown
in Figure 1 will be denoted by (vq,v2,. .., vs).

Let the vertex set of Kz be {0,1,...,7}. A maximum packing of K3 with 3-cubes and leave as
shown in Table 1 is given by:

‘ 0,1,2,3,4,5,6,7), (0,6,3,5,7,1,4,2). I
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A covering of Ky with 3-cubes and padding as shown in Table 2 is obtained by using the additional
3-cube:

[02461357. |

Let the vertex set of Ko be {0,1,...,8}. A maximum packing of Ky with 3-cubes and leave as
shown in Table 1 is given by:

l 0,1,2,3,4,5,6,7), (0,2,4,6,7,5,3,8). l

A covering of Ky with 3-cubes and padding as shown in Table 2 is obtained by using the additional
3-cubes:

[ (0)278,57677! 1,3)) (0’8747 1757772’6)' 1

KIO

Let the vertex set of Kjp be {0,1,...,9}. A maximum packing of Ko with 3-cubes and leave as
shown in Table 1 is given by:

[0,53,67,241), (0,1,234567. ]

A covering of K)o with 3-cubes and padding as shown in Table 2 is given by:

’77 87 9)7 (0’ 2’ 113’6)8)479)7
7,2,5).

K1

Let the vertex set of K13 be {0,1,...,10}. ‘A maximum packing of Ky; with 3-cubes and leave as
shown in Table 1 is given by:

[(0,1,2,3,4,5,6,7), (0,2,4,6,8,9,1,3), (0,5,8,7,9,3,4,10), (1,6,9,7,8,10,5,2)‘]

A covering of K;; with 3-cubes and padding as shown in Table 2 is obtained by using the additional
3-cubes:

[0,10,1,9,8,6,57, (967483102, |

Ky

Let the vertex set of Ky2 be {0,1,...,11}. A maximum packing of K2 with 3-cubes and leave as
shown in Table 1 is given by:

((0,1,2,3,4,5,6,7), (0,2,4,6,7,5,3,1), (0,5,8,9,10,11,1,4), (2,7,8,10,11,9,3,6).]
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A covering of K2 with 3-cubes and padding as shown in Table 2 is obtained by using the additional
3-cubes:

[(0,8411,1,9,510), (8,205,611,310,7). |

Ki3

A maximum packing of K3 with 3-cubes and leave as shown in Table 1 can be found in [1].
A covering of K3 with 3-cubes and padding as shown in Table 2 is given by:

(071)2?3?4!5)677)7 (0) ]‘52,355) 75879)7 (012)4’61779’ 17 10)1 (07275’ 103117 77 12’4)7
(0,8,6,9,12,3,1,11), (1,3,5,8,12,6,11,10), (2,10,3,11,12,9,4,8).

Ky

Let the vertex set of K4 be {0,1,...,13}. A maximum packing of Ki4 with 3-cubes and leave as
shown in Table 1 is given by:

1,9,2,12,13,3,10,5), (0,
6

( 5,8,9,10,11,1,4),  (0,8,9,11,12,4, 13,7),
(0,1,2,3,4,5,6,7), (3,6,8,11,12,13,10,9), (6,9,7,1

,10,11,13,8,12).

A covering of K14 with 3-cubes and padding as shown in Table 2 is obtained by using the additional
3-cubes:

[(0,1231310,7,8), (3,456,7,11,9,12). |

Kis

Let the vertex set of K15 be {0,1,...,14}. A maximum packing of Ki5 with 3-cubes and leave as
shown in Table 1 is given by:

.7, (1,9,5,12,13,7,10,8),  (0,5,8,9,10,11,1,4),  (0,8,2,11,12,3,9,6),
1), (2,7,14,12,13,11,3,10), (4,8,14,11,13,6, 10,9).

A covering of K5 with 3-cubes and padding as shown in Table 2 is obtained by using the additional
3-cubes:

[OB5T4ILILT), (3,614,13,9,15,41), (0,5,9,8,10,2,14,1). |

Kig
It is well-known that there exists a decomposition of K4 into 3-cubes (see [5]).

Ky

Let the vertex set of K17 be {0,1,...,16}. A 'maximum packing of K7 with 3-cubes and leave as
shown in Table 1 is given by:

0,1,2,3,4,5,7,11), (0,2,4,7,8,5,3,10), (0,5,9,11,12,10, 1, 8),
(0,9,2,10,13,4,6,14),  (0,14,1,15,16,2,11,13), (1,3,8,6,12,7,16,11),
(1,4,8,13,16,14,15,12), (2,12,3,13,15,4,16,6),  (3,6,9,14,15,10,13, 5),
(5,11,14,12,16,15,7,9).
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A covering of K7 with 3-cubes and padding as shown in Table 2 is obtained by using the additional
3-cubes:

[(1,10,4,2,69,15,8, (5,6,0,3,8719), 6,7,8,10,12,13,14,16). |

Kis

Let the vertex set of Kig be {0,1,..., 17}. A maximum packing of Kyg with 3-cubes and leave as
shown in Table 1 is given by:

(10,15,13, 16,17, 14,12, 11), (8, 11,10,12,17,9,14,16), (6,12,17,13,16,7,15,8),
(07172v354157677)7 (07274’677:573a 1)1 (075a819’ 10: 1371!4)y
(0,8,2,11,12,4,16,3), (0,13,3,14,17,2,10,7),  (1,9,6,14,17,3,15,5),
(1,10,5,11,12,9,16,15), (2,7,11,14,15,9,13,4).

A covering of K15 with 3-cubes and padding as shown in Table 2 is obtained by using the additional
3-cubes:

[G.7,13,14,6,11,417), (3,6,10,8,2,9,5,12), (16,1,15,0,2,9,5,12). |

Kig

Let the vertex set of Kig be {0,1,...,18}. A maximum packing of K19 with 3-cubes and leave as
shown in Table 1 is given by:

(0,1,2,3,4,5,6,7), 0,2,4,6,7,5,3,1), (0,5,8,9,10, 11, 1, 4),
(0,8,2,11,12,3,9,6), (0,13,1,14,15,2,10,3),  (0,16,1,17,18,2,12,4),
(1,9,5,15,18,7,10,6), (2.7,8,14,17,11,4,13),  (3,6,8,11,13,16,10,9),
(3.16,5,17,18,8,12,9),  (4,14,11,15,16,7,13,12), (5,13,6,14,18,15,17,10),
(7,12,10,15,17, 18,13,8).

A covering of K¢ with 3-cubes and padding as shown in Table 2 is obtained by using the additional
3-cubes:

{ (12,17,15,14,11,16,9,18), (14,9,15,16,17,12,11, 18). J

Ko

Let the vertex set of Kao be {0,1,...,19}. A maximum packing of Ko with 3-cubes and leave as
shown in Table 1 is given by:

{0,2,1,3,4,6,5,7); (0,5,2,7,8,3,4,1), (0,6,1,9,10,3,11,2),
(0,11,4,12,13,5,8,2), (0,14,1,15,16,2,17,3), (0,17,4,18,19,5,9,3),
(1,10,4,13,16,5,14,6),  (1,12,5,18,19,6,15,2), (3,12,7,13,14,8,10,9),
(4,15,7,16,19,8,11,9),  (6,8,7,9,10,13,14,12), (6,11,12,17,18,13,15,9),
(7.17,8,18,19,10,16,12), (10,14,11,15,18,16,19,17), (11,16,13,17,18,15,19,14).

A covering of Koo with 3-cubes and padding as shown in Table 2 is obtained by using the additional
3-cubes:

[(0,2461357), (8,10,12,14,9,11,13,15), (16,18,8,12,17,19,7,15). |
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Koy

Let the vertex set of Ka1 be {0,1,...,20}. A maximum packing of Ks; with 3-cubes and leave as
shown in Table 1 is given by:

(0,1,2,3, 4 5,6,7), (0,2,4,6,7,5,3,1), (0,5,8,9,10,11, 1,4),
(0,8,2,11,12,3,9,6), (0,13,1,14,15,2,10,3), (0,16,1,17,18,2, 12, 4),
(1,9,5,15,18, 7, 10,6), (2,7,8,14,17,11,4, 13), (3,6,8,11,13,16, 10, 9),
(3,16,4,19,20,5, 14, 6), (5,12,7,13,17,8,15,10),  (7,14,9,16,17, 15,12, 20),
(8,13,12,16,20,15,18,19), (9,15,19,17,18,16,11,14), (10,12, 19,14,18, 11,13, 20).

A covering of K5 with 3-cubes and padding as shown in Table 2 is obtained by using the additional
3-cubes:

974 20,11,15), (9,19,10,20,17,16,14,12), (2,19,7,20,13,6,17,18),
0,17,3,18,13).

)

Ko

Let the vertex set of Koy be {0,1,...,21}. A maximum packing of Ky, with 3-cubes and leave as
shown in Table 1 is given by:

)

)s (0,2,4,6,7,5,3,1),

2,3,4,5,6, 0,5,8,9,10,11,1,4),
3,9,6), (0,13,1,14,15,2,10,3),
1

(
2,11,12, (0,16,1,17,18,2,12,4),
1,20,21,3,18,5),  (1,9,5,15,21,7,10,6),  (2,7,8,14,17,11,4,13),

(

(

(

) 7
, 9,

9,

9,4, 20,21,8,15,10), (3,6,8,11,13,16,10,9), 3,16,5,17,20,7,12, 8),
4,

3,

3

19,16,21,11,13,12), (5,13,6,14,19,18,17,10), (6,18,12,19,20,21,15,11),

(0
(0
(0
(2
(4
(7,13,8,18,19,21,16,20),  (7,14,20,15,17,21,9,19),

1
8
1
1
1
1

k]
’
’
)

9,1 2 20,17,18, 10,13, 15).

A covering of K, with 3-cubes and padding as shown in Table 2 is obtained by using the additional
3-cubes:

[(2,17.15,14,11,16,9,18), (14,9,15,16,17,12,11,18). |

K23

Let the vertex set of K3 be {0,1,...,22}. A maximum packing of Ky3 with 3-cubes and leave as
shown in Table 1 is given by:

10,1,2,3,4,5,6,7), (0,2,4,6,7,5,3,1), (0,5,8,9,10,11, 1, 4),
(0,8,2,11,12,3,9,6), (0,13,1,14,15,2,10,3), (0,16,1,17,18,2,12,4),
(0,19,1,20,21,2, 22, 3), (1,9,5,15,18,7,10,6), (2,7,8,14,17,11,4,13),
(3.6,8,11, 13, 16,10, 9), (3,16,5,17,18,8,12,9), (4,14,5,19,20,6,13,7),
(4,15,7,16,21,8,17, 12), (5,18,10,20,21,11,12,13), (6,17,10,19,21,14,15,9),
(7,12,15,21,22,14,18,17),  (8,13,18,20,22,15,19,12), (9,14,19,16,22, 20,21, 18),
(10,13,11, 14, 22, 19, 20, 16). .

A covering of K33 with 3-cubes and padding as shown in Table 2 may be obtained by rotating the
3-cube (0,10,1,12,5,3,7,4) modulo 23.
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Koy

Let the vertex set of K4 be {0,1,...,23}. A maximum packing of Ky, with 3-cubes and leave as
shown in Table 1 is given by:

(0,2,4,6,7,5,1,3), (0,4, 3,5,8,10, 12, 14), (0,9,1,10,11,2,6,13),
(0,12,1,13,14,2,7,9), (0,15,1,16,17,2,8,3), (0,18,1,19,20,2,21,3),
(0,21,4,22,23,5,8,6), (1,11,3,14,17,4,9,6), (1,20,5,22,23,4,12,7),
(2,10,3,13,16,5, 15,4), (2,19,8,22,23,9,12,11), (3,18,9,22,23,8,15,10),
(4,14,7,18,19,10,16,6),  (5,9,11,17,18,16,14,20),  (5,11,7,13,19,15,17,22),
(6,10,21,11,15,7,8,20),  (6,12,16,20,21,18,11,19),  (7,19,12,20,21,14,17,9),
(8,13,15,16,17,19,23,21), (10,17,23,18,20,13,16,22), (12,21,15,22,23,13,18,14).

A covering of K4 with 3-cubes and padding as shown in Table 2 is obtained by using the additional
3-cubes:

[(0,1,2,3,4567), (89,10,11,12,13,14,15), (i6,17,18,19,20,21,22,23). |

Kys

It is well-known that there exists a decomposition of Kg5 into 3-cubes (see [5]).

K26

Let the vertex set of K6 be {0,1,...,25}. A maximum packing of Ky with 3-cubes and leave as
shown in Table 1 may be obtained by rotating the 3-cube (0,10,1,12,5, 3, 7,4) modulo 26.

A covering of K¢ with 3-cubes and padding as shown in Table 2 is obtained by using the additional
3-cubes:

0,1,2,3,13,14,15,16), _ (4,5,6,7,17,18,19,20), (8,9, 10,11, 21,22, 23,24),
(11,12,7,3, 24, 25, 20, 16).

)

Koy

Let the vertex set of Ko7 be {0,1,...,26}. A maximum packing of Ky; with 3-cubes and leave as
shown in Table 1 is given by:

0,2,4,6,7,5,1,3), (0,4,3,5,8,10, 12, 14), (0,9,1,10,11,2,6,13),
(0,12,1,13,14,2,7,9), (0,15,1,16,17,2,8,3), (0,18,1,19,20,2,21,3),
(0,21,4,22,23,5,8,6), (0,24,1,25,26,2,22,3), (1,11,3,14,17,4,9,6),
(1,20,4,23,26,5,12,7), (2,10,3,13,16,5,15,4), (2,19,8,23,25,4,18,9),
(3,18,10,23,24,5,17,11),  (4,14,7,24,26,10,15,6), (5,9,11,19,22,12,6,10),
(5,11,7,13,25,12,8,15), (6,16,7,18,19,9,17,12), (6,20,7,21,25,8,22,11),
(7,10,20,19,25,16,11,14),  (8,13,16,21,24,17,14,18),  (8,16,15,17,26,12,20,22),
(9,15,26,20,22,18,16,24),  (9,21,10,24,26,17,25,23),  (11,15,23,18,26,19,21,13),
(12,21,14,23,24,15,22,19), (13,19,25,22,23,17,20,16), (13,20, 14,24, 25,18,26,21).

A covering of K37 with 3-cubes and padding as shown in Table 2 is obtained by using the additional
3-cubes:

(0,1,2,3,4,5,6,7), (8,9,10,11, 12,13, 14, 15), (16,17, 18, 19, 20, 21, 22, 23),
(16,17,18,19,24,25,26,0), (20,21,22,23,24,26,1,2).
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Ko

Let the vertex set of Kog be {0,1,...,27}. A 3-cube decomposition of Kgg \ K4 is given in [1]. This
gives a maximum packing of Ksg with 3-cubes and leave as shown in Table 1.
A covering of K»g with 3-cubes and leave as shown in Table 2 is given by:

0,1,2,3,4,5,6,7),
(0,2,5,8,9,10,3, 4),
(0,16,1,17,18,2, 15, 4),
(0,25,1,26,27,2,23,5),
(1,6,11,24,27,12,7,13),
(3,17,5,18,19,6,20,7),
(5,19,10,21,25,11,12,13),
(7,23,12,24,25,10,16, 15),
(9,18,19,20,25,21,12,17),
(12,20, 23,22, 25, 18,26, 24),
(15,19, 22, 26,27, 21,20, 25),

(0,1,2,3,5,7,8,9),
(0,10,4,11,12,5,13,1),
(0,19,1,20,21,2,22,3),
(1,3,6,8,14,12,9,11),
(2,7,14,17,20,15,6,13),
(3,25,4,26,27,6,21,7),
(6,16,7,22,23,8,17,9),
(8,15,9,21,22,11,16,17),
(10,17,15,22,26, 11,13, 16),
(13,14, 22, 18,23,16,21,15),
(18,23, 21, 24,27, 19,26, 20).

(0,2,4,6,7,9,1,10),
(0,13,2,14,15,3,11, 5),
(0,22,4,23,24, 5,16, 3),
(1,3,8,18,21, 14,10, 11),
(2,12,4,24,26,8,14,9),
(4,19,8,20,27,9,13, 10),
(6,18,10,24, 26,12, 15, 14),
(8,24,16,25,27, 17,18, 14),
(11,20,14,23, 27,16, 19, 24),
(13,19,25,22, 26,17, 23, 27),

K

Let the vertex set of Kyg be {0,1,...,28}. A maximum packing of Ko with 3-cubes and leave as
shown in Table 1 is given by: .

(0,5,1,6,7,2,8,3),
(0,14,4,15,16,5,11,3),
(0,23,1,24, 25,2, 26,3),
(1,25,5,27,28,4,20,3),
(3,5,23,9,21,24,6,11),
(6,12,7,16,17,8,19,9),
(6,26,10,27, 28,11, 16, 8),
(8,14,16,22,23,12,13,15),
(10, 20,25,21,23, 13,17, 26),
(12,18, 22, 20, 26, 28,24, 15),
(15,25,18,27, 28, 22, 23, 21),

(0,8,4,9,10,5,7,1),
(0,17,1,18,19,2,15,5),
(0,26,4,27,28,5,12,2),
(2,6,4,10,18,7,23,3),
(4,5,21,18,24,9,12,10),
(6,15,8,18,19,10,13,11),
(7,11,10,17,21,20, 14, 15),
(9,14,17,20,21,19,12, 16),
(11,17,16,23,24, 19,18, 20),
(13,19, 27,22, 25, 28,23, 14),
(16,19, 23,25, 26, 22,17, 24).

(0,11, 1,12, 13,2, 14, 3),
(0,20,1,21,22,2,16,4),
(1,13,4,19,22, 5,17, 3),
(2,9,6,21,24,7,10,8),
(6,8,9,13,14, 11,15, 7),
(6,20,7,22,25,8,26,9),
(7,25,11,27, 28, 10, 22,12),
(9,18,13,27, 28, 14, 21,17),
(12,15,18,24, 25, 19, 26, 27),
(13,24,14,26, 28,16, 27, 20),

A covering of Kpg with 3-cubes and padding as shown in Table 2 is obtained by using the additional
3-cubes:

(07 1’ 2)37 4’ 5’ 6’ 13)1
(13,15,17, 19, 14, 16, 18, 20),

(07 4? 19 3) 87 7’ 97 10)’
(21,23, 25,27, 22, 24, 26, 28).

0,2,4,1,11,9,10, 12),

K3

Let the vertex set of K3 be {0,1,...,29}. A maximum packing of K3 with 3-cubes and leave as
shown in Table 1 is given by:

(0,2,4,8,9,10,1, 3), ,4,3,10,11,6,12, 5), (0,12,1,13,14,2,8,5),
(0,15,1,16,17,2,9,4), (0,18,1,19,20,2,11,3), (0,21,1,22,23,2,24, 3),
(0,24,4,25,26,5,15,3), (0,27,1,28,29,2,25,5), (1,14,3,17, 20, 4,13,6),

(1,23,4,26,29,6,10,7),
(3,5,7,18,21,17, 8, 10),
(4,21,5,27,29,8,20,11),
(6,19,7,21,24,9,20,12),
(8,23,10,25,27,14, 19, 13),
(10,24, 14, 26,29, 15,18, 13),
(13,17, 26, 20, 21, 22, 24, 27),
(15,20, 28, 23, 25, 29, 24, 21),

(2,13,7,16,19,8,9,5),
(3,6,8,16,27,9, 14, 10),
(5,18,9,22,23,11,12,13),
(6,25,7,27,28,9,23,12),
(9,21, 11, 26,29, 14,13, 16),
(11,19, 16,24, 25,12, 14, 20),
(14,22, 16,25,28,26,23,17),
(15,21, 29,22, 28, 16,27, 18),

(2,22,6,26,28, 4,18, 8),
(3,7,11,28,29, 12, 4, 19),
(6,14,7,15,16,11,17,9),
(7,22,8,24, 28,10, 15,13),
(10,11,15,17, 20, 22, 12, 18),
(12,16,20,17, 26,18, 23, 19),
(15,19,21,26, 27,22, 28, 25),
(17,24,19,27, 29,18, 25, 23).
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A covering of K3 with 3-cubes and padding as shown in Table 2 is obtained by using the additional
3-cubes:

(0’ 17 27 3’ 7’ 67 55 4)7
(14,15,16,17,18,19,20,21),

(1? 4, 2) 7’ 57 01 6) 3)5
(22,23,24, 25, 26,27, 28, 29).

(4,8,11,9,10,12, 3, 13),

KSI

Let the vertex set of K3; be {0,1,...,
shown in Tahle 1 is given by:

30}. A maximum packing of K3; with 3-cubes and leave as

0,1,2,6,7,8,9,3),
(0,13,2,14,15,4,10,1),
(0,22,1,23,24,2,20,3),
(1,7,5,18,24,6,11,4),
(2,12,3,28,29,8,14,6),
(3,25,4,29,30,10, 14,11),
(5,24,8,27,28,7,18,9),
(7,20,11,22,29,9,13,10),
(9,23,10,24,25,12,18,13),
(11,16,15,17, 18, 14,19, 20),
(13,20, 15,29, 30, 16,25, 18),
(16,19, 22, 28, 29, 23, 20, 26),
(18, 23,25, 26,27, 30,29, 21),

0,2,7,9,10,8,4,5)
(0,16,1,17,18,2, 19,
(0,25,1,26,27,2,21
(1,9
(@

5
19,3),
2
,4,27,30,6,12,
1
1

3
»3)s
7,

,23,4,26,30,8,16,9),

(4,17,7,21,22,5,14,9),

(6,8,19,18,21,25,7, 16),

(8,21,13,26,28,11,12, 14),

(10,12,17,27, 28,20, 14, 13),

(12,21,14,29,30,15,23,17),

(14,25,19,27,30, 20, 21,22),

(17,21, 30,25, 26, 23, 24, 22),

(19, 24, 20,29, 30, 26, 27, 28).

(0,8,3,11,12,5,13,1)
19,4,20,21,5,3,10),
28,1,29,30,4,6,5),
11,7,15,17,8,13,6),
15,5, 16,22, 8,20,6)
23,6,25,26,7,10,11),
(6,19,10,26,27,11,9,12),
(9,15,10,17,19,12,16,13),
(11,15,13,23, 24, 14,22, 16),
(12,22,15,24,28,17,18,21),
(15,26, 16,27,28,19,17,24),

(18,22, 29, 24, 28, 23,27,25),

A covering of K3; with 3-cubes and non-simple padding as shown in Table 2 is given by:

(0,1,2,3,4,5,6,7), (0,1,3,5,6,4,8,9), (0,1,6,8,9,7,10,2),
(0,1,8,7,10,9,11,5), (0,2,4,11,12,5,13,1), (0,13,2,14,15,3,11,6),
(0,16,1,17,18,2,15,4), (0,19,1,20,21,2,22,3), (0,22,4,23,24,5,14,1),
(0.25,1,26.27,2,28,3). (0,28,4,29, 30,5,16,3), (1,10,3,18,21,4,9,12),
(1,27,5,29,30,4,19,6), (2,7,11,12,17,13,10,8), (2,20, 4,24,26,5,25,6),
(2,23,7,29,30,8,14,9), (3,4,12,6,14,26,7, 16), (3,12,10,17,19,13, 14, 11),
(3,23,9,24,25,10,15,7), (5,8,13,15,17,16,9,18), (5,18,6,21,23,11,13,16),
(6,17,7,20,22,9,19,8), (6,23,12,27,28,13,20,9),  (7,18,8,21,22,10,24,11),
(7,27,8,28,30,10,26,11),  (8,15,11,25,29,12,16,18),  (9,21,13,25,26,15,22,12),
(10,16, 15,19, 20,22,14,17), (10,21,14,28,29,17,12,19), (11,20, 14,27,29,15,23,21),
(12,24,15,28,30,13,27,16), (13,18,19,26,29,14,24,16), (14,19,16,25,30,21,20,23),
(15,17,22,25,30,24,18,20), (17,23,18,26,27,22,21,25), (17,25,29,28,30,19,27,18),

(19, 20, 28, 22, 23, 24, 26, 29),

(20, 26,23,27,29, 30, 28, 24),

(21,24, 22,26, 28, 25, 30,27).
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K3y

Let the vertex set of K34 be {0,1,...,
shown in Table 1 is given by:

33}. A maximum packing of K34 with 3-cubes and leave as

(0,1,2,3,4,5,6,7), (0,1,3,5,6,4,8,9), (0,1,6,8,9,7,10,2),
(0,1,8,7,10,9, 11, 5), (0,2,4,11,12,5,13,1), (0,13,2,14, 15,3, 11, 6),
(0,16,1,17,18,2,15,4), (0,19,1,20,21,2,22,3), (0,22,4,23,24,5,14,1),
(0,25,1,26,27,2,28,3), (0,28,4,29,30,5,16,3), (0,31,1,32, 33,2, 29, 5),
(1,10,3,18,21,4,9,12), (1,27,4,30,33,6,3,12), (2,7,11,12,17,13,10, 8),
(2,20,4,24,26,5,19,6), (2,23,6,30,32,3,17,7), (3,14,7,19, 24,8,15,9),
(3,25,4,31,33,7,12,10), (4,26,8,32,33,9,13,11), (5,8,16,15,17,18,6,12),
(5,18,7,21,23,9, 16,10), (5,25,8,27,31,6,20,7) (6,13,12,22,28, 14, 16, 11),
(6,21,8,29,32,9, 22,10), (7,22,13,23,24,14,15,11),  (7,26,10,28,29, 11, 14, 9),
(8,19,10,30,31,11,17,9) (8,23,12,28,33,14,19,13),  (9,20,10,25,27,11,18,13),
(10,15,17,24,27,18,14,12), (11,21,14,25,30,13,20,15), (12,20, 16,25,26, 17,19, 18),
(12,29,13,31,32,14,26,15), (13,16,18,24,32,17,21,19), (14,27,16,30,31,17, 22, 18),
(15,19,20,21,22, 23,18,28), (15,23, 16,24,27,20,26,21), (15,28,16,29,33,19, 31, 20),
(16,21,22,32,33,23,24,25), (17,23,25,28,29,26,19,27), (17,25,20,30,33,21,32, 24),
(18,29,30,32,33,31,27,26), (19,22,25,29,30,26,31,21), (20,22,27,24,28, 30,25, 26),
(22,29,28,31,33,32,23,30), (23,27,33,29,31,32, 28, 24).

A covering of K34 with 3-cubes and non-simple padding as shown in Table 2 is given by:

(0)112)3;47536a7)v (07 1a3:5767478:9) (071)6,8a9177 10,2),
(0,1,8,7,10,9,11,5), (0,2,4,11,12,5,13,1), (0,13,2,14, 15, 3,11, 6),
(0,16,1,17,18,2,15,4), (0,19,1,20,21,2,22,3), (0,22,4,23,24,5,14, 1),
(0,25,1,26,27,2,28,3), (0,28,4,29,30,5,16,3), (0,31,1,32,33,2,29,5),
(1,10,3,18,21,4,9,12), (1,27,4,30,33,6,3,12), (2,7,11,12,17,13,10, 8),
(2,20, 4,24,26,5,19,6), (2,23,6,30,32,3,17,7), (3,14,7,19,24,8,15,9),
(3,25,4,31,33,7,12,10), (4,26,8,32,33,9,13,11), (5,8,16,15,17,18,6,12),
(5,18,7,21,23,9, 16,10), (5,25,8,27,31,6,20,7), (6,13,12,22,28, 14,16, 11),
(6,21,8,29,32,9,22,10), (7,22,13,23,24,14,15,11),  (7,26,10,28,29,11, 14,9),
(8,19,10,30,31,11,17,9),  (8,23,12,28,33,14,19,13),  (9,20,10,25,27,11,18,13),
(10,15,17,24,27,18,14,12), (11,21,14,25,30,13,20,15), (12,20,16,25,26, 17,19, 18),
(12,29,13,31,32,14,26,15), (13,16,18,24,32,17,21,19), (14,27,16,30,31,17,22, 18),
(15,19,20,21,22,23,18,28), (15,23,16,24,27,20,26,21), (15,28,16,29,33,19, 31, 20),
(16,21,22,32,33,23,24,25), (17,23,25,28,29,26,19,27), (17,25,20,30,33,21,32, 24),
(18,29,30,32,33,31,27,26), (19,22,25,29,30,26,31,21), (20,22,27, 24, 28,30, 25, 26),
(22,29,28,31,33,32,23,30), (23,27,33,29, 31,32, 28, 24).
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