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Abstract

In [1] Aggarwal & Arasu devised a construction for balanced incomplete
block designs having nested rows and columns. Their construction uses
finite fields and depends on the existence of primitive elements having
certain properties. They conjectured that such primitive elements always
exist. The purpose of this short note is to point out that their conjecture
is true.

The purpose of this note is to confirm a conjecture raised by Aggarwal & Arasu
concerning the existence of certain block designs. In their paper [1] they provide a
construction for a family of balanced incomplete block designs having nested rows
and columns (BIBRC). A BIBRC is an arrangement of v treatments into b blocks
satisfying the conditions:

(1) each block is a s x ¢ array of st plots,

(ii) every treatment occurs at most once in each block,

(iii) every treatment occurs in exactly r blocks,

(1v) for every pair of treatments ¢ # j,

B I = A= A = 715-1]—1—_)—(1—1)
where /\fj and /\,-C:j denote, respectively, the number of rows and columns of the
blocks in which the treatment pair (z,7) occurs, and A;; denotes the number of
blocks in which the ordered pair (,j) occurs. Such a design will be denoted
BIBRC(v,b,r,s,t,A).

The construction explained in [1] builds a design of 2-row (s = 2) blocks from a
single starter block. The resulting design has parameters b = v, r = v -1, 5 = 2,
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t = %51 and A = %52, For the starter block to generate the design, there must be an
element z in the finite field Fj, ¢ = 5 (mod 8), with the properties:

(1) z is a primitive element,

(ii) 2% — 1 is a square.

They conjecture (Remark I of [1]) that such an element always exists. This
conjecture is interesting in its own right apart from its application. Properties of
this kind have been studied for some time by a number of authors and readers are
referred to [3] for a survey. We point out that this particular conjecture follows from
a theorem of S. D. Cohen on values of polynomials over finite fields. The following

result appears as Theorem 1.3 of [2]:

Theorem 1 If g(z) ts a quadratic polynomial over F, not of the form a(z+b)* where
a 15 a non-square in Fy and g ¢ A, then g(w) 1s a non-zero square in F, for some
primitive root w of Fy.

The set of exceptions to Theorem 1is 4 = {2, 3,4, 5,7, 9, 11, 13, 19, 25, 31, 37,
43, 49, 61, 67, 121, 211}. A proof of the conjecture follows by applying Theorem 1
with g(z) = 2 — 1 and checking that, for this particular polynomial, there are no
small exceptions. This now enables us to strengthen Theorem 1 of {1] to:

Theorem 2 Let v = 5(mod8) be a prime or prime power. Then there ezists a

BIBRC with parameters (v, v, v —1, 2, Y51, 2233

In support of their conjecture in [1], the authors gave an example of a primitive
element in F, having the required propery, for each prime p less than 1000. In fact,
such elements are plentiful. In the following table, we tabulate the total number,
N(p), of such elements along with the smallest one, g, for each prime p = 5 (mod 8)
with p < 1000. Asymptotically the number of such primitive elements in the finite
field F, should be ¢(g—1)/2. In fact methods from [2] could be used to obtain results
along these lines for large q.

p g N(p) p g N(p) p g N(p)
13 2 4 277 11 40 661 2 88
29 8 4 293 5 64 677 5 160
37 2 4 317 5 84 701 8 112
53 5 16 349 2 56 709 2 120
61 2 8 373 2 64 733 6 144
101 11 16 380 8 88 757 2 104
109 6 20 397 6 56 773 2 184
149 8 40 421 2 56 797 5 204
157 6 24 461 11 104 821 8 152
173 5 36 509 10 124 820 2 144
181 2 24 541 2 56 853 2 128
197 5 44 557 5 148 877 2 136
220 7 40 613 2 96 941 11 152
169 10 60 563 5 156 997 3 160
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